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PREFACE 


The recoption accorded the first edition, and the results obtained in 
I ojing it as a textbook primarily for undergraduate electrical 
engineering courses at the University of Michigan have addcT it 

-n^l^-gth to the author's conv.^^^^^^ 

male editions, the most important hroad objective has been to 

more particularly those planning a life work in elelronii. avl';! 

engineeiing, to achieve a reasonably complete and satisfactory under- 

.standmg of the internal functioning of the electron devices that seiwe 

as the active elements in electronic circuits. Although primarily 

a extbook, It should al.so be useful as a reference book for electron 

tube and electronic circuit engineers in industrial and government 
\\ ork • 

« 

It has been found not particularly difficult to impart a satisfactory 
quality of understanding of the noncircuil aspects of electron devices 
to e ectneal engineering students, in spite pf their tendency to ha^■c 
miich greater familiarity with the circuit aspects. The noncircuil 
phenomena sometimes seem strange, to both students and instructors 
but they are not difficult to employ. For example, the author finds 
that students in the junior year achieve competence in the useful 
employment of the fiuantum-mechanical eneiw-level diaerams of 
Chapters VIII and XIII somewhat more rapid? than iheylDevo 
competence in the use of amplifier ecjuivalent circuits. Chapters IX and 
X. In the author’s judgment, the basic energ3'-level concepts pre¬ 
sented in Chapters VIII and XIII form a necessary part of any even 
partially adequate treatment of semiconductors and gaseous-con¬ 
ducting devices. Without these basic concepts, such studies can be 
only very superficial. 

It is realized, of course, that each instructor may not wish to use all 

the material. Selections can easily be made in accordance with the 
emphasis desired. 

Important changes relative to the first edition are as follows: 

The meter-kilogram-second system of units is employed throughout, 
in accordance with accepted engineering practice. 


VI 


PREFACE 


The analysis of tlie behavior of space-charge-control tubes m 

nmcopfs The treatment thus becomes completely quantitative for 
limpL geometries, including that of the filamentary-cathode planar 
triode The results are in agreement with modern engineei mg prac ice. 

\'arious added detail aspects of space-eharge-control devices me iide 
microphonics in filamentary-cathode triodes, an extension of t 

tetrode analysis to a more complete discussion of secon ary emission 
phenomena in any tube, pentagrid tube principles the upper limit to 
transconductancc per ampere, and introduction of the uhf figuie of 

An analytical treatment of the dependence of interelectrode and 
input and output capacitances on space-charge-control tube geometry 
is given; this follows naturally from the equivalent electrostatic 

circuit analysis. . 

In Chapter XI, Introduction to Microwave Electron lube Princi¬ 
ples, a statement is presented of the basic new principles that must 
he employed in electron tubes designed for uhf and microwave fie- 
quency ranges. These principles include the effects of electron transit 
time on electron interaction efficiency, input loading, and input-to- 
output phase angles, the induced current concept, and an introduction 
to klystrons, magnetron oscillators, and traveling wave amplifieis. 

The study of energy-level diagrams in metals has been extended to 
cover the basic aspects of semiconductor energy-level diagrams and 
their general relation to the behavior of transistors (semiconductoi 
amplifying devices). The Fermi distribution function is introduced 

and the Fermi energy level discussed. 

In the study of amplifier circuit principles, Chapters IX and X, the 
current generator equivalent circuit is introduced and its convenience 
emphasized; Th^venin’s and Norton’s circuit theorems are described 
and their manner of use indicated; and analytical treatments of 
negative feedback and the cathode follower circuit are given. Brief 
studies of the grid separation amplifier circuit and of Class C amplifier 
behavior in general appear in Chapter XI, preliminary to the study of 
transit time effects. 

A derivation of the Maxwell-Boltzmann velocity distribution 
e(iuation from basic principles is included. 

Tlie discussions of mean free paths and drift velocities of electrons 
and ions in gaseous-conducting devices have been closely correlated 
and made more easily useful in a quantitative sense. 



preface 

4n analytical presentation is given of the criterion for voltage break- 

down, m a gas at low piessure, including correlation with Paschen’s law 
and the similitude behavior of “Townsend’s a ” 

In order to make possible the inclusion of these new features in a 
volume of about the same size as the first edition, certain omissions of 
first-edition material have been made. For the most part, however, 
the material so left out has been incorporated into the manuscripts for 
two new companion books, Fimdamcnfals of Physical Electronics and 
Microwave Electron Tubes, to be published in the near future. 

The author wishes to express appreciation of the many helpful 
comments made by users of the first edition, also of the very thoughtful 
and constructive evaluations and criticisms made during the prepa¬ 
ration of the manuscript for the second edition by Gunnar Hok, 
J. R. Black, J. S. Needle, P. H. Rogers, and H. W. Welch, all of the 
teaching and leseaich staff of the Department of Electrical Engineering 
at the University of Michigan. 


W. G. Dow 

Ann Arbor, Michigan 
August, 1952 
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INTRODUCTION 


0.1 Text Material.^'^* Tlie study of electronics reciiiires attention 
to the internal behavior of electron tubes and kindred circuit elements, 
and to the analysis of circuits employing such devices. Rlectron tubes 
are of two kinds: vacuum tubes, which are evacuated to as higli a 
degree as practical engineering considerations permit, and gas tubes, 
which depend on gas content at a low pressure for their functioning. 
Kindred electron devices usually employ semiconductors. Examples 
are silicon and germanium rectifying diodes, photosensitive semi¬ 
conductor devices, and semiconductor amplifiers. 

In this textbook the various fundamental physical principles under¬ 
lying the operation of electron devices are introduced as the need 
arises. This requires extensive application of electric and magnetic 
field principles. It also requires a working knowledge of the simpler 
aspects of quantum mechanics as applied to metals, semiconductors, 
and gases, as well as an introduction to the kinetic behavior of gas 
particles. Experience has shown that these noncircuit concepts, though 
perhaps strange to electrical engineering students, are considerably 
easier to learn to use effectively than are a-c circuit principles as 
applied to complex networks.’^ 

The author considers Chapter XIII, which deals with energy-level 
diagrams of atoms and introduces the elementary principles of the 
quantum theory, to be one of the essential items in any first course in 
electronics. The fundamental concepts of this material, although 
unfamiliar to students of electrical engineering, are very easy to under¬ 
stand and to employ usefully; without them the study of gaseous con¬ 
duction and photosensitive devices drops to the level of a superficial 
survey treatment. 

Advances in the electronic arts have made desirable a considerable 
expansion in text content as compared with the first edition of Funda¬ 
mentals of Engineering Electronics. This expansion has resulted in the 
preparation of two somewhat advanced text and reference books, in 
addition to the present revision published under the original title. The 
titles of the new books are Fundamentals of Physical Electronics and 
•Microwave Electron Tubes. The following objectives have governed 
the allocation of both old and new material between the three books: 

* For itemized periodical and book references, see the bibliography, page 585. 
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2 introduction 

(a) To make available, in this revised form of Fundamentals of 
Engineerun, Electronics, a relatively compact coverage of material of 
Sary importance for a first undergraduate electronics course m a 
well-roLded electrical engineering curriculum, including also, where 
space permits and continuity considerations indicate, a modest amou 

of engineering reference material; and 

(i/to present in the other two books more advanced material, o 

nrimarv value for graduate study and reference. 

Each of these books is self-contained, but complementary reference 

‘°0? P.*. bibliog,.ph« 

are presented, grouped according to text chapters _ 

have been selected partly for general study, partly to support spec he 

statements in the text. In general there may be more items in the 

bibliography than are referred to directly m the text. / r 

In theLLg of references to the bibliography, the notation 3a,; B, 
D-116 E-VI refers the reader to periodical articles a and /. and to 
honks B D and E with particular reference to page 110 in book D 

‘rd L Ch.p“ VI in book E, .11 listed in tk. Ch.pte, HI port- .1 

*''TBtb2ks''oI seitetel v.liie dealing with mathem.lks and Iheo- 
retical physics, including electromagnetic field theory are grouped wit 
the bibliiraphical material for Chapter I, and books on vacuum 

laboratory technology under Chapter II. , , i i- -^u 

0.3 Symbolism; Vectors and Scalars. In problems dealing with 

motions of electrons, the mastery of various noncircuit concepts is 
essential. One element of such mastery is a clear and immediate dis¬ 
tinction between vector quantities, which possess the attribute of 
keLon in space, and scalar quantities, which have magnitude but no 
direction. The student should be sufficiently familiar with the 
nature of noncircuit concepts so that the distinction between fidd 
vectors and field scalars is immediate and automatic, regardless of the 
manner of presentation (for example, by means of the bold-faced type 

some authors employ). As an aid to the student 
the early chapters have indications m brackets as to whethei the eq 

tion describes a vector or a scalar quantity. 

The symbols for logarithms and exponents are as follows: 

In X symbolizes the natural logarithm of .t. 
logio X symbolizes the logarithm of x to the base 10. 
exp X signifies e", where € is the natural logarithm base. 

In exp x = X 


Thus: 


( 0 - 1 ) 



3 


rationalized mks system 

In some equations, particularly in Table IX, the e" form is retained 
for conciseness. 

The abbreviations r-f, a-c, d-c, ulif, and rms are for radio-fre¬ 
quency, alternating-current, direct-current, ultra-high-frequency, and 
root-mean-square, all adjectives. 

0.4 The Rationalized Meter-Kilogram-Second System of Units. 
The rationalized mks (meter-kilogram-second) sj^stem of units is em¬ 
ployed. For this system the following relations hold in a vacuum 


D = €qF [vector] 

B = [vector] 

where D = electric flux density, coulombs per square meter, a 

vector quantity. 

F = electric field intensity, volts per meter, a vector 
quantity sometimes called “the electric vector.’’ 

Co = permittivity of a vacuum, value l/(367r X 10'’) = 
8.85 X 10“^^ farad per meter, a scalar. 

B = magnetic flux density, webers per square meter, a 
vector. 

H = magnetic field intensity, amperes per meter, a 
vector quantity sometimes called “the magnetic 
vector.” 

Mo = permeability of a vacuum, value 47r X 10‘" henry 
per meter, a scalar. 


Coulomb’s law becomes 

f _ 

47r€o/-^ 


[vector] 


( 0 - 2 ) 

(0-3) 


(0-4) 


(0-5) 

( 0 - 6 ) 


where / is the force in newtons (a vector, joules per meter) between 
point charges qi and q 2 (coulombs) located r meters apart. The electric 
field intensity F at distance r from point charge qi is therefore 


F =- - [volts per meter, vector] (0-7) 

47r€or- 

The corresponding electric flux density is 


D ~ _ [coulombs per square meter, vector] (0-8) 

47rr“ 

As 47rr^ is the area of the surface of a sphere of radius r, this may be 
written 

Total flux = Area X D = 47rr^Z) = qi [scalar] (0-9) 
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It is apparent from charge Ldflux • 

Zgr/e tnSiy; charge and flux are merely words describing 

(lift-erent aspects of a single quantitatnm concept. 

Useful conversion relationships are: 

1 volt = 10« abvolts = 1/300 statvolt 
1 ampere = 0.1 abampere = 3 X 10 statampeies 
1 weber per square meter = 10,000 gausses 

1 newton = lO’^ dynes 
1 joule = 10^ ergs 

The numerical values of the charge g. on an electron and of the 
electron’s mass me are'* ’’ 


qe = 1.602 X 10 
me = 9.11 X 10'^' 


[coulomb per electron] (0-10) 

[kilogram per electron] (0-11) 

The ratio mjme of the mass of a gas particle or ion to the mass of an 

electron is determined by multiplying the particle s atomic or inokc- 
ular weight by 1822, the ratio of the mass of a particle of unit atomic 
weight to the mass of an electron. Mathematically 

rng/m, = 1822 X Atomic weight (0-12) 

No particles having unit atomic weight exist, the nearest being the 
hydrogen atom, atomic weight 1.008. (See also Tables I ^d II.) 

0.6 Technique for Conversion between Gaussian and MKS Systems. 
A convenient method of conversion between systems of units will be 
illustrated by application to the space-charge-limited current density 
equation (5-11). It is presumed that the equation is knowm in Gaussian 
units and is to be converted into mks units. The conversion steps are 

as follows: 


(a) Write the equation in its given form: 



Ott 



[Gaussian units] 


and desired are: 


Units as given 

J, current density 

E, potential 
s, distance 
q^, electronic charge 
me, electronic mass 


Given 

Statamperes per square 
centimeter 
Statvolts 
Centimeters 
Statcoulombs 
Grams 


Desired 

Amperes per square 
meter 
Volts 
Meters 
Coulombs 
Kilograms 


(0-13) 


Ratio 
3 X 10^ 

1 

Tinr 

100 

3 X 10* 
1000 
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(6) Re'vnte the equation, substituting empty biaekets for the svml>ols to be 
converted, labeling the units of each biacket by subscripts: 


( ) 


sa/sQ cm — 


] 

J«cL , sv 

r 1 * > 

“1»> 



L J uni 

‘L . cm 


(0-14) 


(f) Insert in each empty bracket the symbol for the type of unit into ivhicii 
conversion is to be made, together with the proper multiplier. It is important 
to recognize that a symbol is a .substitute for a number that measures, in proper 

1 4 J 4 4 4 « * A converting statvolts into volts, 

one should place inside tlie bracket for voltage the symbol for volts multiplied liy 

Hoo, for that is the number by which one must multiply the number 600 (which 

might symbolize, for example, the peak of an a-c 424-volt wave), to secure 2, its 

measure in statvolts. In the present oxaniplo this procedure loads toi 


X 3 X lO’l Tb X jJffl 
(/X 3 X = —L- J.scL J 


8V 


Ott Wc 


X 1000 


* 

< 

« 

- , 


X 100 




(0-15) 


cm 


In this form the symbols J, h, (■/<■, and nic all stand for values in inks units, 
(d) Simplify the expression after removing the brackets: 


^(3 X 10^1 


that is, 


= -L I^E!: 

Ott \ lUf 


13 X lO-T'^l^w]?^ 


(1000l'^(100)2 


(0-16) 


J = 


10 


-9 


SItt 


-T = 2.33 X 10-® — 


(0-17) 


nic s- s‘ 

This can also be written, in terms of «o as given by (0-1), in the (5-11) form, thus: 


= l!5 

9 \we s- 


(0-18) 
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POTENTIAL distribution DIAGRAMS 

11 A Triode in a Simple Amplifier Circuit. Special attention must 

'n ryriH poTitrolled vacuuni tubes, often called 
be devoted to such tube, a triode, contains 

space-charge-control tub . nathode. It is desirable to 

three electrodes: ® ^ potential distribution diagrams 

tu'^es; however, first a brief discussion of the 
most important circuit use of a tnode wdl be gn en. 

Plate current 


The excitation, 
or alternating 
voltage to be 
amplified, is 
introduced here j 


Plate or anode 
---Grid 
Cathode 


E 


CC 


+ 


Grid 

bias 

battery 



Amplifier output 
voltage is the 
alternating part of the 
voltage across this 
load resistance 


Plate 
battery 


Fig. 1.1 


Triode connections in an amplifier circuit. 


Figure 1.1 is a diagram of a circuit that employs a triode like that 
nf Fig 1 2 for amplifying the variations of more or less iireplai y 
: terling lo tages. An'a-c voltage whose variations are to be am- 
S TaSed the input or exciiaUor. voltage, is introduced in senes ^ 
with the grid bias battery. The potential difference between grid and 
cathode tLrefore consists of a steady (d-c) voltage plus an alternating 

one The plate circuit carries (a) a direct current, 
zero excitaUon voltage, plus (b) an alternating current that follows the 
eS^tation voltage pattern, because of control over electj^n passage 
exerted by the grid. The voltage drop m load resistance Rl has coi 
resTonding d c Ld a-c parts. The latter is the useful oulpuf volme of 
the^amplifier; it has the same pattern as the excitation voltage, but o 

an enlarged scale. 
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A TRIODE IN A SIMPLE AMPLIFIER CIRCUIT 



Grid wire 

Filament 

Plate 


Fia. 1.2 Typical filamentary- 
cathode planar friode, in a glass 
envelope. Thi.s is called a 
“planar” device bccau.se the fila¬ 
ment wires that form the cathode 
lie in a plane parallel to the plate 
surfaces. 



Grid volts, Plate volts, 


(a) Mutual characteristics, (6) Plate characteristics, 

sometimes called transfer char¬ 
acteristics. 

Fig. 1.3 Average characteristic curves for a particular filamentary-cathode 
planar triode, of the general type illustrated in Fig. 1.2. These curves are for the 
Western Electric type 101-F triode used in telephone repeater service. Note that, 
for any type of vacuum tube, the characteristic curves for any one individual tube 
may be expected to differ appreciably from the published average characteristics 
applying to that tube type. 



8 POTENTIAL DISTRIBUTION DIAGRAMS 

The voltage gain of the amplifier is the ratio of the output voltage, 
that is. the a-e part of the voltage across the load resistance to the 
excitation voltage. Numerical problems relative to circuits like that 
„rFig 1 1 are solved by using luhe characterulic curves, of the genera 
type dlustrated in Fig. 1.3, and with the aid of fictitious a-c equivalent 

eiicmts^see Chapt^nt .^1 Space-Charge Confrol of Plate 

Cui^ent by Grid and Plate Voltages. The region inside the envelope 
of a vacuum tube is made as nearly perfect a vacuum as is commercially 
f p„ sible • 2A, B. c, D this means a pressure of the general order of mapitu 
of l 0 -«’millimeter of mercury. The cathode surface is made of a sub¬ 
stance that is a thermionic emitter; that is, it releases electrons when 
at a red or white heat. An auxiliary filament or heater circuit, not 
shown in Fig. 1.1, maintains the required cathode temperature. The 
exact rate of electron release is not important as long as it is large 
enough, because the actual flow is electrostatically controlled by the 
values of plate and grid potentials, not in general by cathode temper¬ 
ature The cathode must be hot enough to provide the maximum 
number of electrons likely to be demanded per second by the electro¬ 
static control (space-charge control) under normal conditions, yet not 
so hot as to destroy the electron-emitting properties of the cathode 
surface. In general the normal cathode temperature sets an upper 


limit to the tube current. 

Consider conditions within a triode that has parallel-plane cathode 
and plate surfaces, as illustrated in the top portions of Figs. 1.4a and 
1.46. The solid lines in Fig. 1.4 describe typical point-to-point varia¬ 
tions in potential (the potential distributions) within such a planar 
triode when the cathode is cold, so that no electrons are emitted and 
the tube interior is free from space charge. No current flows under 
such conditions. The dotted lines in Figs. 1.4a and 1.46 similarly de¬ 
scribe potential distributions after the cathode is heated, so that elec¬ 
trons are emitted, and negative space charge does therefore exist be¬ 
tween the electrodes. Under such conditions current does flow, because 
of the movement of the electrons that constitute the space charge. 

Thus the solid lies in the four diagrams of Fig. 1.4 represent space- 
charge-free potential distributions that correspond to four different 
values of grid voltage. The upper solid line in each diap-am describes 
the space-charge-free potential variation along a path midway between 
adjacent grid wires; the lower solid line, that along a path through the 

center of a grid wire. 

The general “topography” of space-charge-free potential variation 
in the planar tube interior can be simulated by a stretched elastic 
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Cross Sections 

t ^ 



(a) Large plate current. (6) Small plate current. 



(c) Cut-off. ((f) Below cut-off. 


Fig. 1.4 Potential distribution diagrams for a planar triode with flat cathode, 
at various grid voltages. 
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membrane The membrane must initially be tightly stretched between 

EHr ^ ^ s 

Lightly below that of the lower-support “cathode The 
by^the ends of the pickets corresponds to grid potential. 

tL unper solid line of any one of the potential diagrams o Fig. 1.4 

except that it passes ^ 1 ^ tightly enough so that after 

factory the membrane must be stre ched 

lowering the pickets t e poi lo^ j ^les This flatness corresponds 

lioally unitorm «»■ the «alh«ie and P'*** , 1 ., 

.aisleac. .ho. ot . po.enl.al 8'*“ p„p„rti„nal 

wiih .he 

electric charge density „ ^^thode is dependent on the 

The slope of the potential *1^? f ;;fE;,trasts between the 

grid potential, in "xherefore the negative charge on the 

LToTeSeTwLever the grid potential is changed, that is, when¬ 
ever the picket fence is raised or lowered^^^^ 

As soon as the cathode is cathode, 

negative surface chaige surface charge before electron 

where it becomes space fharp turns of the 

* hpaa. 

tential lines The total amount of turn, and so the total charge, is 
about the same whether on the surface (solid lines) or just outside it 
(dotted lines). Therefore the total amount of space charge after elec- 

tron release is dependent on grid potential. 

The flow of space charge constitutes the plate current; the less the 

sp^e charge, tlfe smaller the current. Therefore the lowering of the 
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grid potential from its value in Fig. 1.4a to a more negative one in 
Fig. lAb results in a decrease in plate current. Thus, by controlling 
the electrostatic field in the tube, the grid voltage controls the magni¬ 
tude of the plate current. The plate voltage exerts a similar but less 
poweiful influence. However, the dependence of current on, for 



Fig. 1.5 Mathematically determined potential distribution for a pai’ticular 
planar triode, obtained by using (4-107). The equivalent grid sheet thickness, 
given by (4-68), is too little to be discernible on this diagram. Compare this dia¬ 
gram with Fig. 4.135. See Section 4.13 for a discussion of limiting magnitudes for 
this type of representation. 

example, the grid potential, is more than linear, because a decrease in 
the grid potential (a) calls for a smaller space charge and (b) makes the 
space charge flow more slowly. The mechanism just described is 
refeiTed to as “space-charge control’^ of the current from the cathode. 

If the grid potential is low enough to make the off-cathode gradient 
zero, as in Fig. 1.4c, or negative, as in Fig. 1.4d, no plate current flows 
after electron release. The zero-off-cathode gradient condition. Fig. 
1.4c, corresponds to “cut-off,” that is, to the termination at the zero- 
plate-current axis of a mutual characteristic curve of the type illustrated 
in Fig. 1.3a. 

Figure 1.5 is a mathematically correct diagram of the space-charge- 
free version of Fig, 1.46. The uniform field near the cathode has a 
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Dotential gradient described by the slope of the straight line OS. The 
H"and the similar straight line SB, whose slope desenbes the 

gradient at the plate, are shown intersecting at a point S m the plaiie 
S the gnd The potential described by this point of intersection is 
ied the equivalent grid sheet votential. It will be shown later that 
the equivalent grid sheet potential determines the current flow from 

the cathode. 



Fig 1 6 Illustrative space-charge-free potential distribution for a planar 
pentode. Potentials: of cathode, E., zero; of control pid, Ed, somewhat negative; 
of second grid, Ec 2 , strongly positive; of suppressor grid, Ecs, zero; of plate, Et, any 

positive value. 


The above reasoning and the associated stretched-membrane visual 
concepts can be extended directly to the study of multigrid tubes. 
Figure 1.6 illustrates the potential distribution in a space-charge-free 
planar (i.e., parallel-plane) pentode having three grids. The various 

equivalent grid sheet potentials ai’e indicated. 

Before potential distribution diagrams of the types just described 
can be sketched, the potentials of the various electrodes and all equiva¬ 
lent grid sheet potentials must be known; methods for determining 
these potentials are given in Chapters IV and V. To sketch the dia¬ 
gram for a pentode, for example, one should: 

(a) Mark at the various electrode positions the values of grid sheet, grid wire, 
and plate potentials. 
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(6) Connect by a straight line the cathode and first grid sheet potentials by 
th™!.g“ e:Jer;:id^.ts“ -‘■-■■-'i-'in. between paths 


If the grid wires are large and close together, relative to tlie electrode 

spacing, the fillets extend well out into the interelectrode regions: if 

the grid wires are small and far apart, the fillets extend only very 

slightly into the interelectrode regions. Note that in each case the 

upper and lower fillet curves merge into a straight line simultaneously, 

as for example to the right and upward from points A, A' in Fig 1 5 

This simultaneous merging is required by the mathematics of the 

potential distribution, as contained in (4-1026) and (4-107). 

1.3 Electric Intensity and Potential; Force on an Electron. The 

relationship between electric intensity and potential underlies the 

entire study of electronic devices.'^ Its simplest mathematical ex- 
pressions are: 

f/E 

* ( 1 - 1 ) 

and 

E 2 ~~ El ~ ~J'^ F ds [scalar] (1-2) 


The first form described mathematically the fact that electric intensity 
F IS the negative space derivative of electric potential E. ^rhe second 
form indicates that, conversely, the difference of potential between 
two points in the field is the negative line integral of the intensity along 
a path (any path) between the two points. In these equations ds is 
the incremental distance measured parallel to the direction of the electric 
force. If the line integral is taken over a path that is not everywhere 
parallel to the direction of the electric flux, ds represents only the 
component in the direction of the field of each increment of the path 

The application of (1-1) and (1-2) to the field intermediate between 
two parallel^ metal plates (no grid) is illustrated graphically in Fig. 
1.7, Potential is measured vertically, distance horizontally. Potential 
giadient, that is, the slope of the potential line, is numerically equal 
to the electric intensity,^ though of opposite sign. Since the force on 
an electron of charge in the intermediate region is qeF newtons, the 
slope of the potential line is proportional to the force on, and the 
acceleration experienced by, such an electron. 

The potential line of Fig. L7a may be likened to the side of a hill 
(Fig. 1.76), the top level of the hill corresponding to the potential of 
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the more positive Ptendl^ ^ ^ 

plate. It ,s apparen ,^,ther name for the gradient 

s.; s-any .h. «««. *.1™ 

is dependent on the slope to upper levels, 

In potential diagrams Unfortunately, this practice 

and negative poten ■■rolline” uphill rather than down, 

gives electrons the property of rolling p 


d> 



Fig. 1.7a Potential distribution be¬ 
tween two parallel metal surfaces. 


Top level 



Fig. 1.76 The force tending to roll 
a ball down a hill is dependent on the 

gradient. 


The force on an electron is proportional to the slope of the potential 
line that is, to the tangent of the angle it makes with the honzontal, 
whereas the gravitational force on the ball is proportional to the sine 
of the angle between hillside and horizontal. Therefore the analog is 
itisfactory only for comparison with gently sloping hillsides for which 

the sine and the tangent are nearly the same. 

1 4 Poisson’s and the Laplace Equations. In many electric circuit 

elements, for example, inductances and capacitances, it is 
to assume that electric charge exists only on the surfaces of the con¬ 
ductors. In electron devices electric charge may be distributed 
throughout a volume and must then be measured in units of space- 
charge density, by stating the number of coulombs per cubic “eter. 

If the volume charge results from the presence of electrons, the spaci^ 
charge density is negative; if from the presence of positively charged 
ions, the space-charge density is positive. If both are present, the 
space-charge density corresponds to the algebraic sum of their opposite 
effects. It is often negligibly small in regions having very high con- 

centrations of both kinds of particles. 
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POISSON’S AND THE LAPLACE EQUATIONS 

The general partial differential equation relating potential E rec 
tangular space coordinates x, y, and z, and space-charge density p 

(coulombs per cubic meter) is 


d^E 

dx^ 



d^E 




p 

€0 


[scalar] 


(1-3) 


This is known as Poissons equation.* Many engineering problems 
deal with fields in which there is no space charge; for such fields 



This is called the Laplace equation.* It applies in any interelectrode 
region from which space charge is absent and in which the dielectric 
constant is everywhere uniform. The general problem of electrostatic 
field analysis is that of finding solutions of (1-4) that satisfy boundary 
conditions imposed by electrode geometry and potentials; see Chapter 
IV for methods. 

The electric field in the region between the infinitel)^ extending 
parallel plates of Fig. 1.7a is said to be one-dimensional. It is obvious 
that the equipotentials are all perfectly flat surfaces perpendicular to 
the x-coordinate direction. Explorations confined to travel in the y 
and z directions will discover no change in potential, so that the last 
two terms of the left-hand sides of (1-3) and (1-4) drop out; Poisson’s 
and the Laplace equations in one dimension are 




(1-5) 

(1-G) 


Figure 1.7a indicates that the slope of the space-potential line is the 
potential gradient, dE/dx. The expression di^E/dx^ is merely a way 
of writing 

d /dE 
dx \dx 

which is the space rate of change of slope, called the flexion, of the 
potential curve. Equation (1-6) therefore requires that the potential 

* See bibliographical references IB through IG. 
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sp..e oh.y «u.t be . " “f line is curved, eithe, 

zero exio . . field is not one-dimensional, or both, 

space c arge i p > derived by reference to the small 

Poissons equatio ( ) i g within which the space-charge 

r'Ti" lL”eif»2 t»iXu.-tteT.fl-h„ddp"de surfuee, 

d^Kily O. + (dD./»> * 



ODy 


dy 




PiG 1 8 Electric flux densities entering and emerging from a 
volul * dyd. within which the space-charge density rs p coulombs per cub.c 

meter. 

Therefore, the excess of the amount of flux leaving the right hand 
dy dz surface over that entering the left-hand dy dz surface is 

dD 


D.+ 


dDr 

dx 


dx'^ dy dz - (Dx) * 


(1-7) 


The overall excess of flux leaving over that entering is oMained^y 
addin-r to this expression two similar terms employing 3D„/ay and 
fo /a” - thL sum is of course equal to the total charge p dx dy ^ 
within the small volume, because each coulomb terminates one flu. 

line. Therefore 


dD. . dD, dD 


dx 


dx dy dz + 




dxdydz-\ - - dx dy dz ~ p dx dy dz (1 8) 

dz 


Cancellation of dx dy dz gives 


aDx dDy , dD, _ 

-1- —-h — P 

dx dy dz 


(1-9) 
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Of course 


dD:, dF, 

dz 


B /dE 


Co 


Bx \dx 


“ “Cq 


B^E 

Bx'^ 


( 1 - 10 ) 


and similarly for BDy/dij and BDJdz. This permits conversion of the 
D’s into Eq, leading to (1-3). 

1.6 Poisson»s and the Laplace Equations in Two Dimensions. The 
plate and cathode surfaces of Fig. 1.4 are considered infinite in extent 
and the grid whes infinitely long. Hence an exploration confined to 
travel along a line parallel to a grid wire will discover no variation in 
potential Only the rc and y gradients BE/dx and BE/dy have values, 
so the fields in Fig. 1.4 are said to be two-dimensional. Poisson’s and 


field are 


d^E 

d^E 


- 9 



Bx^ 

By^ 

and 


d^E 

d^E 


Bx^ 

di/ 


--[scalar] 

Co 


(l-H) 


= 0 


(1-32) 


The second x derivative of the potential, B^E/Bx^ may in general 

have a value, so the potential profiles in the x direction have flexion, 

either (A) in a one-dimensional field due to the presence of space 

charge, as along the dotted lines near the cathodes of Figs. 1.4a and 

1.46, or (B) in a two- or three-dimensional field with or without space 

charge, as along the curved parts of the solid lines in the same figures, 

or along the dotted lines in the neighborhood of the grid. In cases of 
type A, 



B^E p 


In cases of the two-dimensional (B) type, without space charge, 




(1-14) 


Near the plate and cathode of a parallel-plane triode. Fig. 1.4, the 
field is one-dimensional, in that the potential varies only with explora¬ 
tion in the x direction. Correspondingly, before the entrance of electron- 
borne space charge the space-potential line near the cathode is straight, 
as described by the solid lines. The dotted line in Fig. 1.4a is curved 
near the cathode because it describes the potential distribution after 
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llroas plated Ic ...» »<1 »«»“ > 

'"SSS- “‘i.fg.id, Fig. 1.4, idi .1.. ■»“ 1°;^ 

'^Eauation (1-14) indicates that if, in a space-charge-free two- 
dimensional field, the flexion of the a: profile is positive (convex down 
t“. of th.’, proffl. mu., b. UW.J. upw.rf). Th,. » 

suggestive of the “topography” of a saddle Diaerams 

16 Surface- and Space-Charge Density m Potential ^^ams. 

The electric field of Fig. 1.7o terminates in surface charges at the two 

plates- at each surface the abrupt change in the potential S^ad'ent, 

that is, in the slope of the potential line, is a direct measure of 

ites^o/electric flux between the plates terminate at the metal 
surfaces Flux lines terminate only on electric charges; one flux line 
ends on each coulomb of charge. Therefore the charge density on a 
terminal surface must be equal to the flux density and hence pro¬ 
portional to the electric field intensity and the potential graient that 
Lists just outside the surface. Mathematically, at the negative plate. 


<7 

F - - 


or 


dE 

dx 


-[vector] 

eo 


(1-15) 


Here <r is surface-charge density in coulombs per square meter; it is a 

vector quantity directed perpendicular to the surface. 

Equation (1-15) can be adapted to indicate m a single expression 

the relation between field properties and surface charges s.tboth plates 
by using the change in field intensity and gradient experienced in passing 
through the surface from left to right (in the direction of an increase 

in x) as follows: 


AF = + - 


or 


\dx J <0 


(1-16) 


At the left-hand plate the gradient increases from zero inside to a 
positive value outside, so that its change is positive; the surface charge 
is negative, as called for by (1-16). At the right-hand plate the 
gradient changes from a positive value outside to zero inside, so that 
the change in crossing the surface in the plus x direction is negative, 
the surface charge is positive, as demanded by the equation. 



ONE-DIMENSIONAL FIELDS 

Thus the change in potential gradient in passing 
through a surface is a direct measure of the charge 
density on the surface. The space charge in a one- 
dimensional field may be thought of as consisting of 
many very thin layers of space charge; the space- 
charge density in successive layers may or may 
not be the same. If the layers are thin enough, 
they resemble surface charges. 

Figure 1.9 illustrates the potential change in pass¬ 
ing through one such thin layer. If the charge 
content of the layer is a coulombs per unit area, 
(1-16) can be applied to relate the gradient’s 
change in traversing the layer to the charge con¬ 
tent as follows: 


dE 

di 


dE 

d.T 



dE 

dx 


Co 


(1-17) 
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Thin layer of 
space charge 
density p 



The layer’s charge content can also be described 
by stating the space-charge density p within it. To 
do this the symbol a must be replaced by p Ax, this 
being the charge within a unit area of the layer, of 
thickness now specified as Ax. With this change, (1 


Fig. 1.9 ChaIlf^o 
in potential gradi¬ 
ent in passing 
through a thin 
layer of space 
charge. 


and 


signify the slopes of 
the potential line. 




dE 

dx 



dx /1 \dx 


p A.r 


<0 


-17) becomes 
[vector] (1-18) 


If the thickness of the layer of charge approaches zero as a limit, the 
potential gradient change A{dE/dx) and the thickness A.t are written 
d(dE/dx) and dx; (1-13) results. 

1.7 Potential Diagrams for One-Dimensional Fields in Regions 
Containing Space Charge. Figure 1.10 illustrates a shape the potential 
distribution curve in the one-dimensional region between two parallel 
plates may have when the intermediate region contains uniform space- 
charge density. The situation so represented can never persist, but it 
is serviceable for illustrative purposes. Two successive integrations of 
(1-13), based on a constant value for p and with the origin at the 
negative plate, show that the potential line in Fig. 1.10 must be a para¬ 
bola. The first constant of integration is ai, the surface-charge density 
at the more negative plate. The second integration constant is zero. * 

The convex-downward flexion of the potential line in Fig. 1.10 corre¬ 
sponds to a negative space charge such as would result from a uniform 
concentration of electrons. A uniform positive space charge would 
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result in a parabola convex upward. The sharp bend at the left-hand 
Ind can be described as convex downward; correspondingly the surface 



Fia. 1.10 Typical potential distribution in a one-dimensional region containing 
space-charge density. 


charge is negative. At the right-hand surface there is a sharp convex- 

upward bend, indicating a positive surface charge. 

If interelectrode space charge is due to electrons, they must move in 
response to the force exerted on them by the electric field whose form 



Fig. 1.11 Potential distributions for various values of uniform space-charge 
density, parallel plane electrodes. 

they help to determine. For that reason a unifom eUctron concentra¬ 
tion can ordinarily exist only for an extremely short time. 

Whether space-charge density is unifonn or not, the flexion of the 
potential line is at every point, for one-dimensional geometry, pro- 
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portional to the negative of the space-charge density, and an abrupt 

change of slope at a surface is a direct measure of surface-charge 
density. 

Figure 1.11 illustrates a variety of uniform space-charge-density 
conditions, all with the same plate potential, but with varying amounts 
and kinds of space charge. Of particular interest is the uppermost 
curve, corresponding to a rather large 'positive space-charge density. 
If a single electron were set free in such a field, it would be accelerated 
toward the highest point of this curve, the vertex of the parabola. An 
electron introduced without any initial velocity at any point where 
the potential is above that of the positive plate could not escape to 
either plate. Because of its inertia, such an electron would oscillate 
near the vertex, like a ball at the bottom of a parabolic trough. Enough 
electrons so placed would partially or wholly neutralize the positive 
space charge. 

1.8 Spherical and Cylindrical Coordinates. Occasionally the 
following general forms taken by Poisson’s equation when referred to 
spherical and cylindrical coordinate systems are useful (see also 
Chapter I in Fundamentals of Physical Electronics). 

Cylindrical coordinates, as in Fig. 1.12: 



Fig. 1.12 Cylindrical co- Fio. 1.13 Spherical coor- 

ordinates of the point T. dinates of the point 7'. 


Spherical coordinates, as in Fig. 1.13: 

I d / ^dE\ 1 a / dE\ 

— I ^2 — j _|_ -(sin a — ) 

dr\ dr / sin 6d6\ d$ / 

1 d^E ^ p 

sin^ $ €o 


[scalar] (1-20) 
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Many electron tubes employ cylindrical electrodes, f 
potentials are cylinders, so that the potential varies only T^th the 
md al distance from the axis of symmetiy, Poisson’s equation becomes 


[scalar] 

dr \ dr / 


( 1 - 21 ) 


r 


€0 


also expressible as 


d^E 


{d In r) 


.\2 


pr' 


<0 


( 1 - 22 ) 


If there is no space charge, but there is present an on-axis line 
charge of r coulombs per meter of axial length, the electric flux density 
(coulombs per unit area) is a purely radial vector, of value 


r ^ 

D = — ; also, F = 


27rr 


2T€or 


dE 

dr 


[vector] (1-23) 


If any two equipotential cylinders are at potentials E, and E 2 and 
radii ri and r 2 , respectively, integration of this equation shows that 


E2 — El 


T ^ r2 

-In — 

27r€o 


[scalar] 


(1-24) 


The potential E at any radius r between r, and rg is then related to 
other quantities as follows: 


E — El In r/ri 

E 2 - El In r 2 /ri 


(1-25) 


Thus the potential distribution in such a region is logarithmic. 

Figure 1.14 illustrates the logarithmic potential distribution in a 
space-charge-free cylindrical diode. Figure 4.19 illustrates the po¬ 
tential distribution in a cylindrical pentode. Note the similarities and 
contrasts between Figs. 4.19 and 1.6; in Fig. 4.19 the lines joining 
equivalent grid sheet potentials are logarithmic curves rather than 

straight lines. 

In sketching these logarithmic curves, it is convenient to note that 
at the point whose radius is the geometric mean between the inner and 
outer radii, the potential is the arithmetic mean between the potentials 
of the inner and outer cylinders. 

The first terms of (1-3), (1-19), and (1-20) represent Poisson's equa¬ 
tion in the three potential distributions that are symmetrical about a 
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Via. 1.14 Space-charg(‘-froo potential di-stributioii in a cylindrical diode. At 
point .1*1 the potential is the arithmetic mean between Ea and E(,] the radius at A is 
the geometric mean between and r,,. 


plane, a line, and a point, respectively. For these three symmetries, 
Poisson’s equation can be written: 


d^E 

dr^ 


kdE 

r dr 


p 


[scalar] 


( 1 - 26 ) 


where A: = 0 for planar symmetry, A: = 1 for cylindrical symmetiy 
about a line, and k = 2 for spherical symmetry about a point. 


PROBLEMS 

1. In Fig. 1.11, potential difference between the plates is 300 volts; spacing 
1.5 cm. Uniform space-charge density, sufficient to make the potential gradient 
be zero just outside the negative plate, exists between the plates. Find: (a) space- 
charge density; (6) electron concentration; (c) potential gradient adjacent to the 
positive plate; (d) surface-charge density on the positive plate; (e) space charge 
(coulombs) within a volume that extends from one plate to the other, A cross- 
sectional area 1 sq cm; (/) acceleration experienced by an electron ai a point 
midway between the plates. 

2. Potential distribution between a pair of infinite parallel plates 1.5 cm apart 
is given hy E = 2.25a:^. Find the new answers to (d) and (e), Prob. 1; evaluate 
the quantity pV^ at x = 0.75 cm, also at x = 1.5 cm. 

3. Midway between grid-wire centers, Fig. 1.4a, the space-charge-frec value of 
flexion d^Ejdx^ of the x-profile potential distribution is 6 X 10^ volts per meter 
squared. According to Poisson’s equation the introduction of flowing negative space 
charge (electrons) makes the algebraic sum of the x- and y-profile flexions become 
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when p is -& X 10-^ coulomb per ^ ^ 

4. Two concentric cylinders have r « ^ the inner cyUnder 

tials^„ = 0. ft = +360 «V«'tJe"eniRls;u tLtvo electrodes 

-d i-t inside the outer one. (d) Plot a 

curve of E vs. r. 



CHAPTER II 


ELECTRON BALLISTICS 

2.1 Acceleration Due to an Electric Field, Under certain conditions 

electrons may escape from metal boundaries. If electric or magnetic 
fields exist in the region into which they escape, and if there is a vacuum 
sufficiently high 2 a. b. c. d collisions with gas particles are rela¬ 

tively rare, these fields will control the subsequent movements of the 
electrons. This chapter analyzes types of electron motion that take 
place when the number of electrons escaping is so small that their 
charges and movements have negligible effects on the fields. 

Imagine a few electrons to be released from the more negative of 
two parallel flat electrodes, Fig. 1.7a, between which there is a con¬ 
siderable difference of potential. Each electron experiences a force / 
whose magnitude in newtons is the product of its charge (-^c) by the 
electric field intensity F; thus 

, dE 

/= -qeF = +?e— [vector] (2-1) 

dx 

Just as a ball on a hillside is accelerated toward the bottom of the 
hill at a rate dependent on the slope (i.e., elevation gradient), so an 
electron is accelerated toward the region of high potential; thus 

dv QeF Qe dE 

— =-= H-[meters per (second)^, vector] (2-2) 

dt Trig Mg dx 

This is a rearrangement of the force equation 

dv 

f = —qgF = -{-mg— [ne\vtons, vector] (2-3) 

dt 

If the electric field is uniform, the acceleration is constant. This cor¬ 
responds to a ball on a hill of constant slope; the time to travel a given 
distance and the average and final velocities may be calculated by the 
familiar laws governing uniformly accelerated motion. Behavior in a 
nonuniform field may be treated by integration, as in the case of a ball 
on a curved slope. 

2.2 Velocity and Potential; the Electron Volt. The kinetic energy 
acquired by a ball on a hill is independent of local variations in slope, 
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being related rather to the total vertical distance traveled, that is to 
the decrease in potential energy. A “falling” electron, hke a b^, 
continually converts potential energy of position mto kinetic ene gy, 
and the gain of one kind must equal the loss of the other. 

Electrfc potential difference between two points is by definition the 
work expended in moving a unit charge from one point to the other. 
Therefore the change (in joules) of potential ener^ during an elec¬ 
tron’s movement is the product of the potential cMerence S through 
which it moves (volts) by its charge (coulombs). Equating this to 

the kinetic energy gained gives 


En. = hm^v 


riniiles. scalar! 




Thus an electron that has “fallen” through a certain potential dif¬ 
ference E has definite values of kinetic energy and velocity, regardless 
of the manner of variation of potential between the starting and end 
points, or of the direction of the velocity, provided the potential dis¬ 
tribution remains constant during the electron’s flight 

The energy possessed by an electron that has fallen through a 

potential difference of 1 volt is a convenient unit of energy, called the 
electron volt. This unit is applicable even when the energy me^ured 
is not at all the result of movement of a charged particle m an electnc 
field For example, the average kinetic energy of thermal motion 
possessed by molecules of air at 40° C is conveniently specified as 
0.0675 electron volt. This means that their average Mnetic ener^ is 
that gained by an electron in traversing 0.0675 volt; it does not indi¬ 
cate at all that an electron or an electric field has any part in creating 

an air molecule’s energies. . i 

If the energy E in electron volts of an electron is knoAvn, its velocity 

can be calculated by solving (2-4) for the velocity, giving 


= 5.93 X 10^ [meters per second, vector] (2-5) 

It is frequently desirable to determine the velocity of an atom or 
molecule whose energy in electron volts is kno^vn. Equation (2-5) 
indicates that the velocity is inversely proportional to the square root 
of the mass, so that for these heavier particles 



V = 


5.93 X IO^Ve 
\/ mJm^ 


[vector] 


( 2 - 0 ) 


Here is the mass and mg/m^ the ffiass ratio of the particle concerned; 
see (0-12). 
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2.3 Directed Energies; Velocity Measurable in Square-Root Volts 

The direction of the velocity possessed by an electron is important 
Suppose, for example, that the “electron gun” (devices so dLribed 

aMirinto^tr apparatus) shoots a beam of electrons at an 

a gle into the umform field between the plates of Fig. 2.1. Each 

entering electron initially possesses an .r-directed velocity component 

r. and a Directed component v,. The former remains constant- the 

latter is modified by uniform doivnward acceleration due to the field. 



Fig. 2.1 Electron trajectory in a uniform electric field. 


^ analogous case of a ball 

thrown upward at an angle against the force of gravity 

reac?th! electrons to 

reach the upper plate. For example, if E, is 200 volts, the beam can 

reach the upper plate only if initially Vy ^ 5.93 X 10= X Vm; that 

= 14.14 square-root 

fp “ylhing at all without affecting 

the vertical travel. If the initial vertical energy is exactly 200 electron 


7 .’‘='>'»P°ne"ts may conveniently be described 

as VFx and V square-root volts. The total velocity is Vv ^ v ^ 
or, in square-root volts, ^ ^ y < 


Total velocity = + VFy" = [vector] (2-7) 

If, for example, is V 4 OO = 20, and VFy is V 3 OO = 17.32, the 
total imtial velocity in meters per second is 5.93 • 10= X Vioo -f 300 

X VTOO. The initial angle with the horizontal is arc tan 

vnn electron gun is said to be delivering 

00-volt electrons, and the electron beam is called a 700-volt beam. 
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The gun must contain_provisions for accelerating electrons through a 

tlfr^q^Tred to marh'the upper plate depends entirely on the 
inSl upward velocity and can be obtained by mtegratmn after wni. 

ing (2-5) in the form 

j, ^ _-4= [scalar] (2-8) 

5.93-10^ VEu 

Here VSy describes the vertically upward velocity at any point after 
Slv!ng the gun. In this example Ey is a linear function of y because 
S J<l i. .nltan.; if tk. MM «'« « of B. ia J!,., te v.rt,c.Welo»ty 
at any ordinate y is + Vb„o + square-root volts, and the time of 
flight to the top plate is 


1 


t = 


5.93 10^ 


I 


y=S 


dy 


VEyo + yP 


[scalar] 


(2-9) 


which is easily evaluated; note that F here has a negative value^ The 
distance traveled in the .r direction is of course vj, where 5.93 • 10 

■y/ -p 

2.4 Electron Deflection in Passing through Grids; Electron Rejec¬ 
tion from the Plate Region.^- Figure 2.2a illustrates the space-charge- 
free potential distribution in a triode with plate and cathode at a com¬ 
mon potential, and the grid positive. Figure 2.25 is a cross section 
showing the electrode arrangement. Suppose that a few electrons are 
released at the cathode ivith negligible initial velocities. Most of these 
electrons cannot reach the plate, for, as indicated by the trajectories 
shown in Fig. 2.26, each one experiences as it passes the grid a slight 
sideways deflection which converts part of the energy of a:-directed 
motion that it has received from the field into y-directed motion. It 
must miss the plate by just the amount of energy so converted. 

For example, consider an electron at T, traveling along the trajectory 
drawn through that point. Because it started from the cathode with 
zero initial velocity, it possesses at T just Et electron volts of kinetic 
energy. This is enough, if properly directed, to get the electron to the 
plate. But Ey electron volts of this is associated with ^/-directed mo¬ 
tion. The electron possesses, niTjEr - Ey electron volts of x-directed 
motion, but the plate is Et volts away, so that the electron must fail to 

reach the plate by just Ey volts. 

One of the trajectories shown is the straight-line path of electrons 
that pass just midway between grid wires, so experiencing no deflec¬ 
tion; only these can reach the plate. All others, after passing the grid, 
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follow parabolic trajectories whose vertex is slightly to the left of the 
plate. They are unable subsequently to return to the cathode for the 
same reason that prevents them from reaching the plate. The}'" must 
oscillate back and forth, like a ball rolling down one side and up the 



Fig. 2.2 Deflection of electrons in passing through a grid. 

other of a trough, until finally they happen to strike the grid and pass 
on into the grid circuit. The period of oscillation can be calculated by 
proper integration of (2-8). 

A situation very similar to this exists near zero plate voltage in 
tetrodes and pentodes; see Fig. 6.156. For such tubes, the slopes of 
plate characteristic curves, as they rise from zero with increasing but 
small voltages, are dependent partly on the degree of dispersion ex¬ 
perienced by the electrons in traversing the grid region, because each 
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nl ite voltage makes it easier for deflected electrons to 
;Itf T.:e S is sometimes said to “reiect” the electrons 

2.2'rhfplate voltage is considerably positive, all electrons 
may be expected to reach and enter it, but it is stfll true as before that 
rv t/ clireLd velocity component acquired by an electron m posing 
^grid does not subsequently change in value. Manipulation of grid 
Ind plate voltages therefore permits focusing the electrons into narrow 

bands at various distances from grid toward plate. 

2 5 Electron FUght-Line Diagrams; Transit Angle. Imagine a 
planar diode with a constant plate potential of E, volts; Fig. 2.36 



X - s 



_ 1 = 0 

^ 77 ^/ 777 ^. 

/»Cathode'^ 

'/z/y////- 

(a) 

Fig 2 3 A planar diode having a d-c plate voltage E.. (o) A straight-line 

electron trajectory, (b) A curved flight line describing the motion of a single 
electeon, starting Lm the cathode with sero initial velocity and being accelerated 

towiird the anode by a uniform electric field. 

illustrates the distance and time coordinates of a *‘fiight-hne diagram 
for this arrangement. The single flight line of Fig. 2.36 represents the 
distance-time history of a single electron released from the cathode 
with sero initial velocity at time t = The straight vert.c^ line 
from cathode to plate in Fig. 2.3a represents the actual space trajec- 
tory. The electron is accelerated through the electric field F that is 
constant and uniform. The equation of the flight line is obtained by 

integrating (2-2) Uvice and is 


1 qeF 


X = - 


2 Wla 


{t - ta) 


( 2 - 10 ) 


The constants of integration are zero; the first one because the electron 
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has zero velocity at time t = the second because x- = 0 at the 
cathode. 

Figure 2.46 is the flight-line diagram, sometimes called an “Apple- 
gate diagram, corresponding to the passage of a steady current of 
electrons through a field assumed constant and uniform. (The cur¬ 
rent flow is assumed to be small enough so that space-charge distor¬ 
tion of the field is not important.) 

Each of the flight lines in Fig. 2.46 may be thought of as a line of 
constant charge. Thus the electron-borne charge that has passed some 



Fig. 2.4 (a) A straight-line trajectory diagram. (6) A flight-line diagram, some¬ 
times called an “Applegate” diagram. Both correspond to a steady flow of elec¬ 
trons in an essentially uniform field region between cathode and anode of a planar 
diode having a d-c plate potential Eg. The electrons leave the cathode with zero 
initial velocities. 


chosen point previous to moment (1) along a given flight line is just the 
same amount that has passed a farther point previous to a later mo¬ 
ment (2) on the same flight line. 

The slope of a flight line is proportional to the velocity of electron 
travel at the point and moment selected for examination. The space 
rate of change of slope, that is, the flexion, is proportional to the 
acceleration. The flight lines in Fig. 2.46 are parabolas because the 
electric field and therefore the acceleration are uniform. 

A-c variations of voltage and current may be superposed on the 
type of motion illustrated in Fig. 2.4. In smalUsignal apparatus, for 
example, radio receiving devices, the a-c voltages and currents are 
small relative to the d-c quantities, and the corresponding ultra-high- 
frequency (uhf) analysis is called a “small-signal” theory. 

In ultra-high-frequency (uhf) devices, surveyed briefly in Chapter 
XI, the transit time required for an electron's passage through an inter- 
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. . J / - < in Figs. 2.3 and 2.4, is at least a measurable 

Sc ion rf the’a-c cVclic“period, and may be many cycles. In small- 
ignal apparatus the effect on transit t.me of the a-c vo tage vanat.ons 
are not important, so that the transit times are calculated on the basis 
of the d-c voltages and potential distributions. Thus the trannt angle 
in a small-signal uhf device is the transit time for d-c flow expressed 
in electrical radians or electrical degrees; on this basis, for Fig. 2.4, 

[radians] 

( 2 - 11 ) 

Transit angle = 360/(t. - Q [electrical degrees] 
where / is the frequency of the small uhf signal superposed on the d-c 

To determine the transit time for Fig. 2.4, note first that the electric 
field is uniform; therefore the electrons pursue uniformly accelerated 
motion. The average velocity between points such as 1 and 2 is, then, 

for uniformly accelerated motion, v v 

Average velocity between 1 and 2 = -—-— (2-12) 


Transit angle = 2irf(ts Q 


where and V 2 are the velocities at points 1 and 2. The electron 
transit time for passage between points 1 and 2 is of course 

Distance traversed 

t2- h = —-, .. (2-13) 

Average velocity 

In Fig. 2.4 the electrons start from rest, and each traverses a distance s, 
with terminal velocity given by (2-5) as 

Vs = 5.93 X lO^V^ [vector] (2-14) 

Use of these facts in (2-12) and (2-13) gives the cathode-to-plate 
transit time, in the absence of space charge, as 



s 

\ X 5.93-10 


(2-15) 


The same result is obtainable by letting x = s, t — tg in (2-10). 

It will be shown in Chapter V that the “space-charge-limited” condi¬ 
tions existing normally in a planar diode create a potential distribution 
of the nature 

E = [scalar] (2-16) 


where K is sl constant dependent on current density. Therefore, for 
the Fig, 2.4 arrangement, Eg would be given by 

Eg = Ks^^ [scalar] 


(2-17) 
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The electron transit time, if subject to (2-16), can be found by inte¬ 
grating the following form of (2-5): 



1 

5.93-10 



(2-18) 


with (2-16) used for E] integration is carried out between a; = 0, 
i = ta&t the cathode, and a: = s, < = at the anode. The constant 
K is eliminated by using (2-17). The result is 


s 

i X 5.93-10 


(2-19) 


Thus in the usual space-charge-limited (2-16) condition, the electron 
transit time is half again as large as that in (2-15) for the space-charge- 
free condition. 

For a planar triode or a multigrid tube, as for example Fig. 1.6, the 
electron transit time from cathode to control grid is found in the same 
way as between cathode and anode of a planar diode. The cathode- 
to-first-grid spacing is used for s, and the equivalent grid sheet poten¬ 
tial Esi for Esy in (2-19). 

In determining the transit times or transit angles for planar triodes 
and multigrid tubes it is usually permissible to ignore space charge 
everywhere except between the cathode and the control grid, for rea¬ 
sons discussed in Chapter V. It will be shown later, in connection 
with (4-97), how to determine the equivalent sheet potentials for a 
pentode having a potential distribution as in Fig. 1.6. The transit 
times are then determined by assuming that the electrons pass each 
grid with the velocity corresponding to the equivalent grid sheet po¬ 
tential at that grid, and that they experience uniformly accelerated 
motion between grids, also between the last grid and the plate, because 
in those regions the electric field is essentially uniform. Thus, in (2-12) 
and (2-13), ii and Vi may symbolize the time and velocity at an elec¬ 
tron’s passage of the first grid of Fig. 1.6, and <2 and V 2 the time and 
velocity at passage of the second grid. Then 


Average velocity between 
grids 1 and 2 


5.93-10® 




( 2 - 20 ) 


where Es\ and Es 2 are equivalent grid sheet potentials for the first and 
second grids. 

In cylindrical tubes, the potential distribution is logarithmic; there¬ 
fore the motion is not uniformly accelerated. Hence precise determi- 
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F»,»n..y>ow„,r 

r »y- «a 

in (2-13). ^ .. A*,olTTeic 2MIC,E.I,N.P 

O R Arfre-Sienal UHF Electron Transit Analysis. 

important Ve time varia- 

tion of plate voltage, illustrated in Fig. 2.56. is of the type 


eh 


= Eh + Epm [scalar] 


( 2 - 21 ) 


■iSSTgiiiisSi 

“hL*T» IS S. Si..™ «.0. — Md. put. 

■'s f «».nt «u tsr„—“ri 

sr i-od. u—.on- 

Setween f-- 

jS.“A'::s::£r-^-s--r" 


^ ElEfU sin 2rft [vector] 


Qt dt 


( 2 - 22 ) 


Separation of variables, and use of v for dx/dt, gives 


e 



Va 


=r:( 


/-" 4-— sin 27r/i [vector] (2-23) 


+ - 
s s 


The limits of integration represent the beginning point and an indefi- 
nite later point along some one flight line; thus 


The lower limit states conditions at 
departure from cathode as 

The upper limit indicates conditions 
at some later moment as 


I 


t = 

ti = e, 


(2-24) 


t = i 
[v = V 


(2-25) 
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In the Fig. 2.5a problem the initial electron velocities are zero, so for 
all flight-line equations Va = 0. The first integration is straightfor¬ 
ward after substituting w for 27r/, and the result can be expressed 

dx Qe 

^ ^ ^ ~ - [Ebioit — wG) — Epni{coso)t — cos wG)] (2-2()) 

at nicOiS 


Separation of variables for the second integration is easil}^ accom¬ 
plished; rearrangement prior to the second integration gives 


I dx = 

Jx=0 




Eb 




{o)t — a)yd(cof — a>/a) 



o>i ~ cos 


(2-27) 


This second integration yields 


- = -^ [\Eb{i)3i — w/a)“ -h Ep„i{u>t — wG) COSw/u 

s rrieO) s 

— Ep„i(s\n iiit — sin wG)] (2-28) 

The student should verify this form; the analysis is extended in Chap¬ 
ters IV and V of Microwave Electron Tubes. 

It is convenient in such an analysis to refer to the quantity t as 
“clock time," and to the quantity i — (o as “transit time.” Any given 
point and moment may then be unambiguously characterized in any 
one of three distinct ways, as follows: 

(a) By stating a distance x from the cathode, and a clock time t] or 

(b) By stating ta, the moment of origin of some definite flight line, 
and the transit time t — ta to the point and moment to be desig¬ 
nated; or, 

(c) By stating a clock time t and a transit time t — G- 

Note that in Fig. 2.5; 

(1) Moment BB corresponds to a point of inflection on each flight line, becau.se 
at that moment the electric field, therefore also the acceleration, is zero. 

(2) The electrons leaving the cathode later than moment CC do not reach the 
anode but return to the cathode. 

(3) It is not possible in this large-signal case to state a clearly defined single 
value of “transit time“ (L - /«) or “transit angle” 2x/C^, - ta) characterizing in 
any simple way the time of flight of all the electrons, for the complete passage from 
cathode to plate. Such simple characterization is possible only for a small-signal 
situation. 

(4) The kinetic energy in electron volts possessed by an electron at any point 
and moment during flight is proportional to its at that point and moment, and 
may be very different indeed from the potential at that point and moment relative 
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(b) 

Fig. 2.5 Large-signal long-transit-time electron flow in a planar diode, with 

uniform electric field between the plates. 

(а) Flight-line (“Applegate”) diagram, for electron flow subject to the time-vary¬ 
ing anode voltage described by (6). The slopes of the flight lines are proportiona 
to electron velocities. Return of some electrons to the cathode with substantial 
velocities indicates that “back-heating” of the cathode is taking place, the heating 
being due to the kinetic energies of the returning electron. 

(б) The large-signal ultra-high-frequency voltage applied to the anode, causing 

the electron motions described by the flight lines in (a). 
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to the cathode of electron origin. This difference between the potential and the 
electron-volt energy arises from the fact that the kinetic energy is acquired during 
flight through a changing field, whereas the potential is the line integral of the field 
as it exists at the stated moment. Similarly, the energy dissipated by an electron 
on arrival at plate or cathode is proportional to its w* at the moment of arrival, and 
is therefore, from the equations given above, very different indeed from the potential 
of the electrode at the moment of impact. This is one of the most striking conse¬ 
quences of operation at frequencies such that transit times of individual electrons 
are substantial fractions of the cyclic period. As an example, the electrons that 
return to the cathode dive into it with high velocities, as indicated by the slopes 
of the flight lines. A et the cathode potential remains constant at zero. Thus the 
device illustrated in Fig. 2.5 is experiencing cathode back-healing due to the return 
of electrons to the cathode with substantial kinetic energies. 

(5) The first electrons to reach the plate arrive with substantially higher veloci¬ 
ties than do the later ones. 

(6) Although the rate of departure of electrons from the cathode is uniform 
between AA and BB, their rate of arrival at the plate is highly nonuniform. 

The above discussion is based on planar diode geometry, but it 
applies equally well to the region between cathode and grid of a planar 
triode. The equivalent grid sheet potential of the triode plays the 
same part in the triode analysis that plate potential does in the diode 
analysis. See Chapter XI for brief discussions of some of the conse¬ 
quences of this type of behavior in a triode. 

2.7 Analogy between Electron Trajectories and Light-Ray Paths; 
Electron Optics. There is an important analogy between the laws 
governing the trajectories of electrons and those governing paths taken 
by light rays.^^^ Because of this analogy the study of electron trajec¬ 
tories is sometimes called “electron optics.” This title is particularly 
apt in relation to the precise focusing of electron rays in cathode-ray 
tubes, as surveyed very briefly in Chapter III, and discussed in detail 
in Chapter II of Fundamentals of Physical Electronics, and various 
other books.®^' ^ 

A basic law governing passage of a ray of light through refractive 
media is that the path taken between any two chosen points along a 
ray is such as to require the least time for passage. The similar basic 
law for electron trajectories is that the path taken between any two 
chosen points will be such as to involve the least action, the quantity 
action being defined as the line integral of momentum, taken along the 
path of flight between the beginning and end points. 

The analogy may be illustrated by Fig. 2.6, which illustrates passage 
of an electron ray from one completely field-free region into another 
similar region, across a boundary consisting of two close and com¬ 
pletely penetrable and equipotential surfaces. Figure 2.6a contains 
vector diagrams of the electron-ray velocity components before and 
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after passing from the E, potential region to the E 2 potential region. 
Stace the only electric field experienced bet^en A and B causes a 

identical for the two regions. However, the total velocity 
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Fast electrons y 
(slow light) 



Slow electrons 
^ (fast light) 


Potential 


Equipotentials bounding 
the potential barrier 


Potential E 


(a) Electron-ray path; velocity vector diagrams 



(6) Potential distribution 

Fig. 2.6 Deflection of an electron ray by a potential barrier or of a light ray by a 
change in the velocity of propagation. 


must have the values VEi and V^. It is therefore apparent that 


sin 62 E 2 

sin 01 \/EylEi 



(2-29) 


This is precisely the type of formula relating the sines of the angles to 
the refractive indices in the case of passage of a ray of light from one 
transparent substance to another, e.g., from water into glass or vice 
versa."®'^ 

Note that the electron ray is shown passing from a high-velocity to 
a low-velocity region; in so doing it is bent away from the normal to 
the surface. The analogous light ray would be bent away from the 
normal in passing to a high-velocity from a low-velocity region, as from 
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water into air. If the electrons were to pass from .1 to B by a straight- 
line path between these two points, the action, that is, the line integral 
of momentum, would be greater than along the path shown. This is 
because they would travel a greater distance at a high velocity and a 
less distance at a low velocity, as compared with the actual path taken. 
This illustrates the “least action” principle. 

By way of contrast, suppose that tlie bountlaiy between fast and 
slow light be thought of as the shore line between a shallow pond 
on the left and dry land on the right. A man can walk more 
rapidly on the diy land than in the pond. Therefore a man wishing to 
walk from A to H in the least time would follow the light-ray type of 
“trajectory” shown rather than travel a straighHine path from A 
to B. This illustrates the least time” principle that governs a light 
ray. 

If the potential difference between Ei and E 2 were sufficiently great, 
the electron ray would be reflected, as indicated by the dashed line 
returning into Ei. Evidently the angl^of reflection must equal the 

angle of incidence, since the value of V Ey is unchanged, and the total 
velocity is of course unchanged. This again represents agreement with 
the behavior of a light ray. 

The analogy between electron-ray and light-ray behavior can be 
extended almost indefinitely, limited only by usability rather than 
theoretical considerations. 

2.8 step-by-step Trajectory Determination Methods in Electric 
Fields.’^*'’There are a number of step-by-step methods for 
determining the trajectories of electrons in nonuniform electric fields. 
The first requirement for any of them is the determination of the con¬ 
figuration of the nonuniform field itself. For two-dimensional fields 
this can often be done by conformal transformation methods, dis¬ 
cussed in Chapter IV. Other methods available include free-hand 
flux mapping (frequently useful when a quick and approximate 
determination is wanted), electrolytic tank methods,•‘*’■2' and fluid 
flow mapping techniques. 

One very useful method of step-by-step trajectory determination 
will be described by reference to Fig. 2.7. Assume that the trajectory 
has been previously determined through the portion AG, in the field 
having equipotentials Ei, E^, E^, E^, etc. The plane of the paper con¬ 
tains the trajectory section AG and the electric field vector GM, which 
is perpendicular to E 2 and to E 3 . It is assumed that the trajectory 
section GB may be sufficiently closely approximated by an arc of a 
circle. It is desired to determine the radius r of this arc, centered at 
some point 0 along the line GHN perpendicular to AG at G. 



E, 

E^ 


Fig 2 7 Step-by-step determination of electron trajectory in a nonuniform 
electric 6eld, as a succession of arcs of circles between equipotentials. 

The inward radial force is of course due to the component of electric 
field strength in the direction GHN and equals the centrifugal force; 

thus 

'^ = 0 , cos e [vector] (2-30) 

r GM 

The average kinetic energy during flight from G to B can be stated 

^ ^ Es+ ^ (2_3i) 

2 2 

And of course _ _ 

GM = GN cos 6 (2-32) 

Combination of these three expressions gives 

r = m = Gd (2-33) 

Ez — E2 

Thus the point 0 can now be located along GHN, if the potentials are 
known, and the circular arc GB can be dra\vn. The process is then 
repeated with B as a starting point, and so on indefinitely. 

Another step-by-step method is based on the assumption, illustrated 
in Fig. 2.8, that the volume between any two equipotential surfaces is 
a field-free “equipotential block.” The potential of each block is taken 
as the mean value between the two bounding equipotentials. Thus at 
passage from one block to the next an electron ray experiences “refrac¬ 
tion,” similar in nature to that of a light beam in entering a piece of 
glass. 
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A A 

In Fig 2.8. an electron ray that approaclies along AG at an anale 
en with the normal to E, departs at an angle such that 


sin 923 ^£7+^ 

sin «i2 VWi + E. 


(2-3-1) 


Gmphical construction is initiated by striking from G an arc HH of any 
radius and extending to intersection N on the arc. This detei- 
mines the length of the normal ND to the line GMS. The lino G 1/S' is 




Fig. 2.8 Step-by-step determination of trajectories, in a nonuniform electrify 
field, as a succession of straight lines within equipotential blocks. 


perpendicular to the E 2 surface. The direction of the new trajectory 
section GB is determined by requiring that the normal HJ to GMS be 
related to ND as follows: 


sin ^23 _ IEi + E2 

ND g]? sin 012 ~ \ E 2 + E^ 

The process may then be repeated from B as a starting point. 

For both these step-by-step methods the zero of potential must be 
chosen so that the electron ray has zero velocity at the equipotential 
for which E = 0. 
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tn Flectric and Magnetic Fields.^^- 

2.9 Mass : A Property ^ t^s of a condenser represents storage 

The electric field jield due to its own charge that sur- 

of energy; so also doe _ ^ magnetic field that surrounds a 

movitg eLtron represents energy storage, in a form similar to that m 

ml^: “-gy; the interdependence is indicated 
by the equation 

= -7 

.h. e.™.™;.».» «. trir S 

sphere of radius a, 


Charg^XPot^ ^ i ^ X ^ 

** e - 2 2 4ir€o® 


87r€o® 


(2-37) 


On combining the last two equations, and introducing numerical 
values for »io, <7o O and the radius is found to be about 


a = 1.4 X l0-‘* [meter] 


(2-38) 


It is very unlikely that the charge on an electron is distributed uni- 
tamly mound a spherical shell, so that (2-37) cannot be more than a 
first approximation to the true expression relating dimensions 

energy storage. t v^witieq 

2 10 Increase of Electron Mass at Large Velocities. 

The energy stored in a moving electron’s magnetic field also contributes 
to In |s.no,.l, then, th. total n...s « of an el.oton » 


ir. w„, 

H—r 
cr 


[scalar] 


(2-39) 


where If,,, is the magnetic energj' storage. At standstill there is no 
magnetic field, so that 1F,„ is zero; only IF./c^ remains. Hence m.. 
which was identified with 1F./c^ in the preceding paragraph, is called 

the “rest mass” of an electron. .__ 

If an electron’s velocity approaches that of light, as happens in som 

engineering devices, the contribution of the magnetic term lF,„/c s 

not negligible. Determination of mass at these high velocities starts 

with the observation that in all cases 1F,„ is the stored-up form of the 
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kinetic energy ^ acquired by the electron in traversing the potential 
difference E of an accelerating field. That is, potential 




m 


Eg. 


[scalar] 


(2-40) 


The electron’s mass can therefore be expressed as 


m = niei- 




[scalar] 


(2-41) 


Since the rest mass is a constant, 

dm ^ d /Eq 


1 d 


dt 




dt\c^ J dt 


[scalar] 


(2-42) 


But the rate of change of energy d(Eq,)/dt is power, and the power 
input to the electron is the accelerating force / times the velocity, so 

dm fv 

— = ^ [scalar] ( 2 - 43 ) 

When acting on a particle of changing mass, force is rate of change 
of momentum; therefore ^ 


dm 

di 


V d(mv) 
dt 


or 


, V / mv\ 

d,a = -d(-) 


(2-44) 


If the indicated differentiation is carried out, and the resulting expres¬ 
sion IS separated according to the variables m and v/c and integrated 
With an integration constant In A, there results 


or 



(2-45) 

mg 


m — —;- 

Vi - (iiVc^) 

(2-46) 


for, when i; 0, m ~ mg - A. Thus the electron’s mass approaches 
an infinite value as its velocity approaches that of light. 

If an electron that has already acquired a high velocity is introduced 
into an electric field, its acceleration is obtained from an equation 

between the field force and the rate of change of momentum. Mathe¬ 
matically, 

d 

[vector] 


/ = T (^v/) 

at 


(2-47) 
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where is the velocity in the direction of the force. The electron’s 
mass m is dependent on its total velocity r. It is convemeiit to treat 
two distinct conditions: (a) the electric field is perpendicular to the 
direction of the electron’s initial motion; and (b) the electric field is 

in the direction of the initial motion. _ i - 

In the first case the added velocity, being a differential increment 

normal to the original, does not change the total velocity, for the vector 

resulting from the addition of a very small velocity at right angles to a 

veiy large one has the same length as the large one (see Fig. 2.9a). 

(a) Transverse 
acceleration, 

dv 

7t 


^ ^ A ^ ^ 


t 


Resultant Velocity =Vv^ +<iv* = v 



Added 
Velocity, dvr 


Original Velocity, v 


f = m 


Electric Field 


Resultant Velocity *v +dvp 



Original Velocity, v 


Added 
Velocity dvp 


(6i Longitudinal 
acceleration, 

d(mv) 


/ = 


dt 


Electric Field 

Fig. 2.9 Transverse and longitudinal acceleration of a high-velocity electron. 

Hence the mass remains constant at the value given by (2-46), and 
(2^7) becomes 

me dvf 


/ = 


V1 - {v^/c^) dt 


[vector] 


(2-48) 


This has the general form, force = mass X acceleration, and gives 
rise to the name “transverse mass," mt, of value 


me 

^ VI - {vVe^) 


[scalar] 


(2-49) 


which must be used in determining a high-speed electron's acceleration 

in a direction normal to its existing motion. 

In the second case the change in velocity adds its full value to the 
existing velocity, for the veiy small vector is added as an extension to 
a very large one (see Fig. 2.9b); dvf becomes simply dti, and, since m 
is now affected by the change in total velocity, the time derivative of 
the momentum contains dv/dt in one term, dm/di in the other. The 
force expression simplifies to 



vie dv 

[1 - (vVe^W^'dt 


[vector] 


(2-50) 



INCREASE OF ELECTRON MASS AT LARGE VELOCITIES 45 
which gives rise to the concept “longitudinal mass/’ m/, of value 

_ file 

(2-51) 

The longitudinal mass is of academic interest only. Calculations of 
the nature suggested by the name are accomplished by setting up an 
expression similar to (2-4) but more general in application. The 
expression a = ds/dt, in which ds stands for a differential increment of 
distance, can be rearranged to read dt = ds/v, and this value of dt 
substituted into (2-50). Both sides can then be integrated, the left 
side (in the form q^F ds) with respect to distance, the right side with 
respect to velocity; there is no constant of integration if the electron 
is considered to be initially at rest. The result is 3* 



1 

-VT^WW) 


[scalar] (2-52) 


For velocities small enough so that {v/c) « 1, a binomial expansion 
reduces (2-52) to (2-4). 

Equation (2-52) can be rearranged into the form 


or, numerically. 



1 

1 + (Fge/meC^) 



1 

r+(£;/511,000) 


(2-53) 


(2-54) 


If this expression is solved for y, it gives the velocity as a function of 
the acpelerating potential, as follows: 




1 

[1 + (E’/5U,000)]2 


[vector] 


(2-55) 


Equation (2-54) also permits expression of the transverse mass, 

which must be used in estimating response to magnetic or transverse 

electric fields, in terms of the accelerating potential, in the following 
form: 

file / E 

V 1 - (vVe^) ”*‘(^'^511,000 

This equation indicates that the percentage of increase in transverse 
mass is directly proportional to the accelerating voltage; an electron 
that has been accelerated through a potential difference of 51,000 volts 
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has a mass 10 per cent greater than its rest mass. These relations have 

been demonstrated experimentaUy. 

2 11 Force on an Electron Moving in a Magnetic Field. A moving 
electron is a form of electric current and, lie a conductor carr^g a 
current, e.xperiences in a magnetic field a force perpendicular to the 
field and to the direction of movement of charge. The force / on an 
electron having velocity in a field of ma^etic flux density B (webers 
per square meter) perpendicular to the velocity, is the vector product 
of these two mutually perpendicular vectors. For this simple situation 

r newtons, a vector perpendicular "1 
[to both B and v J 


f = ~ BgeV 


(2 57) 


This is closely related to the familiar expression 

/ = Bil 


(2-58) 


which describes the force on a conductor I meters long carrying i am¬ 
peres at right angles to the field. For if the conductor contains in 
each meter of length, N electrons that are free to travel, and if their 
average velocity of electron advance is t;, (2-57) requires that the force 
on the I meters of conductor length shall be 

Force on the wire = —BqtV{Nl) = B{ — Nqev)l (2-59) 


Magnetic 
Flux Lines 


This is identical \vith (2-58), for -Nq,v is the current i. 

The directional sense of the magnetic force on an electron is obtmned 

by the same method used for determining 
the direction of the force on a conductor in 
a magnetic field, bearing in mind that an 
upward-moving electron corresponds to a 
downward-flowing current. As illustrated 
in Fig. 2.10, an upward motion of the elec¬ 
trons in a magnetic field whose flux lines are 
pointed toward the reader results in a force 
toward the left; this is in accord with the 
minus sign in (2-57), for a right-handed co¬ 
ordinate system as illustrated in Fig. 2.17. 
In a great many problems no ambiguity 

electron results from failing to carry along the minus 

sign in (2-57), because physical considera¬ 
tions can always be used to determine the direction of the force. 


0 

0 

0 

0 

J 

0 

0 

O 

0 

G 

0 

0 

J 

O ' 

o 

0 

O 

0 

0 

0 

0 

c ' 
o 

4 

o 

o 

o 

0 

G 

G 

0 

S 

Magnetic 

Force 

,0 

0 

0 

0 

<- 

0 

0 

c 

o 

O 

0 

0 

O 

G 

0 

0 

o 

Ui 

O 

0 

0 

G 

0 

0 

0 

0 

O 

o 

0 

O 

G 

0 

0 

o 

O 

o 

G 

o 

Fig. 

2. 

10 

Direction 

of 

nu 

ignetic force on 

a moving 


2.12 Path Circular or Helical in a Uniform Magnetic Field; the 
Larmor Angular Velocity. The force on and acceleration of an electron 
in a magnetic field are at every instant at right angles to the existing 
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velocity; therefore, the total velocity remains constant.. If the mag¬ 
netic field is uniform, the acceleration normal to the velocity is of 
constant magnitude. The simultaneous existence of constant linear 
electron velocity and uniform electron acceleration at right angles to 
the direction of motion requires travel in a circular path. 

If the original velocity is not normal to the direction of the field 
the velocity component parallel to the field is not affected either in direc¬ 
tion or magnitude, while the velocity component normal to the field 
continually changes direction, remaining constant in magnitude. The 
resulting path is a helix combining uniform circular motion with trans¬ 
lation parallel to the axis of rotation. 

Equations for the circular motion are derived by equating centrip¬ 
etal force to the magnetic force. If r is the radius of the circle, 

mcV~ 


= BqcV 

[vector product of two vectors] 

(2-60) 

We V 

[vector ratio of two vectors] 


Qe B 

(2-61) 


This equation permits expression of the radius in terms of the electron's 
kinetic energy, electron volts, and the flux density; tlius, 


r 


9.11 X 5.93 10^ VF, 
1.602-10“*^ 


= 3.37 X lO"'’’ 




This expresses the very great sensitivity of an electron’s motion to 
magnetic fields. 

The radius of the path for heavier particles having the same energ}’' 
is larger in proportion to the square root of the mass ratio; this fact is 
made use of in the determination of the masses of particles of atomic 
magnitude in the mass spectrograph, and for isotope separation. 

Angular velocity co (radians per second) in the circular path is v/r; 
on substituting this in (2-61) it appears that 


Bqe 

0) = — = 1.76 X 10“5 

We 


'cyclotron angular velocity, 
radians per second, for an 
.electron 


(2-63) 


The quantity Bqe/m is sometimes called the “cyclotron angular 
velocity” because as applied to ions it is the angular velocity in the 
cyclotron type of nuclear particle accelerator (see Prob. 13, page 61). 
Equation (2-63) indicates that for an electron the angular velocity 
depends only on the magnetic field strength and not at all on the elec- 
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tron’s liuour it also gives the angular velocity around the 

,x-is of the iK'liN in case of helical motion. The Larrmr angular veloc- 
Si: f^MuenU; employed ,n atomic physics, is just half the cyclotron 

aiij>:ular velocity, that is, 

Larmor angular 


(jii = 


% 

2m 


= 0.88 X 


velocity, radians 
Lper second 


(2-64) 


E. volts- 


For high-energy electrons, the transverse mass is used m these equa- 

*"2 13 Electron Motion in the Presence of Uniform Electric and 
Magnetic Fields at Right Angles."^ Figure 2.11 illustrates a region 

containing a uniform electric held and a 
uniform magnetic field, the two being at 
right angles to one another. The mag¬ 
netic flux lines are directed toward the 
reader, that is, in the +2 direction. If an 
electron beam is shot upward from the 
gun, the magnetic field tends to deflect 
it toward the left, the magnetic force on 
each electron being given by (2-57). The 
electric field exerts an oppositely directed 
force, its magnitude given by (2-1). 

If these two forces are equal, the 
electrons of the beam are not deflected, 
and they tra.\e\ vertically with constant 
velocity, just as though neither field were 
present. The conditions for no deflec¬ 
tion are obtained by equating the two 
force expressions, with the following 

result: 



.X 


Kiu. 2.11 Straight-Urn* fU*e- 
(ron motion witli balnncod uni- 
form olfM-tric and magnotic Holds. 


Jir = -F [vector prodtict of two \-ectorsl 


(2- 65) 


Jn tlie above illustration the electrons have been thought of as 
moving upward with constant ^'elocity, and the magnetic field as 
staiuling still. It is reasonable to expect that the important matter 
is tlu* relative velocity between the two, and such a point of view 
leads to a correct prediction of the motion. If the magnetic field is 
made to mo^’e downward with a velocity t>, related to B and F accord¬ 
ing to (2 -65), an electron released into tlie field with zero velocity must, 
stand still; the stationary electric and moving magnetic fields com¬ 
pletely neutralize one another. 
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It is more in accord \vith the usual presentation of electromaf^netic 
theoiy to say that the motion of the magnetic field “generates” an 
electric field equal and opposite to that already existing, that is, of 
value 

^ gen ~ -\-Br fvectoii f2-fifi) 

and that the electron stands still because the net electric field is zero. 
Because the electron’s velocity is zero, the magnetic field exerts no 
force; the effect of the motion of the magnetic field itself has b(‘en 
taken account of in terms of a “generated electric field.” 'I'he “gener¬ 
ated voltage” E^^.n over the entire region between the plates, tlieir 
separation being I, is of course that is 

Egen = —Blv [scalar product of the vectors I and Bv] (2-67) 

In cgs units, with B in gausses and Eg^n in volts, this is the familiar 
relation 

Bgcn = —Blv X 10 ® [scalar] (2-68) 


Thus the relative motion between magnetic field and electron needed 
to avoid movement in response to the applied electric field is exactly 
that needed to generate a voltage numerically equal to Eg^n in a wire 
stretched from one electrode to the other. The internal electric field 
produced by the moving magnetic field is the exact analogue of the 
generated voltage, sometimes called “back voltage” or “counter elec¬ 
tromotive force,” in a d-c motor. The electron’s motion is zero when 
the generated field is equal to the applied field, for exactly the same 
reason that the armature current in a motor is zero when the generated 
voltage is equal to the applied voltage. 

2.14 Cycloidal and Trochoidal Motion.In general, for fields 
as illustrated in Fig. 2.11, an electron’s initial velocity is not such as to 
make the opposing electric and magnetic forces equal and opposite, and 
the electron pursues some sort of cur\'ed path. The type of motion in 
any particular case can be predicted by recognizing that it must be a 
composite of (a) the motion necessary to counteract magnetically the 
electric force and (b) circular or helical motion as produced by the 
magnetic field alone. 

Suppose the magnetic field of Fig. 2.11 to be moving vertically 
downward with just the velocity necessary to generate a “back” field 
equal and opposite to the applied field; the velocity must be as given 
by (2-65). If now an electron is introduced with some initial velocit\', 
it will pursue a circular path, for the motion of the magnetic field just 
destroys the effect of the applied electric field; only the normal effect 
of velocity in a magnetic field remains. The relative motion between 



gQ electron ballistics 

the electron and the magnetic field is now a composite of circular and 

A case of particular interest is that in which the circular motion has 
the same velocity as the translational, both having the balanced-force 

value jp 

=_[vector ratio of two vectors] (2-69) 

B 


The radius of the circular motion is obtained by using this m (2-61); it is 


Trie F F 
o)B 


(2-70) 


The angular velocity oi produced by the magnetic field is independent 
of the electron’s linear velocity and is given by (2-63). 



Fig. 2.12 Cycloidal path of an electron in uniform electric and 


Translational 
Velocity 
Vector at 
all Points 


Rotational 
Velocity 
Vector at 
Points A 


magnetic fields; 


zero initial velocity. 


Now suppose that an observer rides with, the mo\’ing magnetic field. 
Not being conscious of his own do^vnwa^d motion, he thinks the elec¬ 
tron is moving upward. To him it appears to have circular motion 
superposed on straight-line upward travel of equal velocity, with re¬ 
sultant cycloidal motion of the type illustrated in Fig. 2.12. The 
cusps at points A indicate periodic recurrence of zero relative velocity, 
owing to the two relative-velocity components being momentarily 

equal and opposite. 

Only the relative motion has significance. Therefore the electron’s 
movement relative to the observer and to the magnetic field must be 
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the same whether they are moving or stationary. Thus the cycloid in 
Fig. 2.12 also illustrates the path pursued by an electron released with 
zero initial velocity into a stationary combined field. The point of 
release is the first of the periodically recurring points A. 

Such a path as is illustrated in Fig. 2.12 would be traced by a point 

on the rim of a wheel, of radius given by (2-62), rolling along the plane 

surface (cathode) from which the electron is initially released. The 

center of the wheel translates at just the velocity, gi\'en by (2-69) 

necessary to counteract magnetically the electric force due to the 
applied field. 

If the electron’s initial velocity is not zero, its path may be that 
traced by the end of a spoke that either extends beyond or fails to 
reach the rim of the wheel, which must have the same radius and roll 
at the same speed as before. See Fig. 2.13. There are several distinct 
steps in the prediction of the type of motion that must result from 
specified values of field strength and initial velocity, as follows: 

(a) The translational velocity, the radius to liin of tlie rolling wheel, and tlio 
angular velocity are all independent of the electron’s initial velocity, and so are 
determined exactly as in the simpler case of zero initial velocity. 



Fig. 2.13 Trochoidal path of an electron in uniform electric and magnetic 
fields, initial velocity not zero. 

(6) As illustrated for the start-off point A, Fig. 2.13, the initial magnitude and 
direction of the circular velocity component must be such that vector combination 
of it with the translational velocity gives the initial velocity whose direction and 
magnitude are specified in the statement of the problem. 

(c) The length L of the spoke that traces the path is determined from the general 
relation w = v/L, where a> is known from (a) and v is the circular velocity, whose 
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.. flt thf* initial value found as described in (6). The 
;;;h?jSitio™oTttelacingspoke is, of course, perpenciicular to the initial circular- 

™ wt The tTend of tire initial position of the spoke identifies the position of the 
li„ of motion of the rolling wheel's center. Since the ra^us to the nm is known, 
the tick can be located and the path graphically or mathemat.cally constructed. 

In the simple cycloidal motion of Fig. 2.12, for any given electrode 
spacing there is a particular value of magnetic field strength that 
makes the electrons just graze a plate surface located parallel to the 
catliode. The kinetic energy at the outer extreme, D in the figure, is 
all due to vertical velocity of twice the translational value, for at this 
point the circular and translational motions are equal in direction as 
well as in magnitude. The electric field strength can be expressed as 
Eb/s where s is the spacing between the plates, and Eb the plate 
potential. The resulting cut-off relation between voltage, spacing, 
and field strength necessaiy to produce grazing contact at the plate 

surface is 

^ [cut-off, planar geometry] (2-71) 


2 m 


If the magnetic field is weaker than this, all electrons originating at the 
cathode enter the plate; if stronger than this, no electrons enter the 

plate. 

The relations derived above can be obtained without recourse to the 
relative-velocity imagery by solving the following pair of differential 
equations of the electron’s motion: 2d.ic.iF-238 



dy 

+ QeF [vector] 

(2-72) 

dx 

= +Bq, - 

[vector] 

(2-73) 


Here t is time, and ;r and y are horizontal and vertical coordinates, all 
measured from the instant and point of electron release or ejection. 
For zero initial ^'elocity, Fig. 2.12, dx/dt and dy/dt are both zero when 
/ is zero. The results of the solution for this case are 



cos {J)t) 


(2-74) 



F 

ijiB 


(ij)t — sin w/) 


(2-76) 


where m is given by (2-03). 
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2.16 Motion in Combined Fields at Any Angle.To dotermino 

an electron’s motion subject to a uniform electric field F and a uniform 
magnetic field B not at right angles to one anothei', resolve F into two 
components respectively parallel and perpendicular to B d'ho com¬ 
ponent of F parallel to B will impart uniformly accelerated motion 
parallel to /?. acceleration as given by (2-2); the magnetic field will 
have no efiect on that motion. The projection of the trajectory on a 
plane perpendicular to B will be a cycloid or trochoid, just as described 
in the preceding section. Of course the component of F normal to B 
must be used in the equations determining the trochoidal motion. 

2.16 Magnetic Cut-Off, for Motion between Concentric Cylinders 
with Axial Magnetic Field.^/ Cylindrical electrode arrangements re¬ 
motely similar to that shown in Fig. 2.14 are used as uhf “magnetron 
oscillators,” surveyed briefly in Section 11.9.* In this figure the 
magnetic field is uniform and parallel to the axis. If the cathode radius 
is small relative to that of the anode, an electron released at the cathode 
without initial velocity pursues an approximate!}'' circular path and 
returns ultimately to the cathode, as shown. The reason for this is 
that except in the near neighborhood of the cathode the linear velocity 
is nearly constant. Figure 2.146 illu.strates the variation of potential 
in such a legion (no space charge), and Fig. 2.14c the corresponding 
variation in total velocity. There is a very rapid growth of \’elocit}' 
in the near neighborhood of the cathode, but after the electron emerges 
fiom that legion its velocity, therefore also the radius of curvature of 
its path, changes very little. Over most of the trajectorj^ the velocity 
is very nearly that corresponding to anode potential Ei. 

Such a device is said to be in the cut-off condition when the relation 
between magnetic field strength B, anode potential Eb, and tube 
geometry is such as to cause the circular trajectory just to graze the 
anode.2/ An approximate relation between these (piantities for the 
cut-off condition is obtained by observing that the radius gi\'en by 
(2-61) must then be rp/2, and that the velocity appearing in (2-{)l) is 

obtained by using in (2-5) the potential Eh- The approximate relation 
so obtained is 


E„ ^ 

SrUe 


[at magnetic cut-off] 


(2-76) 


This indicates that, if for given values of Vp and B the anode potential 
Eb is less than the (2-76) value, no electrons will reach the anode. If 
Ef, is greater than the (2-76) value, all electrons will strike and enter 

* Flection behavior in magnetron o.sclllator tabes i.s discus-sed in detail in Chapti*r 
Vin of Microwave Electron Tubes, and in various other boliks.^^-^ cp 
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the anode. Thus in an ideal case the cut-off relation represents a 
sharp discontinuity in plate current as a function of plate voltage. 
EquLion (2-7G) is reasonably accurate if the cathode radius is very 
W1 relath e to the anode radius; (2-92) is the complete expression. 


Path of 
electron 


Cathode, 
radius k 




Cylindrical plate, 
at potential , 
radius rp 


(a) Concentric elec¬ 
trodes; there is a uniform 
magnetic field parallel to 
the axis. 


Cathode 





Cathode 


(6) Potential distribu- 


** tion diagram. 


(c) Velocity diagram. 


F .0 2 14 Approximately circular path of an electron that originates rrith zero 
i nitial velocity at the surface of a small-diameter cathode m a region having a 
radial electric field and a uniform axially directed magnetic field. 

2.17 Inertial-Force Equations in Cylindrical Geometry. For a rec- 
tangular coordinate system the inertial reactions of an electron to any 
force on it, whether electric or magnetic, are expressed by the following 

familiar forms: ^ 2 - 


x-directed force = w. 


d^x 


(2-77a) 
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i/-directed force = 


^-directed force = nu 



(2-776) 


(2-77c) 


In considering an electron’s motion in cylindrical coordinates, as in 
Fig. 1.12 and Fig. 2.14, it is desirable to have in mind the similar 
inertial-force equations for such coordinates. The relations are 


Outward radial force 



(2-78) 



Tangential force 



(fz 

Axially directed force = —r 

dl- 


(2-79) 

(2-80) 


The first of these is familiar in that it contains a centrifugal-force 
term, in addition to the d^rfd!? term. 

To verify the tangential-force equation, note first that torque (or, 
more correctly, the moment of the force) is the time rate of change of 
angular momentum, just as force is the time rate of change of linear 
momentum; that is, 

d (Angular momentum) 

Moment of the force =- 

dt 


d (Moment of inertia 
X Angular velocity) 


This may be written 


d 

r X Tangential force = — 

dt 



(2-81) 

(2-82) 


which rearranges immediately into (2-79). Here, of course, 

nteT^ — Moment of inertia of the electron at radius t (2-83) 


and angular velocity is d4>ldt. 

Note that in rotary motion, such as is here being implied, the term 
acceleration is defined as a ratio of force to mass, not as a velocity com¬ 
ponent’s time derivative. Thus the radial acceleration is not d^r/di^ 
hut is {2-78) divided hy me', similarly tangential acceleration is (2-79) 
divided by mg. Thus radial acceleration, being defined in term.s of force, 
can be described relative to the acceleration due to gravity (so many 
g's), even though the motion is purely tangential, as in a centrifuge. 
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2 18 The Complete Equation for Magnetic Cut-Off. The complete 
equation for magnetic cut-off is obtained by integration of the tangen- 
ti il-force relation (2-79) in the geometry of Fig. 2.14. Because the 
electric field is ivholly radial, there will be no electric field component 
of the tangential force. There will, however, be a tangential magnetic 

force on the electron, given by 


Tangential magnetic force - Bqe 


dt 


(2-84) 


The tangential magnetic and inertial forces must be equal; therefore, 
from (2-79) and (2-84) 

BOe^' — = T ( 37 

^ dt dt\ dt 

which can also be stated 


(2-85) 


Bqe dr^ _ ^ A 
” dt\ 


d<t> 


dt (if \ dt 
After canceling a dt, this can be integrated into 


(2-86) 


Bqd 

2 m, 




d<t> 

Tt 


-j- Constant 


(2-87) 


For an electron starting with zero velocity from the cathode: 


dip 

When r = rjt, “T = ^ 

at 


( 2 - 88 ) 


With the integration constant evaluated by means of this boundary 
condition, (2-87) becomes 


d<t> Bqe 


(r^ - a--) 


(2-89) 


(2-90) 


dt 2m e 

The tangential kinetic-energy equation, for any radius, is 

1 o _ ,, 

Tangential kinetic energy = - meV j - 

where is defined as the kinetic energy' in electron volts associated 
with the electron’s tangential motion. Elimination of d<t,/dt between 

the last two equations leads to 

> 2 

(2-91) 


^ 8me V 


f'k 


r 


This is a rather remarkable relat ion, of very great iinporlauce in the 
theory of magnetron oscillators. It implies that the electron s tangen- 
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tial kinetic energy is a function only of the magnetic field strength and 
the radial position and is completely independent of the electric field, if 
any exists, as long as there is no tangential electric field component. 

At the grazing point of an electron’s trajectory, Fig. 2.14, all the 
kinetic energy is due to tangential motion, and the kinetic energy in 
electron volts is just the anode potential. Therefore the complete 
equation for magnetic cut-off is obtained by using Vp for r, and Eb for 
in (2-91), and is 



the complete equation 
for magnetic cut-off 


(2-92) 


Because E^, and therefore Eb for cut-off, is independent of the detail 
nature of the radial electric field, this cut-off equation is eciually valid 
whether space charge is present or not, except that the space charge 
must have an axially symmetric distribution. 

2.19 Trajectory T)q)es in a Space-Charge-Free Cylindrical Magne¬ 
tron. Figure 2.15 illustrates a geometry to which the inertial equations 
(2-78) and (2-79) apply because it is a cylindrical system. A d-c 



Fig. 2.15 Several possible types of electron trajectories bet\ve(‘ii concentric 
cylinders, magnetic field paralkd to the axis, outer cylinder electrically po.siti\e. 
Electrons initially introduced at any arbitrary location and velocity, as h\ means 
of an electron gun. This physical arrangement is sometimes called a smooth-bore 
cylindrical diode magnetron. 
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potential difference is applied between the inner and outer dectrodes, 
Ld a magnetic field is established parallel to the a^s. The imer 
electrode is not a cathode, because electrons are mtrojiced at an 
arbitrary location and velocity, as from an electron gun. The differen¬ 
tial equation (2-86) applies, but the (2-88) boundary condition does 
not apply; thus the constant of integration is not that incorporated 



Fia 2 16 Out-and-in spiral electron motion in a structure like that of Fig. 2.15, 
magnetic field parallel to axis. Period of local out-and-in motion many times that 
of circulation around the axis. This motion is indicated as onpnatmg m a cusp at 
a central cathode; thus the motion resembles trajectorj' (3) of Fig. 2.16 more nearly 

than any of the others. 


into (2-89). Thus (2-89), and therefore also (2-91), does not apply 
to the Fig. 2.15 situation, at least not with the meaning given them in 

relation to Fig. 2.14. 

The setting up and solution of the differential equations for the type 
of motion illustrated in Fig. 2.15 are carried out in Chapter VIII of 
Microwave Electron Tubes. The types of trajectories indicated by the 
solution are shown in the figure. The (1) trajectory is a circle concen¬ 
tric with the axis; the (2), (3), and (4) trajectories have local generally 
rotational motions superposed on a circulation around the axis. There 
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exists here a family resemblance to the linear, trochoidal, and cycloidal 
motions described in connection with Figs. 2.12 and 2.13. If the 
period of the local rotational motion becomes long relative to that of 
the circulatory motion, an out-and-in spiral motion occurs; see Fig. 
2.16. The local rotational motions in Fig. 2.15 are not truly circular. 

2.20 Motions in Irregular Space-Varying Fields. In any space- 
varying combination of electric and magnetic fields, an electron obeys 
the following general differential equations of motion: 



(2-93a) 

(2-936) 

(2-93c) 



(a) (b) (c) 

Fig. 2.17 Rectangular-coordinate forces, sliowing sense relations, on an elcdron 
moving in a magnetic field, illustrating the equation 

dx^ (^ d\f dz\ 

(а) Force component to the left, due to forward flux and upward velocity com¬ 
ponents; compare Fig. 2.10. 

(б) The right-handed coordinate system used. 

(c) Force component to the right, due to upward flux and forward velocity com¬ 
ponents. 


where Bx, By, and B^ are the components of the magnetic flux density; 
see Fig. 2.17 for sense relations. Some methods of solution are dealt 
with in Chapter II, on Electron Optics, in Fundamentals of Physical 
Electronics. 

It is important to bear in mind that passage through a magnetic 
field neither adds to nor subtracts from an electron’s linear \^elocity; 
the magnetic field does no work on the electron. 
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problems 


1 The average thermal-motion kinetic energy of air molecules at 40'>0 is 
1 1 le avc. fc Three-fifths of this energy is due to trans- 

a iotl mtu:. e lom^ and vibration of the dumbbelj-like 

lat i ma mot ^ .nolecule (N,) of nitrogen (atomic weight m 

Tatrll)' having the average 40» C translational energy. (This is the rms, not 

average velocity, - ^ are infinite in extent. State 

„.luue Vi 1 wha volocitv components, and after what time electro^ strike one 
: ,l'o’o"hm dLrode if tile gun shoots 100 -volt electrons at angles with honsontal 

's' ?rh'i'g’ 2 f anllfctronUth zero initial velocity starts from a cathode point 

almost but not'l uite opposite a grid-wire center, and so experiences considerable 

! ir cter a oelcration before reaching the grid plane. .Assume tha it crosses 

fhe gr d nlw at a point 04 volts above the cathode potential, its ly-d.rected velocity 
the grid plane a I ^ ^ 10 ^ meters per sec; it experiences 

no'v-directed acceleration after the grid-plane crossing. Eb = -hSOO; plate 4 mm 
no y cln ecieu ,.,iiiected velocity component at grid-plane crossing; 

ami ,-dtS vS couiponLts on hitting the plate; (c) grid- 

Sane-“te transit time; (d) y-direeted motion during (c); (e) energy (electron 

''"' 4 ' Po'SrW triolfpotential distribution as in Fig. 2 18; potential at 7’ 
is +150rand k = -50, relative to the cathode, (n) How close can an electron 
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with zero initial velocity get to the plate? (6) A particular electron advances only 
to r before turning back; state magnitude and direction of its velocity, also its 

accetaatimn at F. components of Prob 3, 

experiencing no ./-directed acceleration thereafter: (o) if fit, - +10- ^ «i“se 
will it get to the plate; (6) what must Eb be to make it reach the plate. 

6 . Parallel plates A ami B, of infinite extent, at x = Xa, x = Xb, are at potentiaU 
E = 0 Eb. An eleetron entei-s the interplate region via a hole in .1 at y U, 
2 1 0, with veloeity Va iu the x, y plane, at angle 6 with the y axis. Derive equa¬ 
tions for the clcctron’.s x, y rooriUimte.s as a function of time. 
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7. An election moves in the direction along a potential distribution given 
by E = Ax^\ starting with zero velocity at x = 0. Derive an equation for its 
flight line (x in terms of t). 

8 . In Fig. 2.19, potential is +400 volts within and +100 outside region 
DBSB'D', relative the cathnrie of the electron ray ^fT, which enters ))arnllel 





to i4A' and penetrates the 300-volt barrier at T. Determine the ray’s path from 
T to its crossing of AA\ stating the angle with A A' of each portion of the path. 

9. Starting from rest, an electron is accelerated from one plane electrode toward 
another by a 200-volt battery, whose polarity is reversed without loss of time 10“® 
sec after the voltage is first applied. Electrode separation is 1.5 cm. On which 
electrode will the electron terminate its flight, and after how long a time? 

10. Concentric cylindrical electrodes have radii 1.5 and 4.5 mm. Radial field 
strength is 830,000 volts per meter at r = 3 mm, the outer cylinder more positive. 

(а) Find the voltage between the inner and outer conductors. 

(б) An electron pursues a circular path of 3-mm radius, and concentric with the 
inner conductor. An axial magnetic field provides the radially inward force neces¬ 
sary to maintain the motion. The radially outward centrifugal force is half the 
outward electric force. Find the kinetic energy of the electrons (in electron volts) 
and the magnetic field strength. 

11. 300-volt electrons are projected into a uniform magnetic field of 100 gausses. 
The electron beam makes a 30® angle with the direction of the magnetic field. 
Find the diameter and pitch of the helical beam trajectory. 

12. A 100-gauss magnetic field exists within a solenoidal current-carrying coil. 
An electron gun protrudes through the coil, as through one plate in Fig. 2.1. 

(а) If the gun is perpendicular to and aimed toward the axis, what beam energy 
^\^iI make the electrons emerge through a hole in the coil 90® around its circum¬ 
ference from the gun’s location? 

(б) What angle of inclination of gun with axis, and what beam energy, wll make 
the electrons emerge through a hole still 90® around the circumference but shifted 
5 cm axially from the gun’s location? 

13. In a cyclotron a strong magnetic field makes ions pursue successive semi¬ 
circular paths of increasing radii, the overall motion being spiral. After each 
semicircle the ions traverse a short portion of arc exposed to a tangential accelerate 
ing electric field; thus in each semicircle the energy is greater than during the last 
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The elertrie field reverses periodically, to encourage rotation of the same 
one. ihc. eicoir semicircle With heavy hydrogen ions (atomic 

sense at the start what is the accelerating electric 

;™t\r!quen y’ If’ each electric field passage adds 25,000 electron volts of ion 
holds Ircqueno- between an ion’s central entrance and its nm 

rnrorgen’e as T”o 00 ,000-volt ion? State the radius of the last semicircle before 

emergence. What w™''} ^c "uth argon ro^^ ^ ^ ^ 

" ' m^rbearn energy\electron volte) at emergence from the gun will make 
fhrelec'trons pursue M a straighUine path, (6) a cycloidal path, (c) How far to 

-loclty haU that of light, (6) 

Through what potential must it “fall'- to acquire this ^ 

mltsLd rotational period - f„to'a 1 weber per 

16. A proton is ‘^^tn at in^ a 30» angle aith the 

square me er mag fi„d: (a) the radius; (h) the time 

pc?tarn; W ihe pitch, (d) What is the proton's energy lO"’ sec after entenng 

“'ll "ah electron is emitted wdth aero velocity from a plane surface into an accel- 

17. An elect ^ 500-gauss transverse magnetic field. For 

riie ‘resuTti cycloidal path state; (a) maximum travel in the direction of the 

ectrl field (h) velocity at the point of maximum distance from the emitting 
electric fiel^ O departure from and return to the emitting plane. 

plane, (c) elap P accelerated through 900 volts, 

-p' . si" “.Uii. tell .1te™.,«. .. JO- -.1. .0. 

Z^ axis 90° with the Y axis; see Fig. 2.20. B is perpendicular to the FZ plane. 



A bra.ss plate having a small hole lies paraUcl to the h Z plane. The hole 10 cm 
from the XT plane and from the XZ plane. Find the flux de^ty B. and the 
distance from the FZ plane to the plate, that will make the particle go through the 

''°19. Coordinates and fields as in Fig. 2.21; the electron gun delivers electrons 
at the origin, aimed in the -r direction. Magnetic field m the -a d.reetton; an 
electric field exerts a force on the electrons in the +y direction. Trochoidal motion, 
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as indicated. Find: (a) translational velocitv (h\ f i , 

(c) radius to rim of the rolling ^yheel 

g vneel, (cf) rotational component of velocity* (e) 

beam energy on emergence from the gun. fiuciiy, 



Fig. 2.21 Trochoidal trajectory. 


20. Describe the effect, m Prob. 19, of adding an electric field component exerting 
a force in the -z direction. 


21. Consider an electron motion of the looping trochoidal type, F and B being 
uniform and at right angles. At one extreme lateral position Ti the electrons are 
moving faster than but in the same direction as the translational motion; total 
kinetic energy 1600 electron volts. At the other extreme position the motion 
IS opposite to the direction of the translational motion; total kinetic energy 900 
electron volts. Radius of the tracing spoke is 1.7 cm. Find: (a) electric field 
strength; (6) translational velocity; (c) rotational velocity, at end of the tracing 
spoke, (d) Sketch the trajectory approximately lo scale. 



chapter in 

CATHODE-RAY DEVICES 

fsl^ed^cathode ray because it emerges from a cathode and in many 

" “..Vi......“S, fS? 

threlectron raicroscopeY'^ in the production of X rays, and in general 
tr a vaHety of expeLental and industrial purposes. The behavior 

of cathode-fay def^^ces can be analyzed by studying trajectories of 

ot catnoae nrinrinles developed m Chapter II. 

individual electrons according to piinciples “eveiop f 

Focusing arrangements are usually necessai-y; see Section 3.6. 

3 2 The Cathode-Ray Tube. Devices called cathode-ray tubes are 

used for television picture presentation, for displaying radar infor¬ 
mation and in the form of the cathode-ray oscilloscope tube, for dis- 
plaUs and measuring a-c voltage and current wave forms. Fi^re 
Kf illustrates a simple cathode-ray tube geometric arrangement. The 
cathode ray originates at the cathode, passes through a circulai hole 
n a Ssk which Li ves as a control grid to govern beam intensity, tl^^en 

hiough an accelerating field established by one or mom hollow cyhn- 
S anodeT The compact triod^hke assembly of the cathode, 
control grid, and accelerating anodes is called the election ^n. The 
accelerating anodes may be shaped so as to provide a focusing radial 
electric field component, or focusing magnetic fields may be useU 
.see Section 3.6. After leaving the gun the electron passes through 
either electric or magnetic deflecting fields and finally terminates on 
a sensitized surface. This surface is usually a layer of 
which fluoresces to produce light under electron 

trance is viewed by looking at the exposed end of the tube from the outr 

a cathode-ray oscilloscope tube a voltage to be measured may be 
connected to a pair of deflecting plates that establish “ 

electrostatic deflection field. As the beam passes between the plates, 
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It experiences a transverse acceleration. The resulting bend in the 
trajectory makes the electrons strike the screen well to one side of the 
zerc^deflection ocation, the distance from the zero being proportional 
to the potential difference between the deflecting plates. If instead of 
deflecting p ates a current-carrying coil is used, so placed that its 
magnetic field produces a bend in the beam’s path, the deflection from 
the zero position is a measure of the current in the coil. ITsually de- 



(a) General ar- (b) Detail of deflect- (c) True deflertinK 

rangement. ing plate.s. pl:ite field. 

Fia. 3.1 Electrostatic deflection of the beam of a cathode-ray tube. 


fleeting plates are located inside the vacuum envelope, and deflecting 
coils outside the envelope, for reasons of engineering convenience. 

The necessary time-axis motion of the trace of the oscilloscope beam 
is obtained by producing a time-varying deflection (caused either 
electrically or magnetically) at right angles to the deflection that pro¬ 
vides measurement information. 

In a television picture tube the deflection-field circuitry is arranged 
so as to make the beam trace out a “raster,” that is, an array of closely 
spaced parallel straight lines. Variations in beam intensity, caused by 
picture-signal variations in the cathode-ray tube control-grid voltage, 
convert the uniform raster into a television picture. 

In a radar “A scope” or “B scope” the tube measures, as in a cathode- 
ray oscilloscope tube, the time of occurrence of a voltage or current 
variation, usually a short pulse producing a short-duration large- 
amplitude “pip” on the screen. In the “B scope” the time-sweep 
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DO 

motion is circular and the pip deflection radial. The “PPF’ (plan 
S L indicator) radar display uses in effect a raster of radial lines 
that Ire however extremely close together because the circumferential 
averse’ requires ;everal seconds. Beam intensity centre provides the 
trace brilliance variation that gives plan position information. 

3 3 Voltage Sensitivity.’^-Electrostatic deflection of the 
trace on a cathode-ray tube is proportional to the voltage to be meas¬ 
ured nversely proportional to the accelerating voltage and depend- 
rt on geometrical arrangement. Figure 3Tb is a detail o he etec- 
tron’s path in the immediate vicinity of deflecting plates of len^h o 
pacing b. The actual form of the field at the two extremities o he 
plLsl shown in Fig. 3.1c, but a sufficiently accurate analy^s of the 
Lam trajectory can be obtained by assuming a uniform field up to 

the end of the plates and zero field beyond. , , 

The electronLnter the deflecting field with a velocity that depends 

on the accelerating or beam voltage according to (2-5) or (2-55). 
While in the deflecting field each electron has (a) constant velocity in 
the original direction and (6) uniformly accelerated motmn in the 
Erection of the field force, that is, at right angles to the original 

direction. The resulting path between the plates is parabohe. 

The vertex of the parabola is at 0, the entrance to the transverse 
field. The vertical component i;„ of the velocity remains constant the 
transverse component v, increasing uniformly with time. The path 
continues to be parabolic to the point of emergence from between he 
plates. There the deflecting field ends, v, becomes constant at a value 
which will be called v,, and the trajectory straightens out into a direct 
line at an angle <t> with the original direction. The deflection of he 
beam’s terminus on the screen from the zero location depends on the 
angle <t> and the distance D from the center of the plates to the screen 
For a truly parabolic path the tangent to the trajectory at the point 
of emergence Q passes through P, the midpoint of the field. 

One component of the ultimate straight-line motion is Va, the othei 
is Vd- The deflection x on the screen is dependent on these velocity 
components by way of the angle <t>, as follows: 


Vd 

X = D tan <f> — D — 

Va 


(3-1) 


If the accelerating voltage is small, the deflection for a given trans¬ 
verse field is correspondingly large, for each electron then moves very 
slowly through the deflecting field and is exposed for a long time 
(a/va) to the transverse acceleration dvi/dt. The dependence of Vi on 



magnetic sensitivity 

time of exposure is expressed mathematically by the equation 


On using (2-2) for relating the transverse acceleration to the field, 

recogmzmg that the strength of the electric field between the plates is 

Ed/b, and using (2 5) to express the incoming velocity in terms of the 
accelerating or anode voltage Ea, (3-1) becomes 



(3-3) 


Ed is of course the voltage applied to the plates in order to be measured. 
If Ea IS large enough so that the electron’s mass is appreciably more 
than the rest mass, the incoming velocity and the mass factor in the 
acceleration should be expressed as in (2-55) and (2-56). 

3.4 Magnetic Sensitivity. 3J.M. a. d./.,. A Magnetically produced de¬ 
flection in a cathode-ray oscilloscope varies in direct proportion to the 



Fig. 3.2 Magnetic deflection of the electron beam in a cathode-ray tube. 

strength of the magnetic field, varies inversely as the square root of 
the accelerating voltage, and is dependent on geometrical proportions. 
Figure 3.2 is a detail of the bend in the electron beam as it passes 
through the magnetic field substituted for the electric deflecting field 
of Fig. 3.1. The magnetic field is directed at right angles to the 
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1 - 1 1 n \nalvsis is based on the reasonably satisfactory 

■fK'n •. ipslrifled region and zero value elsewheie. 

"■'f Ch .. edron pursues a circular arc of radius r while in the mag- 

„elic held radii drauur to the path at 0 and Q are perpendrcular 

respcetivelv to the initial and deflected beam positrons. Hence the 
espcetno y between these radii is the same as the 

ieflecHon ainde The deflection is usually small enough so that the 
” " 1 ahiei? bv backward projection of the outgoing beam direc- 

r n .v be iilentiflcd with the midpoint of the field, from which D is 
"e su I ■ it is also small enough so that the angle is indistmguishabj 
tom tan « and from a/c, where a is the length of the magnetic field. 

As with the electric deflecting field 


X = D tan <t> 


(3-4) 


Since tan <^ = <^ = a/r, the deflection can be evaluated by using (2-62) 

for the radius, as follows; „ io6 

a oB X 10 

X = D - = D -(.>1 o) 


r 


3.37VB, 


Here B is stated in webers per square meter, and distances are in meter 
units Ea is the accelerating voltage. 

observation of the 

beam’s trace on a metal or glass screen is made possible by coating the 
materials Ire called “phosphors” and are similar to the coatings on the 

n I'p • 

Zinc silicate (willemite, Zn-Si04) Green trace 

CaTcium .sulphide (CaS) Nearly white when strong, 

green when faint 

('jvlciuin tungstate (CaWO^) 

Phosphors may be classified according to a substantial variety of 
properties, including: 

(„) Color of trace, in relation to visual or pliotographic spectral response 
al Brichtness of trace, for given electron energ.v and phosphor thickn^. 

(!■) Ih'reistencc of the trace after exeitation by the beam has stopped; thus there 

phoiirord:ct .13 au iLc.se oMionential fuuCion of lime, from others approx.- 

inately as an inverse power function of time. 

(c) Electrical conductivity of the phosphor layer. 



phosphors (j,, 

(/) Methods that can be used for “i.in^ltwr” « i 
disappears normally. “ '“■■S-P‘'.-ste„ee trace before it 

the msistance to “burning holes’Mntfe 

tamed for a long time at a given spot. 

{!,) Difficulty of manufacture ami use in eatlu..le-,ay tulres. 

For television cathode-ray picture tubes a white truce is desirable 
For cathode-ray oscilloscope tubes maximum brightness is more 
important than color. Green phosphors jiresently available give 
greater brightness than any others, in terms of vist.al ros,ton.se- there¬ 
fore, cathode-ray oscilloscope tubes used for visual observation usually 
have green-trace phosphors. If the trace is to l,e photographed, tubes 
having blue-trace phosphors maj^ be used because photographic films 
are usually more sensitive to blue than to green light. 

The choice of phosphor for any particular purpose mav lie a complex 
apphcational problem whose optimum solution is a compromise. The 
following descriptions of typical needs illustrate this. 


(a) A cathode-ray oscilloscope tube is to be used for displaying visually or 
lor photographically recording,^, a single-trace event. That is each event 
observed happens just once, giving rise to a single tiip of the “spot” across the 
screen at a very fast “writing speed.” The time between successive events is 
long compared with the longest persistence of commercially available phosphors, 
but the duration of each event is very brief, perhaps a fraction of a microsecond! 
This calls for a phosphor of maximum brightness and the longest persistence 
obtainable. Also, high beam energy is indicated, with a correspondingly low deflec¬ 
tion sensitivity. Thus, if the signal to be measured is small, very substantial 
signal voltage amplification at high frequencies must be provided. The necessary 
beam energy would quickly destroy the phosphor coating if tlie beam were allowed 
to rest on one spot for even a very brief time, so that intensity controls synchronized 
with time-axis motion must be provided to suppress brilliance except during rapid 
writing. 


(6) A cathode-ray tube is to display visually a pattern that recurs rapidly but 
whose shape changes slowly, as in the simple horizontal range scale (A scope) 
radar presentation; another example is the pre.sentation of the output wave 
form of a radio-frequency amplifier under test, unmodulated. This application 
requires only moderate brightness, as the trace i-ecuis often, and a long-pcrsistencc 
phosphor can be used, because the pattern changes only slowly. The beam eiicrg\' 
need not be high, so that substantial deflection sensitivity is easily obtainable, 
and phosphor burn-out is not a problem. 

(c) Requirements are the same as in (b), except that the pattern changes willi 
substantial rapidity, as in a television picture tube. Here a short-persistenec 
phosphor must be used, to permit rapid changing of the picture. 

(d) The radar plan position indicator (PPI) ^J./ requires that the trace persisl 
for just about one rotation of the scanning antenna, usually a matter of from 1 
to 5 seconds. Thus a specific time persistence i.s needed. The ideal w’ould be a 
phosphor whose brightness persists wdth little change for a specific time, then 
disappears abruptly. No such phosphors exist, so a compromise choice is nece.ssary. 
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The compromise should provide the required persistence without exc^ive ini«al- 

"a 0 brimLce, because excessive initial-trace brimanee ,3 

tiacc Dr , flnnroach is to use a phosphor in which the initial 

o^lotlTaving rlt vef/poor visual responL (blue or blue-violet) which 
e™Uer a loi;'Xncrtrace ofa color having good visual response (white. 

yellow, or green). 

Electrical conductivity of the phosphor is of consequence because 
the return circuit for the electrons of the cathode ray is through the 

nhosphor itself to the sides of the tube. ■, » t, i, + 

’ It's common practice to use a camera to record the phosphm trace, 

where permanence of the information displayed is needed. 

3 6 Production and Focusing of the Beam. The cathode from which 

the'eleetrons emerge is usually a heated thermionic emitting surface, 
although it may be the unheated negative terminal of a glow discharge 
at a veiy low gas pressure. The thermionic emitter provides a beam 
Sth higTi electron concentration, with good visual and photographic 
sensitivhies at moderate accelerating potentials, and requiring special 
focusing provisions in order to secure a fine trace. <=o>d-caUiode 
beam “operates with a high accelerating voltage, usually over 40 000 
volts, and so has rather limited voltage sensitivity It has satisfactory 
photographic sensitivity and is kept focused easily because of its low 

electron concentration. * • 

Space-charge control (similar to current control in a tnode) of the 

inteLity of the beam from the electron gun s thermionic cathode is 

obtained by means of a “grid” (actually a disk with a central hole) 

betiveen the cathode and an accelerating electrode. ^ , 

The electrons of the beam tend to diverge because of the lateral 
components of their initial small random velocities and because of the 
radially outward electric force on them due to their own space charge. 
Focusing of the beam to produce a brilliant, narrow trace on the 
viewing screen requires that these effects be either neglig.b e or com¬ 
pensated for by forces tending toward convergence In cold-cathode 
instruments satisfactory focusing can be obtained by using a pinhole 

to select a fine pencil of rays, . . , , • .i. 

The concentrated beam from a thermionic cathode requires the 

application of electron optical principles to produce sharp focusing; 

see Chapter II in Fundamentals of Physical Elcctromcs, and various 

books on electron optics.“ “ <^ “ ‘^-^<^'" ' The radial variation o 

potential clue to the space charge of a cylmcincal electron beam of 

Imiform concentration is illustrated in Fig. 3.3; the gradient encourages 

divergence. In the absence of focusing provisions there results a 

moderate spreading of electron paths, shoira in Fig. 3.4o. Such a 
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beam may be focused by a converging field which gives the outer elec¬ 
trons a radially inward component of velocity. This converging field 
may be produced electrostatically, 
magnetostatically, or by gas Cross section | 

focusinff D. E. j. M. a. dj, g. m electron beam Slope represents 

dispersing 

The left half of Fig. 3.46 illus- 
trates a converging electrostatic ^ X 

field between a focusing cylinder - ^\. / / 

and a cylindrical anode. The right f \ i/ 
half shows the response to this field ^ 

of an otherwise divergent beam. Radius "from 

Several radial cross sections of the 


Slope represents 
dispersing 
/ gradient 


space-charge-free potential in this 3.3 Potential variation within 

region are shown in Fig. 3 4c* they electron beam, due to the 

indicate the presence of a pro- 

nounced central high-potential “channel." The steepness of the sides of 
the channel in the lower-potential sections measures the potential gradient 
producing a radially inward force. In the 1-1 potential line the down¬ 
ward shift from the top to the bottom boundary of the shaded region 


Fluorescent Screen 



(a) Beam normally (6) Flux pattern and (c) Potential profiles at 
diverging; no focus- beam, in convergent focus- locations 1-1, 2-2, 3-3, 4-4, 
ing field. ing field. of (6). 


Fia. 3.4 Electrostatic focusing of a cathode-ray tube beam. 
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is tlu' result, of the space charge of the beam. A similar shift, not 


shown, oreurs in the other sections 


Fluorescent screen 



Electron-beam 
envelope 


Focusing 
coll 



focii^tng Coil 



End View of 
Individual Trajectories 

(b) 


Cathode 


Anode 



Fig. 3.5 Short-coil magnetostatic 
focusing arraugeinont. Potential of the 
region between anode and screen is 
that of the anoile. Knveloiie only of 
the beam is shown. Indivhiual trajec¬ 
tories ar(‘ straight liiu‘s except within 
the magnetic field, where they are 
sections of helices. 


Fig. 3.6 Long-coil magnetostatic 
focusing of a cathode-ray tube 
beam. Potential of the region be¬ 
tween anode and screen is that of 
the anode. In (n) the envelope only 
of the beam is shown; individual 
trajectories are helical in nature, 
with a pitch equal to the distance 
between anode and screen. In (6) 
the nature of individual trajectories 
is shown, detailed more fully in 
Fig. 3.7. 


The electron beam may be magnetostatically focused by means of a 
“short” coil carrying a d-c current,“ the axis of the coil coinciding 
with the zero-deflection beam position; this is illustrated in Fig. 3.5. 
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The convergence of the beam in short-coil focusing may be thought of 
as due to the electrons following a small portion only of the complete 
helical trajectory involved in “long-coil” magnetostatic focusing- see 
Fig. 3.6. 

Figure 3.6o illusfa-ates the nature of a “long-coil” focusing field and 
the envelope in this field ol an otherwi.se divergent beam.^'-^' '’-" \,s 
the electrons emerge from a hole in the anode, already with somewhat 
divergent (initial) velocities, they enter a magnetic field that is parallel 



Fig. 3.7 End view of the helical trajectory of an electron undergoing “long-coil” 
focusing, as in Fig. 3.6. Note that <t> = 0/2 and de/dt = 2aj/; therefore d<t>/dt = w/. 

to the zero-deflection axis. Each electron whose radially outward 
velocity is appreciable pursues a helical path which in one complete 
revolution brings it back to a point on the axis, as indicated in Fig. 
3.66. Electrons having large initial outward velocities have large 
diameter paths. Because the time for completing a turn around the 
helix is dependent only on the magnetic field strength and not at all 
on velocity, all return to the axis after the same length of time. As 
all have the same axial velocity, they return to a common focus. If 
the magnetic field is of sufficient axial extent, there may be more than 
one focus. Satisfactory results have been obtained with cathode-ray 
devices in which the deflection plates are placed near the first focus, 
the fluorescent screen at the second. 

Figure 3.7 is a detail end view of the trajectory of an electron 
experiencing long-coil focusing. In the isosceles triangle OPT, (j> + <}> 
+ (180° — 8) = 180°; therefore = 6/2. Therefore = ^dd/dt. 
But, from (2-63) and (2-64), dd/dt — 2we therefore d^/df is constant 
at the value ui for Fig. 3.7 and for all the electrons in Fig. 3.6. 
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In long-coil focusing, the general direction of travel of the beam as 
a whole is determined by the direction of the magnetic flux. If deflecting 
plates or coils are used near a first focus and result m deflection of a 
beam’s position at that location, the deflection on a screen at the 
second focus ^vi^ be the same distance as the deflection actually taking 
place while within the deflecting field at the first focus. This is because 
the axis of helical motion, therefore the general direction of motion of 
the beam, after passing the deflecting field is the same as that before 
entering it. As a result the deflection at the screen or photographic 
plate is very small; however, the focusing can be excellent in quality, sus¬ 
ceptible of substantial optical magnification without loss of definition. 

3.7 Gas Focusing. Beam concentration ma}^ be obtained or aided 
bv oas focusing, usually by employing one of the inert gases at a very 
low pressure, as in the tube devised by J. B. Johnson.^^ The strength 
of the focusing action is dependent on the nature and concentration of 
the gas, the concentration of electrons within the beam, and the 
accelerating voltage. The focusing action may be adjusted by changing 
beam intensity until the focus is satisfactory. With too weak or too 
intense a beam the electrons tend toward convergence beyond or 
short of the screen. Some devices which depend primarily on electro¬ 
static or magnetostatic focusing contain a little inert gas to contribute 

to the sharpness of focus. 

The mechanism of gas focusing is as follows: 


If there is appreciable gas present, yet not enough to cause serious scattering 
of the electrons of the beam, some atoms lying in the beam’s path are lomzed, 
each atom so affected giving rise to one atom and one electron. In this situation, 
for reasons discussed in Section 15.7, the probabiUty of immediate recombination 
to re-form neutral gas particles is very remote, so that there come into^ being in 
the path of the beam a swarm of approximately equal numbers of positive ions 
and of low-energy electrons. The electrons formed by ionization are caUed low- 
energj' ones by contrast with those of the electron beam. The ions and low-energy 
electrons are produced equally rapidly; therefore, if there is to be an equilibrium 
state they must disperee laterally at equal rates. Lateral dispersion occurs because 
of random velocities. The electrons, being lighter, have much higher lateral com¬ 
ponents of random velocities than do the ions. ^ ... 

Thus the electrons “run out” laterally more rapidly than the ions, leaving a 

positively charged high-potential channel in the beam region. The gra^ent at 
the sides of this channel aids ion dispersion and retards electron dispersion; the 
strength of the positive space charge in the channel builds up until this effect 
of the radial gradient just balances the tendency of the electrons to disperse more 
rapidly than ions because of their greater random velocities. (This mechanism 
is similar to that leading to the potential distribution in Fig. 15.26.) The existence 
of the high-potential channel is of course responsible for the focusing of the high- 
energy electrons, just as focusing results from the differently caused high-potential 

channel of Fig. 3.4c. 
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3.8 Time-Axis Motion. The need for a C 3 Tlic time axis in a catliode- 
ray oscilloscope trace makes it desirable for the beam to move with 
constant velocity at right angles to the deflection produced by the 
voltage 01 current to be measured. This motion can be produced hy a 
second pair of deflecting plates, called sweep plates. If the time-axis 
motion takes place at a uniform velocity, the record has a linear time 
scale, which is advantageous in interpreting the voltage and current 
variations. Usually the time-axis motion should repeat periodically, 
requiring a deflecting-plate voltage of sawtooth wave form. 

Television cathode-ray tubes frequently employ magnetic deflection 
for producing the raster pattern; this requires a deflection-coil current 
having a sawtooth wave form, 

A typical sawtooth time-axis deflection voltage, employed to produce 
electrostatically the time-axis motion for observing cyclic phenomena, 
is shown in Fig. 3.8a. Ideally the slant portion should be a straight 



Exponential voltage rise 
(condenser being charged 
through a resistance) 


/mm/L. 


R 



CC 


Time 

(a) Time axis voltage wave form. (6) Gas tube circuit. 

Fig. 3.8 A simple circuit using a thyratron (a gas triode) as a switch to produce a 
sawtooth voltage for the time axis of a cathode-ray oscilloscope. Usually an 
amplifier is introduced between the condenser C and the timc-axi.s plate.s. 

line of controllable slope, and the amplitude independent of slope. 
The abrupt drop should occur with extreme rapidity, in order to make 
the return trace of the beam faint enough to avoid confusing the 
forward trace. 

Figure 3.86 is a sweep circuit sometimes used. The actual sa^vtooth 
voltage it produces may be quite modest in amplitude, of the order of 
15 to 30 volts, and then be amplified before application to the time- 
axis deflection plates. Control of the amplifier gain permits control of 
the time-axis voltage amplitude without disturbing the circuit respon¬ 
sible for producing the proper wave form. In operation, the condenser 
C is charged through the resistance R while the thyratron (a gas triode 
used as a switch; see Section 18.9) is held in the nonconducting state 
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by tlio bia.s on its grid. However, at a critical voltage, de- 

fermine<l by the thyratron’s grid control curve (see Fig. 18.11), the 
thyi-atroii becomes conducting and discharges the condenser to a low 
voltage. The plate current in the thyratron then becomes very small, 
with Ihe i-(\sull that it again becomes an open switch, and the condenser 
is again <-harged through the resistance /?. This cycle of events is 

repealed indefinitely. ^ . • j • 

IVith R and C the resistance and the capacitance m series during 

the charging period, and eb and Ebb the instantaneous and ultimate 

values of tube plate voltage that is applied (after being amplified) to 

ttie time-axis defiectioii plates, the circuit equation for the dotted line 

in Fig. 3.8a is 

(3-6) 

time t being measured from the beginning of the voltage rise. This 
makes the initial rate of rise of each sawtooth have the value 


([^'olts per second] (3-7) 

V dt A=o EC 

The time constant RC (seconds) thus controls the rise rate. The time- 
axis frequency is the (3-7) rate divided by the voltage difference be¬ 
tween the lowest point and the crest of the sawtooth. 

Figure 3.96 illustrates another gas tube circuit that has been used 
to produce time-axis voltages and for industrial control timing pur¬ 
poses ; illustrative potentials are indicated. As in Fig. 3.8, the thyratron 
is a grid-controlled gas rectifier and as such acts like a s\vitch; it is not 
a device capable of controlling current magnitudes. While in con¬ 
ducting state the voltage from cathode to anode (called the "tube 
drop”) is small relative to other voltage used in this particular circuit, 
and the current magnitudes are therefore controlled entirely by the 
external circuit. Note that this is a relatively high-voltage circuit, in 

contrast with Fig. 3.86. 

The sweep plates are connected across the condenser; the time-axis 
motion results from the sawtooth rise and fall of the cathode potential 
€a, as in Fig. 3.9a. During the slant-line declining period the thyratron 
is not conducting; it is an open switch, and the condenser C therefore 
discharges through the resistance R according to the circuit equation 



(3-8) 
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The time I is measured from the beginning of the tleeline. Tiiis relation 
makes the initial rate of decline be 



The grid potential is held at a constant value Ec by the potential 
divider Ri, During the condenser-discharge i)eriod the cathode 



I'lG. 3.9 (a) Siuvtootli voltage suitable for producing time-axis motion of the 
beam of a cathode-ray tube, with (h) a circuit that employs a thyratron to produce 
the sawtooth wave form. This circuit is also used for timing purpose.s iti industrial 
(‘lectronio control apparatus. See also Figs. 18.17 and 18.18. 


I)otential is higher than E^; tlierefore the tube remains an open 
switch. When in its slant decline €a reaches the tube becomes 


conducting, that is, a closed switch; the grid loses control, as discussed 


in a later thyratron analysis, and the condenser is abruptly chargetl t o 
the potential Ehi,. With the condenser fully charged, the thyratron 
becomes a nuncondiu^tor, foi- reasons discussed in Section 18.16. Tlie 


cathode potential then declines along (he exponential curve again, and 
the process repeats indefinitely. 


Obviously the circuit as illustrated (.lues not produce an e,\a(*tl\’ 
linear time-axis motion, because c,, declines exponentially, not linearly, 
'i’he lower Ec is dropped toward zero, the worse the nonlinearity be¬ 
comes. By replacing R with a pentode suitably connected, the con- 
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denser discharge current can be held constant during the decline, giving 
a linear time-axis motion. Adjustment of the frequency of the saw¬ 
tooth variation is accomplished by changing C and R; such changes 

do not alter the amplitude. 

3.9 Cathode Rays as Current Carriers.-^' A cathode ray or electron 
beam represents an electric convection current, flowing within the tube 
in whatever direction, or to whatever electrode the internal electric 
and magnetic fields may order; these fields are subject to the control 
of the operator. The beam current in a cathode-ray television or 
oscilloscope tube may be extremely small, or it may be as much as 
100 microamperes; the choice of magnitude is based on convenience 
and effectiveness in producing a visual or photographic image. For 
some other requirements the currents in electron beams are measured 
in milliamperes, and developments in prospect will employ electron 
beams carrying many amperes.^''-'” A fraction of a milliampere is 
sufficient to operate sensitive electronic devices and relays, so that even 
a small-current beam has the potentialities of an extremely fast and 
flexible switching device, depending on current-receiving arrangements 
within the tube. It appears probable that future developments in the 
communication and electronic computer arts will make continuing use 
of electron-beam devices as current carriers and switching means. 

One of the important uses of electron beams having high beam 
densities is to serve as current-carrying elements in uhf and microwave 
electron tube amplifiers and oscillators, operating at frequencies 
between 300 and 30,000 megacycles per second. Klystrons and 
traveling-wave amplifier tubes are illustrative types, see Chapter XI, 
also see Chapters II, VI, and VII in Microwave Electron Tubes. 

3.10 Television Camera ' An important appli¬ 

cation of the current-carrying properties of electron beams is in tele¬ 
vision pick-up tubes, that is, camera tubes. In some such tubes the 
fluorescent screen is replaced by a ‘‘mosaic which is, in effect, a more 
or less random array of an e.xtremely large number of verj^ tiny con¬ 
densers, which have one plate (the outer one) in common. The other 
plate of each consists of a localized bit of photoelectrically sensitive 
material. Under influence of field controls the beam scans this surface 
line by line as a draftsman crosshatches a section; the screen must be 
completely scanned from top to bottom many times a second. 

Optical lenses focus an image of the action to be televised on the 
photoelectrically sensitive surface. Between successive visits of the 
electron scanning beam each localized part of the surface acquires, 
photoelectrically, a charge proportional to the local light intensity and 
to the time since the last visit. At the beam’s passage, each tiny con- 
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denser is discharged through the beam and an external circuit con¬ 
nected to the metal backing plate common to all the condensers. 

1 he current in this external circuit thus varies rapidly, corresponding 
to the changing light intensity at points successively scanned. Second¬ 
ary emission techniques (see Section 6.7) may be used to amplify these 
changes. The variation pattern is broadcast over a high-frequency 
carrier wave and made to control the beam intensity in a cathode-ray 
television receiver picture tube. The receiver’s beam scans a fluores¬ 
cent screen in synchronism with the scanning by the transmitter’s 
beam of the action image. There is thus produced on the receiving 

screen a light image that follows faithfully the local brightnesses and 
darknesses of the action image. 

New and interesting problems of research and development relative 
to cathode-ray tubes appear in the art and science of color television. 


PROBLEMS 

1. (a) If, in Fig. 3.1, a = 10 mm, 6 = 2 mm, what value of would make 
the electrons of a 6000-volt beam just hit the end of one of the plates? ( 6 ) Demon¬ 
strate hat the v(M-tcx P of the angle lies half way between the ends of the plate.s. 

. It, m Fig. 3.2, a - 2 cm, 0 = 10°, how far above the field center line is 

3. If m a cathode-ray oscilloscope a deflecting voltage Ed and a magnetic 
flux density 5 produce equal deflections when Ea = 3000, what is the ratio of the 
deflections due to the same Ea and B when E^ = 2000, geometry unchanged? 

4. \Uite an equation for the Fig. 3.3 potential distribution for a uniform- 
space-charge-density 20-/ia 1000 -volt electron beam, diameter 2 mm, also for the 
radial force on the electrons, in terms of the radius. 

6 . In Fig 3.6, with a 1000-volt beam, what magnetic field will focus the elec¬ 
trons 10 cm beyond the anode? At greatest beam divergence an electron is 5 mm 
from the axis; what was its trajectory angle at the anode? Neglect space charge. 

6 . In Fig. 3.4, given that on-axis potentials are: 4900 volts at 4-4, 3600 at 3-3, 

3025 at 2-2, 2500 at 1-1; also, the axial angle of the outermost trajectory is 7° 
diverging at 1 - 1 , 2 ° converging at 4 - 4 . 

(а) Find the outer-electron radial velocities at 1-1 and 4 - 4 . 

( б ) Find the work done {electron volts) on an outer-trajectory electron by the 
radial field component during flight from 1-1 to 4 - 4 . 

(c) Along-axis spacings from cathode are: to l-I, 2 mm; to 2-2, 4 mm; to 3-3, 
7 mm; to 4-4, 12 mm. Draw the along-axis potential distribution. 

id) Using (c), find the 1-1 to 4-4 transit time. 

7. In a “post-acceleration” cathode-ray oscilloscope 3'* the fluorescent screen is 
Es volts above, cathode E^ volts below, the deflecting-plate potential. Longi¬ 
tudinal field between deflecting-plate location and screen assumed uniform. The 
given Ed makes the deflection 3 cm and the deflecting-plate-to-screen transit time 

sec, when E, = 0. With Ed the same, but E, = Ea, find the new deflection, the 
new transit time (2 (in terms of q), and the factor of spot brilliance increase. 

8 . In Fig. 3.6, given a 2° outer-trajectory axial angle at entrance to focusing 
field, and a 1300-volt beam, (a) What magnetic field will make the maximum 
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beam diameter 2 mm? (6) State the electron kinetic ener^ (electron volts) of 
outermost oleetrous clue to axial motion; (c) to circular motion, (d) Determine 
helical motion rotational frequency, (e) At what anode-to-screen distance will 

(he fii-st focus ai)pear at the screen? . o o -o * 

9. Electric deflecting plates are placed at the first focus, in Fig. 3.6. Between 

(he plates the electric deflecting and magnetic focusing fields pro^de bnef exposure 

to ‘'ombiued uniform fields at right angles." Describe the ^elaUon of the motion 

wiiile between the plates, and afterward, to the considerations of Section 2.13. 



C’HAPTER IV 


ELECTROSTATIC FIELDS IN SPACE-CHARGE CONTROL 

TUBES 


4.1 Conformal Transformations. The analysis of t w.Miiinnisi.aui. 
electric and magnetic fields is facilitated by conformal iransforma- 
tion c.Q.R.s, 10 1II.3C. jA.a Qf actual coordinate system to an equiva¬ 
lent one which makes the properties of the field determinable by com¬ 
parison with familiar geometries. Such treatment greatly simplifies the 
study of the electric field within a triode, a tetrode, or a pentode, in the 

absence of space charge; the effects of space charge can be considered 
subsequently. 

If X and ij are the coordinates of the original two-dimensional field, 
and x' and y' those of the new equivalent field, the useful type of trans¬ 
formation is such that the underlying two-dimensional differential 
equation 

d^E d-E 

+ —= 0 ( 4 - 1 ) 


.2 


5.1 


transforms into the similar one 


dy 


d^E d^E 


+ 


dx''^ dy 


/2 


= 0 


(4-2) 


That is, the Laplace equation must be satisfied in both the actual and 

equivalent systems. All transformations that can be described by an 

equation of the following general type satisfy this reiiuirement and are 
called conformal ira?isformations: 


(4-3) 

Here j is the complex-number operator, that is, j = and 

+ jy') may be any function of .t' -f- jy'. It might, for example, be 
convenient in a particular case to use 




(4-4) 


It will now be demonstrated that any transformation of the (4-3) 
type makes the potential E satisfy the Laplace equation in both sys- 
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terns if it does in either of them. To broaden the utility of this demon¬ 
stration, it will deal similarly with the electric flux 

Fi'^iire 4.1 illustrates a portion of a uniform two-dimensional electric 
field ° The potential E (volts) increases linearly with x from a reference 
equipotcntial at which B = 0. The flux content ^ (coulombs per meter 



Fig 4 1 Uniform electric field; total electric flux it coulombs per meter of depth 
measured relative to a reference flux line for which ^ = 0; potential E measured 
relative to a reference eciuipotontial for which E - 0. 


of depth) between any given flux line and the reference flux line 0) 
increases linearly with y. It is evidently permissible to write, for this 


field, 



-F{x+jy) 


[scalar] 


(4-5) 


where F is the constant electric field strength. Now separate real and 
imaginary parts, and differentiate the real part relative to a: and the 

imaginary part relative to y, obtaining 


_ = -F — = ^^qF = +D [vectoi-s] (4-6) 
dx dy 

where D is the constant flux density. These are familiar relations. 
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The Laplace equations in both E and 


d^E 





d^\p 



(4-7) 


are satisfied, since all derivatives vanish. 

Thus it has been established that (4—5) describes the potential and 
flux in the simplest imaginable electric field, and that both E and 
satisfy the Laplace equation in this field. This field can be conformally 
transformed into a new one by introduction of (4-3) into (4-5). It 
will now be demonstrated that in this new field configuration both E 
and yj/ still satisfy the Laplace equation. 

On using (4-3) in (4-5) there results 


^ J - =/(x' +jy) (4-8) 

€0 

where the ~F of (4-5) has been absorbed into the general form of the 
function/. Partial differentiations of (4-8) relative to x' and y' give 


dE 


df + jy') 


(4-9) 

dx' 

Co dx' 

d{x' + jy') dx' 

d(x' + jy') 

dE 


df d{x'+jyl 

. df 

^ m «% 

(4-10) 

dy' 

«o dy' 

d{x' + jy') dy' 

dix' + jy') 


Second similar differentiations lead to 


d^E 

3 dV _ 

d^f 

dx'^ 

Co dx'’^ 

ld(x' + jy')? 

d^E 

3 dV 

d^f 

dy'^ 

€o dy'^ 

\d{x' + jy')? 


(4-lla) 


(4-116) 


If these equations are added, the right-hand terms cancel, giving zero; 
the real and the imaginary parts of the left-side sum must therefore 
each be zero. This proves that the Laplace relation is satisfied for 
both E and ^ in the new coordinate system, that is 


d^E 



d^E 

dy'^ 




(4-12) 


This shows, as a by-product concept, that in any two-dimensional 
field configuration the flux lines can alternatively describe equipoten- 
tials, and vice versa, because both E and V' satisfy the Laplace relation. 
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11 is not difficult to show that the expression 


J -•<#>= +»■ 

f(z + jr cos <^>) d<i> 

-■n 


(4-13) 


(losc ihos a poU-iitial that satisfies the Laplace equation in the axially 
symmetric i)()lar coordinate form 

d‘^E 


1 a / dE 

r dr\ d) 



+ 


dz 


2 


= 0 


(4-14) 


for the coordinate system of Fig. 1.12. The potential configuration is 
completely defined when the function S{z + jr cos <t>) is stated. For 
example, one might study the fields for 


f(z -h jr cos <t>) ^ z-\- jr cos <t> 


and 


f{z + jr cos 4>) = 


1 


2 + jr cos 4> 


(4-15) 

(4-16) 


This set of concepts is useful in the study of three-dimensional but 
cylindrically symmetric fields. 

Returning again to the two-dimensional case, any point such as F 
in Fig. 4.1 can be described as having 

. ^ 

The field property ^ ^ Tq 

The rectangular coordinate property x + jy (4-176) 


The polar coordinate property 


rexpj<l> (4-17 c) 


Just as the quantity .r + jy, in relation to Fig. 4.1, describes a 
vector terminating at T whose horizontal and vertical components 
are .r, y, so .r' + jy' describes similarly a vector terminating at T with 
x', y’ horizontal and vertical components in a transformed system. 
l^]very vector in the original coordinate system has its counterpart in 
the transformed system. But (4-3) requires that the jield property 

^ _ y(,/./€o) must be the same at T' as at T. 

Figure 4.2 illustrates graphically the basic concepts of a conformal 
transformation. The left-hand diagram represents, not an electric 
field, but a sheet of graph paper ruled rectangularly, coordinates being 
X and y relative to a central origin 0. Now let the sheet of paper be 
(uit along the heavy horizontal line from the origin to the extreme left 
and progressively ojiened up along the cut by a systematic bending of 
the coordinate lines, of the nature indicated by Figs. 4.26 and 4.2c. 



(H)nfohmai. thansi-'uhmatiuns ,sr> 

hiivh of the coordinate lines becomes a curve, as illustrated by those 
for X = (1 and y = b. 

Any such systematic bendin^i; of the orijjinal pattern is the ('(piivalent 
of a transformation of coordinates. The particular kinds of bending 
that lead to Figs. 4.2h and 4.2f correspond to conformal transforma¬ 
tions. It is characteristic of the conformal treatment that 90° inter¬ 
sections of the original coordinate lines remain 00° intersections after 
transformation, with the e.xception of uni(iue points (“singulai- points"), 



t 



t«) 


(M 


(r) 


Fig. 4.2 Coiiforiual transformation of a rectangular slieet niark(‘d with rec' 
tangular coordinates. 


such as the origin in Fig. 4.2. Initially square blocks become “curvi¬ 
linear scpiares” of the type used in freehand maj^ping of electric and 
magnetic fields.The smaller the square block considered, the 
more nearly it retains the original shape. 

The point T in Fig. 4.2a has the coordinates x = a and y = h. The 
point T to which T transforms in Fig. 4.2/^ can also be identified as 


that for which x — a and y — 6, or it can be described in the new co¬ 
ordinates as the point for which .F = a' and i/ = b\ The point T is 
the terminus of the vector a jb, horizontal and vertical components 
being a and 6; the point T' is similarly the terminus of the vector 
a' -h jb', with horizontal and vertical components a' and b' in the new 
system. The specific relation between Figs. 4.26 and 4.2o is expressed 
by (4-4), the two vectors being so related that 


a-\-jb = (a' 4- jb')-'^ (4-18) 

An identical relation exists between any two corresponding points or 
vectors; that is the meaning of (4-4). 


I 











86 ELECTROSlSiTJC FIELDS IN VACUUM TUBES 

Figures 4.2a and 4.2c are related by the equation 

X + jy - (4-19) 

The mathematical eciuations of the curved lines on Fig. 4.2c into which 
le oXnal straight coordinate lines are transformed, can be obtained 

by expansion into the form 

" ^ /# /a AAV 


^ + jV = X"^ - y"^ + j2x"y" ( 4 - 20 ) 

Real and imaginary parts can then be separately equated, so that the 
relations ^ ^ ^//2 _ ( 4 r - 21 a ) 

y = 2x"y" (^21b) 

describe the positions taken on the x", y" coordinates by the original 

niroften desirable to describe conformal transformations in polar 
coordinates. The vector terminating at any point such as T, Figs_ 
r2a and 4.3a, is equally well described by the expressions x + jy and 
r ei%, r being the radius vector and <t> the angle with the axis, as in 

Fig. 4.1; that is, ^^ 


r = + y 


X y 

6 = arc cos - = arc sin - 

^ r r 


(4-22a) 

(4-22b) 


X — r cos 4> 

y = rs\u4> (4-22d) 

Similarly the vector terminating at T' in the transformed diagram can 
be described as r' exp j4>', related to x' + jy' as r exp j4> is to x + jy. 
It is helpful to recall that the product of two polar vectors exp 
and rjexpj^z is the vector rRjexpjX^i + ^ 2 ). Figures 4.3o 4.3b. 
and 4 3c represent a sheet of graph paper ruled with polw coordinates 
and given exactly the treatment illustrated in Fig. 4.2, that is, 

rexpj(#> = (r'expjV)^ 

r exD id) = (r" exp jd")^ (4-24) 


(4-23) 

f4-241 


Figures 4.2 and 4.3 contrast two different ways of marking a stretchable 
sheet; the cutting and stretching are exactly the same in the two 

illustrations. , , .1 • . i 

If an electric field such as that of Fig. 4.1 is drawn on the original 

graph paper of Fig. 4.2a, with the zeros of potential and flux coinciding 

with the origin, the lines of constant x and y become equipotentials 
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and flux lines in Figs. 4.26 and 4.2c. Then, referring to (4-21a) and 
(4-216), one may write, for Fig. 4.2c, 


E = 

lA/to = A{2x''y”) (4-26) 

These relations individually satisfj' the Laplace equation. 



ooordiiiatos. 


The original x, y graph may have drawn on it tlic eciuipotential and 
flux-line pattern of a field more complex than Fig. 4.1, for example, the 
concentric-C34inder pattern of Fig. 4.do. Such a pattern must, in the 



lb) 

Fig. 4.4 Conformal transformation of an electrostatic field map, oiiginally 
cylindrical. 










electrostatic fields in vacuum tubes 
. V itufv 14-7) in the interelectrode region and 

‘.i»a. .a. 

altered locations of the original bonndanes. 



4 5 Blunar (.ioal.. with Hal. .■atlu.,1... x and ,/ arc .oordinates of any point 
T ndative to origi.t at gfid-who eent.-r, a grid wirp per mct^n Pomte A B C D 
on this ir-plane ropn-sentation transform to points A, B,C,D on the a5 plane 

representation, Fin- •I t). 


Figures 4.4<i untl iAb illustniLe the Iransfonnutioii of the flux pattern 
between concentric circular cylinders on the .r, ^J graph into that be¬ 
tween correspoiuling oval-sectioned cylinders at the same potential 
ilifTerence t.n the x.,/ set. If, us in this figure, the bending of the coordi¬ 
nate lines on which the field is mapped corresponds to a conformal 
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transformation, the total charge on each electrode, the potentials be- 
t\veen them, all capacitances, total energy storage, and all other over¬ 
all properties of the electric field carry over without change from one 
repiesentation to the other. The potential gradients, surface-charge 
densities, energy storages per unit volume, and other detail quantities 



are modified. Either field can, however, be completely understood, 
from analysis of the other. 

4.2 Conformal Transformation for a Planar Triode. ***■ o, d. 

^J.e* Figure 4.5 represents the three electrodes of a parallel-plane or 
planar triode, draTO on x, y, r, <f> coordinates; this representation will 
be called the W plane. The grid-wire radius is R, the center distance 

* This manner of applying a conformal transformation to a triode is due to 
Vodges and Elder. 
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between grid wires 1/n, the distance from grid plane to cathode o, and 
from grid plane to plate b. Figure 4.6 represents a restncted portion of 
the same set of electrodes transformed to an x',y',r,<t> coordinate set, 
located on the Z plane. The confoi-mal transformation used is 

27 rn:r + j2imy - In {x' + jy') (4-27) 

The X, y origin is taken at the center of a IF-plane grid vvire^ 
termination of the Z-plane to IF-plane coordinate relationship is best 
approached by mi.ring the rectangular and polar notations, thus 

(4-28) 
(4-29) 


27 rna: + j2Trny = In (r' exp j<l>') 

= In r' + j(f>' 


Separation of the real and imaginary parts shows that 

r' == exp 2imx 

= 2Tmy 

Note that the grid plane transforms to a cylinder at radius 

r' = exp 0=1 

Therefore the TF-plane origin transforms to the point 


(4-30) 

(4-31) 


(4-32) 


r' = 1 

= 27m X 0 = 0 (4-33) 

This point is not at the geometrical center of the Z-plane grid figure. 
27 m is chosen as the multiplier for x and jy in order to make <#. - tt 
when y = l/2n, thus limiting the Z-plane representation to a portion 
of the IF plane that extends half-way from the origin to each adjacent 

crid-wire center. n • i r 

The cathode surface becomes, on the Z plane, a very small circle of 

radius su = exp (- 27 ma); the plate becomes a very large circle of 
radius Sp = exp (-|-2,m6). Ordinarily the distances a and b from grid 
plane to cathode and plate are at least equal to or greater than the grid 
Spacing l/^i that is, ordinarily, 

— = an > I -^ = b« > 1 (4-34) 

On applying these limits it appears that the radius of the cathode 
circle is ordinarily mailer than exp (-27r), or about l^oo, and the 
radius of the plate circle is correspondingly greater than 500, on a scfUe 
for which the grid plane is represented by a circle at unit radius. In 
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subsequent analj^tical treatment approximations will be used that 
deteiioiate lapidly as to validity as an and hn become appreciably less 
than unity; see also Section 4.13. 

The giid wile transforms to a figure that is essentially circular if 
the TP-plane giid diameter is not moi’e than about one-sixth or one- 
fifth of the center distance between grid wires. The Z-plane grid-wire 
figure crosses the horizontal axis = 0) at extreme inner and outer 
points; the radii to the crossing points are 

Innermost: Sj = exp(-27rn/?) (4-35) 

Outermost: Sa = exp (-f27rn/0 (4-36) 

The radius of the transformed grid-wire figure, for those cases in which 
it can be considered circular, is 

~ ife ~ -^i) = ifexp (27rn/?) — exp { — 2TrnR)] 

= sinh 2TnR (4-37) 

The quantity 2nR will be called the shadow fraction, as it describes 
the extent to which the cathode lies in the shadow of the grid wires. 
It is the ratio of the grid-wire diameter 2R to the distance 1/n between 
grid-wire centers. 

If 2nit: is not greater than perhaps }4 or H, the Z-plane grid figure 
is essentially circular. The dashed circle and dashed Z-plane grid 
figure in Figs. 4.5 and 4.6 are drawn for 2nR — 

4.3 Placement of Charges To Satisfy Triode Boundary Condi¬ 
tions.'*^ The space-charge-free electric field within a triode like that 
of Fig. 4.5 can be analyzed in terms of the Z-plane coordinates of 
Fig. 4.6 and subsequently discussed in terms of the real coordinates. 
This analysis must take into account the fact that at normal operating 
voltages the potential of the plate is much higher, and that of the grid 
a little lower, than that of the cathode; there must be provision for 
negative charges on the grid and cathode, and for a positive charge on 
the plate. 

The electrode boundaries in Fig. 4.6 are, of course, equipotential 
surfaces, and the electric field is zero within each electrode. For 
purposes of study, let it be imagined that these metallic bodies are 
removed from the diagram and in one’s mind, but a memory retained 
as to where the boundaries used to be; thus on the diagram there now 
may be electric fields within the former electrode boundaries. If line 
charges now are appropriately located within these former boundaries, 
the boundaries can be made equipotentials in the field of the line 
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charges. Tlae voltages of these equipotentials may be made identical 
with the voltages of the cathode, grid, and plate by proper choice of 
charge magnitudes. Then the electric field and potential distribution 
in the regions between the former electrode boundaries will be exactly 
the same as they would be in the Z-plane construction with metallic 
electrodes. Equations for potential distributions, potential gradients, 
charge densities, etc., can be written in terms of the line charges and 
Z-plane dimensions and, by using the conformal transformation coordi¬ 
nate relations, applied directly to the real tube. In this way a com¬ 
plete knowledge of electrostatic field details is obtained. 

Because the Z-plane cathode cylinder is very small, it is an equipo- 
tential, regardless of the effect of grid and plate charges, if a line charge 
(usually negative) of -ra coulombs per meter length is located along 
its axis. This line charge may then be imaged in the grid cylinder in 
order to keep the latter an equipotential. To this end there must be 
located at the kernel of the Z-plane grid circle a line charge H-Xa equal 
and opposite to that at the cathode center. The kernel is at radius 



Fi(j. 4.7 linage of a line charge —t in a cylinder. 


The proof of (4-38) is dependent on an image relation, applicable 
either in imaging a point in a sphere or a line in a cylinder, to the 
effect that the product of the distances from the inside and outside 
charge locations to the center of the sphere or cylinder is equal to the 
square of the latter’s radius. The demonstration of this image-charge 
position relation will now be given for the line and cylinder. 

The circle of Fig. 4.7 represents a cylindrical surface of radius Rz> 
It is to be demonstrated that it is an equipotential surface of the elec- 



PJ.ACEMENT OF 2-FLANE CHAIUJES 



tnc field produced by two line charges, -7 and +r, that aic paralloi 
to and m a plane with the cylinder axis, provided that 


ON • MN = NQ^ 

Note that if this relation is satisfied 


(4-39) 


ON NQ 

m Jm 


(-i 40) 


Therefore OQN and MQN are similar triangles, as they liave a com 
mon angle with proportional adjacent sides; thus also 


MQ ^ NM m 

OQ m 


(4-41) 


Q is any point on the cylinder; ^ is a point on the cylinder and in 

the plane of the charges. The potential difference between Q and A 
owing to — 7 is 


Owing to +7 it is 




qq 

OA 


Owing to both, 


Eq — Ea 


+r 

2x60 




-r OQ +7 , MQ 

-— In = - -— In 

2^reo OA 2t6o MA 


(4-42) 


(4-43) 


+ r MQ OA 
27r«o MAOQ 


(4-44) 


The cylinder is to be an equipotential; therefore Eq ~ Ea must, be 
zero, and therefore, from ( 4 - 44 ), 


MQ • OA _ 

From Fig. 4.7 this may be written 

MQiON - i^) 


(4-45) 


(4-46) 


OQ{NQ - NM) 
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that is, 


- /on , 

MQ ATQ = - 1 

\NQ _ ^ 


nm( 


NQ 


OQ iVM I = - 1 

\nm 


(4-47) 


This is satisfied if (4-41) is satisfied. This completes the desired 

demonstration. 

Equation (4-39) may be written 

V, = (4-48) 


If, in (4-48), Sg — s/, is used for S(, and it is recognized that 

s 2 _ jfj/ = cosh^ 2TrnR — sinh^ 2TmR = 1 (4r-49) 

equation (4-38) results. . i ^ ■ 

With just the two line charges -Ta and -1 -to present, the electric 

field near cathode and grid is as illustrated in Fig. 4.8. The cathode 



Fig 4 8 .Z-piane triode flux pattern with equal and opposite charges on cathode 
and grid; none on plate. The plate circle is remote with center at cathode. 

charge is negative, as under normal conditions; but the plate has as 
yet no charge, and the grid has a positive charge. By locating a third 
line charge -n along the grid-cylinder axis, these disagreements \vith 
normality can be corrected vnihout disturbing the equipotmtial nature 
of the grid figure. The quantity - Ta usually has a negative numerical 
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value, and a positive one. However, when the grid voltage is 
below the cut-off value, as in Fig. I Ad, -r^ has a positive numerical 
value; similarly -f-ra may have a negative value. 

The Z-plane plate circle is so very remote from the grid circle that 
both grid and cathode figures, so also all three line charges, are for all 
practical purposes at the axis of the plate cylinder. Hence the electric 
field in the neighborhood of the plate may be treated as though due to 
the net grid-and-cathode charge -t 6 located along tlie plate-cylinder 
axis. Such a field terminates in a charge -|-76 coulombs per meter of 
cylinder length, distributed uniformly over the interior of the plate 
cylinder. 

The array of three line charges, ~Ta, -\-Ta, and -r;,, detailed in 
Fig. 4.9, makes all the Z-plane electrode boundaries equipotential for 



Fig. 4.9 Detail of placement of Z-plane charges in Fig. 4.0. Plate circle rc*mote 
with center at cathode. Da.shed-line circles through -\-Ta and —t 6 turn out to be 
the inner and outer faces of the Z-plane representation of the “equivalent grid 
sheet"; see (4-100). 

any and all values of ±ra and tu] that is, the geometrical boundary 
conditions are satisfied. The charges on the electrodes, in coulombs 
per meter length of the Z-plane figure, are: cathode, —Ta] plate, +7;,; 
grid, d-Ta - T6. 

4.4 The Electrostatic Equivalent Circuit of a Triode.®''*^^ The 
overall electrostatic properties of any arrangement of three electrodes 
in charge-free space, whether in a vacuum or elsewhere, can be repre¬ 
sented diagrammatically by three properly chosen condensers arranged 
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in delta, or three other properly chosen condensers arranged in stard^^ 
A triode is such a set of electrodes; its true geometry and equivalent 
star and delta electrostatic circuits can be diagrammed as in Fig. 4.10. 
“Equivalence” means that if these three items, o, h, and c of the figure, 
were placed in three identical boxes, with three leads brought out 
identically from each one, no external capacitance measurements could 



Cathode Grid Plate 


kg P 

(a) True geometry. W Intereleetrode (delta) (c) Star capacitances. 

capacitances. 

Fig. 4.10 Triode electrostatic circuits. 


distinguish between them. Interrelations between the star and delta 
capacitances are obtained by elementary a-c circuit principles; typical 

equations are 


0kg ~ 


CkCg 


Ck'\~ Oo~\- Op 


(4-60) 



OkgOgp + OgpCpk + OpkOkg 



(4-51) 


Two other pairs of similar relations are obtained by symmetrical 
rearrangement of symbols. 

The potential of the central junction in Fig. 4.10c is symbolized as 
Es, and called the equivalent grid sheet potential, for reasons which 

Avill appear later. * 

* The use here of the star equivalent electrostatic circuit is an outgrowth of 
Llewellyn's type of treatment; see Figs. 1, 5, and 8 in his book,"^ similar in principle 
to Figs. 4.136, 4.106, and 4.10c (the star diagram) presented here. The use of 
the “equivalent grid sheet” or “equivalent grid plane” concept is believed due to 
L. A. Hazeltine originally. It was first brought to the author’s attention in two 
lecture series, by B. J. Thompson and F. B. Llewellyn, given at the University of 
Michigan in the summer of 1937. 
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There is no net charge on the electrodes of a vacuum tube before it 
is connected into a circuit. The connection of batteries or other voltage 
sources merely results in the transfer of charge from one electrode to 
another, the total net charge on the k, g, p electrodes combined re¬ 
maining zero. Therefore, the sum of the charges on the three con¬ 
densers Ck, Cg, Cp is always zero. This is expressed by the following 

equation: 

{Es - Ea)Ck + {E, - Ec)Cg -h {E, - E,)Cp = 0 (4-52J 

where Ea, Ec, and Ei, denote cathode, grid, and plate potentials re¬ 
spectively. The solution for Eg is 


E,Ck + E,Cg -h EbCp 
Cfc + Cg -h Cp 


(4-53) 


In most interesting cases Ea = 0, so the first term in the numerator 
drops out. 

4.6 Equations for the Star Capacitances. The values of the star 
capacitances will now be established in terms of the planar triode 
dimensions. These values will first be obtained per grid section, that 
is, for the whole Z-plane diagram of Fig. 4.6, and therefore for the 
portion ABCD of Fig. 4.5. Considering Fig. 4.10c to refer to a single 
grid section, suppose that capacitances Cg and Cp are to be determined 
with the cathode disconnected, that is, “floating.” This condition, 
chosen because of convenience in analysis, corresponds in Fig. 4.6 to 
that of no charge on the cathode, that is, ±ra = 0. This zero-cathode- 
charge condition is called the cut-off condition. The electric field in 
the Z-plane grid and cathode region is then qualitatively as shown in 
Fig. 4.11, although most true Z-plane geometries have cathodes much 
smaller than here indicated. The grid-to-cathode and grid-to-plate 
potential differences are, for this condition, 


so that 



(4-54) 

(4-55) 


Eb — Ec 


(4-56) 
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With no connection made to the cathode, Cg and Cp are, circuitwise, 
just two capacitances in series; therefore 

(£, - E,)C, = {E, - E.) - - - (4-57) 

TT,'*' c- 


Because there is no charge on the cathode, C* is uncharged, so that 
F — E Therefore the last equation gives immediately an expres- 



Fig 4 11 Z-plnne representation of the electric field map, in the neighborhood 
of grid and cathode, for a triode at cut-off. No charge on cathode (see Fig. 1.4c). 

Cathode size greatly exaggerated. 


Sion for the ratio {E^ - E,)/{Ei - Ec) under the cut-off condition. 
Comparison with the previous equation then shows that 



( 4 - 58 ) 
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This IS one of two relations between the geometry and these C’s needed 
to evaluate the C’s. 

In the Z-plane figure, the capacitance between grid and plate under 
this zero-cathode-charge condition is the ratio of n to E(, - E^, obtain¬ 
able from (4-55). This capacitance is also that of Cg and Cj, of Fig. 
4.10c m series. Equating the expressions for capacitance obtained in 
these two ways gives the second of the two needed relations as 


27r€o 


1 


In 


1 1 
+ 


c, c. 


Division of this by the previous equation gives 




27r€o 


In 




g 


R 


which when used in (4-59) leads to 




27r€o 


In- 


(4-59) 


[farads per meter per grid section] (4-60) 


[farads per meter per grid section] (4-61a) 


To complete the picture, note from (4-64) below that 



(4-616) 


Multiplication of (4-60, 4-61a) by n gives capacitance values per 
square meter of cathode area (also of plate area); in TF-plane dimen¬ 
sions: 

27r6o^ 

Cp - -—;-;-;-- [farads per square meter] (4-62) 

2irnh — In cosh 2TrnR 



2ir€on 

In coth 2TrnR 


[farads per square meter] 


(4-63) 


From mathematical symmetry C* must be the same as Cp except that 
a replaces b; therefore 

2ir€on 

Ck = - [farads per square meter] (4-64) 

2Tna — In cosh 2TnR 
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To show graphically the simple relationship between Z-plane geom¬ 
etry and Op, Cg, imagine the ^-plane grid figure to be removed and 
replaced by a hollow cylindrical metal sheet concentric with the 
Z-planc origin, having an outer radius Sg, an inner radius Sk (that is, 
l/sg), and a thickness Sg — Sh- Equation (4-61a) shows that the capaci¬ 
tance between this concentric conducting sheet and the anode is C^, 
expressed per grid section. Similarly from (4—616) the capacitance be¬ 
tween the sheet and the cathode is Ck, expressed per grid section. 

Equations (4-62) and (4-64) can be written 





In cosh 27rnR 


2Trnb 


Co 


In cosh 2TrnR 

b - 

27rn 


(4-65) 



Co 


u 1 


In cosh 27rni?\ 


27rnG 


Co 


In cosh 2TrnR 
a - 

27rn 


(4-66) 


in farads per square meter. Since na > 1, n6 > 1, and 2nR > J or 
so, the In cosh 2imR terms in the parentheses are small relative to 
unity and can in most cases be neglected without introducing appre¬ 
ciable error. For such cases very good approximate expressions are 


Cp^— Ck = — [farads per square meter] (4-67) 

6 a 

which are capacitances for parallel-plate condensers of spacings 6 and 
a respectively. Thus Cp is very nearly the capacitance between the anode 
and a flat electrode located at the plane of the grid, and Cjt very nearly 
that between the cathode and the same flat electrode at the plane of the grid. 

More precisely, Cp, as given by (4-65), is the capacitance between 
the plate and a flat equivalent grid sheet, replacing the grid, centered 
on the grid plane, and having a half-thickness given by 

In cosh 2TrnR 

P)quivalent grid sheet half-thickness =- (4-68) 

27m 

Cfc, as given by (4-66), is the capacitance between the cathode and this 
same equivalent grid sheet. 

Figure 4.12 is primarily a circuit diagram identical in principle with 
the star diagram. Fig. 4.10c, in that it contains capacitances C*, Cp, 
and Gg respectively between cathode, plate, grid, and the imaginary 
central electrode, called the equivalent grid sheet. It is, however, 
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drawn so as to indicate the relationship between C\, Cp, and the actual 
geometry. This indicates why Cg may somewhat facetiously be called 
the capacitance between the grid wires and the plane in which they lie. 



Fig. 4.12 Positional diagram of the star c'lcdro.'^tatic 
illustrating the equivalent grid .sheet concept. 


circuit of a triode, 


4.6 Construction of Triode Potential Distribution Diagrams. 
Figure 4.13a is still another circuit diagram identical in principle with 
the star diagram, Fig. 4.10c, in that it represents the three capacitances 
Cfc, Cp, Cgy properly assembled in a circuit. In this diagram, however, 
Ck and Cp (but not Cg) are shown as having precisely their correct 
dimensions. That is, the spacings in Ck and Cp are as given by the 
denominators of (4-65) and (4-66). Furthermore, these capacitances 
are shown as being separated by a grid sheet whose half-thickness is 
given by (4-68), thus making the total cathode-to-anode spacing 
a + 5 as in the real tube. In this representation it is imagined that 
voltages Ec and are applied just as in the real tube; the voltages 


across Ck and Cp must be E^ - E^ and Eb ~ F,, where Es is as in 

(4-53). 


The flat electrodes of the C* and Cp capacitances in this figure have 
the same areas as the cathode and plate of the real tube. As there is 
complete electrostatic equivalence as to charge-to-voltage ratio be¬ 
tween the real geometry and such a star equivalent electrostatic circuit 
as this, the charges and charge densities on cathode and plate surfaces 
must be the same in Fig. 4.13a as in the real tube. Therefore the po- 
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tential gradients within the Ck, Cp capacitances of this figure must be 
the same as the potential gradients immediately adjacent to cathode 
and plate in the real tube. Furthermore, the cathode and plate are 
spaced apart precisely the same distance as in the real tube, because 
of the choice of half-thickness of the center sheet. Therefore Fig. 4.13a 




Fig. 4.13 Diagrammatic representation of the equivalent grid .sheet concept for 
a planar triode, no space charge. 

(a) Construction lines between cathode, anode, and equivalent grid sheet in a 
fictitious structure representative of the star electrostatic circuit, Fig. 4.10c. These 
lines describe correctly the potential gradients adjacent to cathode and plate. 

(?>) Potential distribution in the real triode, showing relation of equivalent grid 
sheet potential to grid fillets and to gradients at cathode and anode. 

can be used as a starting point for constructing the potential distribu¬ 
tion diagram for the real tube, sho\Mi in Fig. 4.13h; see also the shapes 
in Fig. 1.4. 

Thus in order to sketch such a potential distribution diagram as Fig. 
4.136, one should, as indicated in less detail in connection with Fig. 1.5: 

(а) Knowing the tube geometry, determine Ck, Cg, Cp from (4-64) or (4-67); 
(4-63); and (4-62) or (4-67). 

(б) Knowing the tube potentials, determine Ea from (4-53). In general Ea in 
this equation will be zero. 

(c) Sketch the electrode diagram as in Fig. 4.136, using the equivalent grid 
sheet thickness as given by (4-68), and grid-wire diameter 272. Usually the equiva¬ 
lent grid sheet thickness is too little to be represented on the diagram. 

(d) Draw straight construction lines between E, at grid sheet faces, and Eat 

at cathode and plate faces, as in Figs. 4.13o and 4.136. These lines describe cor¬ 
rectly the potential gradients adjacent to the flat cathode and plate surfaces. 
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M Sketch in the fillets doscribinB potontial variations along paths throngh and 
between gnd wires, based on whatever information is available and usable as to 
fineness of gr.d structure; see particularly (4-10-)). Equations for those potontial 
dtslnbuttor, curves are donved m Section 4.12, and given by (4-107), but the 
s retched el^ te membrane concept use.l in introrlucing Pig. 1.4 i.s ade, uate fo,- 

sketching fillets for most purposes. The fillets in Fig. 1,5 are mathematically 
0 orrect, 



Fig. 4.14 Typical space-charge-free electric field map for a planar triode, normal 
voltages. See Section 4.13 for a discussion of limiting magnitudes, for the analytical 
method of Section 4.12 used in obtaining this figure. 
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Figure ).J4 illustrates the electric flux and equipotential map for a 
typical s('t of voltages as applied to a planar triode, space-charge-free 
conditions. See Section 4.13 for a discussion of limitations to the 
validity of this type of anabasis. 

The important result of the preceding analysis is the demonstration 
that, with a, h, n, and 2nR given specific values, the potential gradients 
s(‘t, up near cathode and plate by any specified set of voltage and the 
corresponding value of will be the same in the grid sheet constnic- 
tion diagram, Fig. 4.13a, as in the real tube. Fig. 4.136, for space- 
chaige-free conditions. It will be sho^vm later that the equivalent grid 
sheet potential E^ determines the electron current flow from the 
cathode, under normal space-charge-limited current conditions. 

4.7 Amplification Factor for a Planar Triode. It is important to 
note that Cg is in most cases many times larger than either C* or Cp. 
The ratio Cg/Cp will in Section 5.7 be shown to be, for a negative-grid 
triode, an important quantity called the amplification factor (not to 
be confused with the voltage or power gain per stage; see Chapter IX). 
Thus for a planar triode the amplification factor m is, from (4-63) 
and (4-62),'*‘^’'’’^‘ 40 .s'*.*. 


Ci, 27rn6 — In cosh 2TrnR 


€ 
Cp 


In coth 2TrnR 


(4-69) 


A very good approximation is obtained by omitting In cosh 2TrnR in 
the numerator; thus, 

27rnb 




In coth 2TrnR 


(4-70) 


The term In cosh 2TrnR is, in general, small relative to 27rn6 but not 
relative to In sinh 27rnR, and therefore must be retained in any expan¬ 
sion of the form In coth 2TrnR in the denominator, even though it is 
discarded in the numerator. 

Many c'ommercial triodes approach closely enough to true planar 
geometry to make these equations closely approximate measured m’s. 

By means of the substitution Cg/Cp = and using Ea = 0, (4-53) 
can be converted into the following extremely useful expression; 






M M Cp 


(4-71) 


'rinis it appears that (he equivalent grid sheet potential is proportional 
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£'6 


to the quantity E, + it i, shown in Sections 5.4 and o.iO, par¬ 
ticularly in equation (5-36), that in a planar triode the electron cur- 


E 



When 


rent flow is proportional to E^'\ therefore to (^E^ -p 

this quantity is just zero, the current is just haielv Tero, and the 
cathode charge is zem. As indicated in Section 4.5, this is called the 
cut-off condition, thus, for a negative-grid triode, 


At cut-off: 


/I - — 


E. 


(4-72) 


4.8 Geometrical Dependence of Star Capacitances for a Cylindrical 
Triode.-'' -' ” Equation (4-63) for C, depends only on the grid struc- 


Plate or 



Section 

transformed 


Angle between 
grid wires is 

^radians 


n grid wires per 
meter of grid circle' 
circumference 


Fig. 4.15 Cylindrical trioilc with Kiid wiiv.s panillcl to the uxi.s. Region A BCD 
transforms to A'B'C'D' of Fig. 4.0. 


ture, not on its placement. It is therefore reasonable to consider that 
in a cylindrical triode, such as is shown in Fig. 4.15, the value of Cg 
per unit axial extent is obtainable by multiplying Cg per unit area by 
27rrg, the area per unit length. Thus, for a cylindrical triode, 

^ ^ir^CQ/Ug 

Cg = -——~ (farads per meter] (4-73) 

In coth 2TrnH 


where rg is the grid cylinder radius and R and n have meanings as 
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heretofore. Following the logical conclusions drawn from (4r-67); 
the values of Ck and Cp should be the capacitances between a cylindri¬ 
cal electrode at the grid radius and the cathode and plate cylinders, 
respectively. Thus for a space-charge-free cylindrical triode, approxi¬ 
mately, in farads per meter, 



(4-74) 


where and tp are cathode and plate radii. Equations (4-74) are, 
like (4-67), very nearly true for most interesting cases. This adapts^ 
tion of the planar analysis is equally valid whether the grid wires are 

wound helically or lie parallel to the axis. 

4.9 Conformal Transformation for Cylindrical Triodes. If the grid 
wires are straight and parallel to the axis, being spaced at equal cir¬ 
cumferential intervals at grid radius rg, a conformal transformation 
can be made which leads to precisely the same 2-plane figure as the 
plS/H&r ^ Fi§ur6 4.15 rsprsscnts 3» cross section of 

such a cylindrical triode. There are n grid wires per meter of grid- 
circle circumference, so that the total number of grid wires is 27mrg. 
The shadow fraction is 2nR as before. The field is to be conformally 
transformed into that of Fig. 4.6 in such a way that the entire circum¬ 
ference of the 2-plane grid circle corresponds to a sector of the W 
plane that includes just one grid wire, located at the middle of the 
sector transformed. The total angle of the actual grid circle is 27r 
radians, and it contains 27rnrg grid wires, so that the angle correspond¬ 
ing to one grid-wire sector is 1/nrg radians. This is the value that the 
TT-pIane angle 4> must have when the 2-plane angle is 27r radians, so 

that j 

0 = - 0' (4-75) 

2irnrg 

The satisfactory transformation equation is 

In ^ In (x' -b jy') (4-76) 

\ rg / 27r?irg 


This can also be written 


In exp = 


1 


27r?irg 


In (r' exp 


(4-77) 


which expands into 


r 


in-h j<i> = 


1 , , , 
In r -f 


g 


2irnrg 


2mrg 


(4-78) 
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This is in form to provide the desired relation between tlie angles, as 
specified by (4-75). The Vg factor in the denominator of the left-hand 
side logarithms of (4-76), (4-77), and (4-78) is introduced for con¬ 
venience; it makes the grid-cylinder radius serve as a unit of measure¬ 
ment for the true tube dimensions and leads to the equation 


In r' = 2xa/*g In — 


(4-79) 


for radius conversion between the two figures. 

The meanings given to the Z-plane dimensions by this transforma¬ 
tion of Fig. 4.15 are as follows: 


n 


Cathode radius: In Sk = 2Trnrg In — 


(4-80) 


^’g 


Plate radius: 


In Sp = 27mrg In — 


(4-81) 


Inner and outer extremes of the transformed grid wire occur at Si and 
52, where 


In Si = 2Tmrg In 


In 52 = 2Trnrg In 


0 -^) 

(-r!) 


In all ordinaiy cases R/vg 1; therefore 


/ R\ R 

' ' ' g 


By the use of this relation, (4-82) and (4-83) simplify to 

lnsi = —27rn/2 or 5i = exp ( —27rny?) 

In 52 = -\~2TrnR or 52 = exp (-f-27ra/t) 


(4-82) 


(4-83) 


(4-84) 


(4-85) 

(4-86) 


These are the same as (4-35) and (4-36) so that, for the usual cases in 
which R/vg <K 1, 

Sg ~ cosh 2TmR (4-87) 


R, = sinh 2TmR 


(4-88) 


as in the planar triode transformation. These are now applicable to 
determine the Cg per grid section (4-60). Multiplication by the num¬ 
ber of grid sections, 2Tmrg, gives (4-73). This verifies the concept 
used in setting up (4-73). 
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By using (4-81) in (4-61a) it is seen that the cylindrical geometry 
counterpart of (4—65) is, in Tl^-plane dimensions, 


= 


27reo 


In cosh 2TrnR 


[farads per meter] (4-89) 


Inl¬ 


and similarly 


g 


27rnr 


g 


(\ = 


27r€o 


In 


Vg In cosh 2TrnR 


(4-90) 


Tk 2irnrg 

For Cg, see (4-73). , 

A study of (4-89) and (4-90) will show that the equivalent gnd 

sheet is now a cylinder such that 

Cylindrical grid sheet outer radius = rg(cosh 27 m/ 2 ) (4-9 la) 


Cylindrical grid sheet inner radius - 27 m/ 2 )^/ 2 xnr.- 


(4-916) 



0.2 0.4 0.6 0.8 

r. radius in 2J? 
centimeters 


rp = 1.368 cm. 

= 0.0526 cm. 
rg = 0.859 cm. 

R = 0.01875 cm. 

12 grid wires, 
equally spaced 
and parallel to 
the cathode wire. 
Ef, = 503 volts 
Ec = - 39.3 volts 


Fig. 4.16 Spact'-rhargc-frcc potential tlistribution diagram for a cylindrical 
triodo; obtained using (4-112), therefore mutliemutieaUy correct for the type of 
construction in which the grid wires ui'c parallel to the tube axis; correct as to 
general indication of lillet size for helically wound grids. 
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When 2Trnrg = 1, the actual triode is identical with the Z-pIane 
triode. 

It is now possible to construct a potential distribution diagram for a 
cylindrical triode, as shown in Fig. 4.16, by essentially the same proce¬ 
dure that was used in constructing the potential diagrams for a planar 
triode, Figs. 1.5 and 4.136. The most obvious change in going from 
the planar potential distribution diagram to the cylindrical one is that 
the construction lines, as from F* at the grid sheet to £'□, Et at cathode 
and plate, must be logarithmic curves rather than straiglit lines; see 
Section 1.8. 

Experiments have shown that the effect of a grid on space-charge- 
limited current values is the same, for a given shadow fraction, grid- 
wire diameter, and grid location, for a helically wound grid as for one 
having straight grid wires parallel to the axis. It is therefore i-eason- 
able to assume that (4-73), (4-89), (4-90), and (4-91) can be em¬ 
ployed with equal validity for either type of structure. 

4.10 Amplification Factor for Cylindrical Triodes. For a cylindrical 
triode, as for a planar triode, the amplification factor /x is CgfCp] thus 
from (4-73) and (4-89), 

I'p 

27rnrg In-In cosh 27rnR 

C g Vg 

M = — — (1-92) 

Cp In coth 2TrriR 

As in the planar case, the In cosh 27rnR term in the numeratoi- is rela¬ 
tively unimportant. 

As a practical matter, hardly any commercial tubes employ cylindri¬ 
cal geometries that are sufficiently regular to make (4-92) give a m 
that is even approximately correct. 

4.11 Electrostatic Equivalent Circuits for Multigrid Tubes.^''*''-^’^'' 
In establishing the Z-plane boundary conditions. Fig. 4.6, the process 
was to remove mentally the electrode boundaries, then locate line 
charges in ways that make equipotentials coincide with the remem¬ 
bered boundary locations. In the field of and -Tfe, in Fig. 4.(>, 
the equipotentials approach circles for verj^ large values of also foi* 
very small values of r'. This corresponds to the fact that, in Fig. 4.14, 
the electric flux map approaches a uniform field more and more closel}^ 
with increasing distance from the grid structure, eithei* to the right or 
to the left. The factor that determines the (4-34) limitation that na 
and nb must not be less than perhaps unity or so is this approach to 
uniformity of the electric field. If na or nh are too small, the equipo¬ 
tentials at plate and cathode locations will not l)e /-plane circles and 
therefore not straight lines in the \V plane. 
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(0 

Fio. 4.17 The pentode illustrated in (a) is, in (6), resolved into three triodes, 
order to dcinonstrute the pentode cquivulcnt electrostatic circuit of (c). 
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Figure 4.i7a illustrates a planar pentode in which the grids jiic 
separated fai enough so that there will in fact be a region between 
grids 1 and 2, also between grids 2 and 3, in which the electric field is 
essentially uniform; see Section 4.13 and equation ( 4 - 34 ). This 
means that a plane such as hh can be found which will correspond to a 
large-radius circular equipotential in a transformation based on the 
first giid, and to a small-radius circular equipotential in a transforma¬ 
tion based on the second grid. A similar plane equipotential jj be¬ 
tween grids 2 and 3 is also determinable. 

If, now, in such an electron-free tube, flat uncharged plates are 
introduced at arbitrary uniform-field locations hh and jj, no disturb¬ 
ance of the field whatever results. But in that case there exist three 
triodes, as suggested in Fig. 4.17b, whose capacitances are all com¬ 
pletely known. (Figure 4.17b is patterned after Fig. 4.12.) Since the 
plates at hh and jj are uncharged, condensers and €^2 have equal 
charges, as do Cj 2 and Cjs. Tlius it is possible to combine Chi and 
Ch 2 iuto Ci 2 , and Cj 2 and Cjs into C 23 , by simple series capacitance 
relationships. The plates hh and jj are then dispensed with, having 
served the purpose of clarification of logic. Figure 4.17c results. A 
simpler presentation of this electrostatic ecpiivalent ciicuit for a 
pentode appears in Fig. 4.18. It is reasonably evident, from coinjniri- 
son with Fig. 4.13 and (4-65) and (4-66), that in precise form 


Ck --;-^- 7 - (4-93) 

In cosh 27r/ij/^i 
a - 

27r/li 

C ,2 -- (4-94) 

In cosh 2irniRi hi c()sh 2iru2li> 

di2 -- — - 

27rni 27r//2 




_^ 

In co.sli 2Trn2li2 

27r/i2 


In cosh 2irunh*:i 

27ra3 


(1 95) 



Cq _ 

In cosh 27r//3/T'3 

27ra3 


(4-96) 


where rii, Ri and ^ 2 , R 2 , etc., have obvious meanings, and a, b, and the 
d’s arc as in Fig. 4.17a. 


I 
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Fig. 4.18 The electrostatic equivalent circuit of a pentode. £«i, £* 2 , 
e<iuivalent grid sheet potentials. In general, Ci, C 2 , C 3 are individually much larger 

(han Ck, Ci2t C23, Cp. 


In most cases the grid sheets are of negligible thickness; therefore 
the In cosh 2TmR terms are unimportant relative to a, di 2 , ^ 33 , and b. 
The complete set of capacitance equations in its most useful form is 

therefore, per unit area, 




27r€o^ti 

In coth 2Trn]Ri 




27rco^2 

In coth 27r?i2^2 


^’23 




27reo^^3 

In coth 2Trn^R:i 


(4-97) 


/ T 
V it 


€() 


'I'hree expressions similar to (-1-52) can be written applying to Fig. 
4.18, one for each grid sheet junetion point. With all electrode poten¬ 
tials given, these three simultaneous equations permit the determina¬ 
tion of if,,, E, 2 , and S, 3 , the three equivalent grid sheet potenti^s. 
f, C; and C-i arc in general miieh larger than Ck, C 12 , C 23 , and ( p. 
By use of the'f/-plane concept of Figs. 5.4 and 5.5, if,i may be found 

without solving a set of simultaneous algebraic equations. 

'I'lius the procedure described for constructing a potential distribu¬ 
tion diagram for a planar triode is extendable to a planar pentode, the 
placeiiKMil of I he construction lines being determined by the values of 
if I A',, and A.-, as outlined in connection with Fig. l.ti. 'I'lie spaci'- 
rliargc-iimited current from tin- cathode is determined by the equiva¬ 
lent grid sla'ct potential ol tiie first griil. ^ ^ 

The extension to a cijliiiiincul pentode is left as an exereise lor l ie 

slmleiil Figure l.ltl illustrates in a malhematieally correct lorm the 
li„„l results of such an extension. The potential distribution near the 
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Fig. 4.19 Typical potential distribution in a cylindrical pentode; fillets mathe¬ 
matically determined by means of (4-112), 


cathode ha^ been dra\vn, according to a method described in connec¬ 
tion with Fig. 5.7, to represent the normal condition of space-charge- 
limited current flow. 

4.12 Triode Potential Distribution Equations.s 5'* It is desir¬ 
able to be able to determine mathematically the details of the electric 
field in the nonuniform region near the grid wires. Consider a general 
point T in Fig. 4.5, T' in Figs. 4.6 and 4.9. Its potential relative to 
the cathode can be stated on the basis of (1-24) as follows. 

The contribution due to — ra is 

~Ta T* 

Et - Ea^ - -— In - (4-98«) 

27r€o 

That due to +ra is 



That due to —rt is 



V7-'^ -h — 2r'sk cos <^' 

Sfi i S/. 


(4-986) 


Et- Ea^ 


Tb 


27r6| 


In 


2 r'5g cos <f>* 


■0 




Sk 


(4-98C-) 
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fields jn 


VACUUM TUBIOS 


The zhSfc ill the denominators indicates that the point on the cathode 
whose potential is being referred to might equally well be distant 
toward the grid or Sk away from the grid, from the ^-plane origin. Or 
the cathode point of reference might be on the cathode surface just 
above or below the origin. But the boundary conditions require that 
all these points have the same potential; that can be true only if Sk is 
ignorable relative to s, and s, in (4-98M and (4-98c). That is reason- 
‘My true if na > 1, for then Sk < exp ( —27r), that is, Sk < 0.0025, 
whereas s/. and s, are of the order of unity. Therefore the terms 
will be dropped. The charge -|-Tb uniformly distributed over the plate 
circle will produce no electric field ^vithin the plate circle, and there¬ 
fore will not affect the potential difference between T and the cathode. 
To obtain Et - Ea due to all charges, one may add the three (4-98) 
contributions algebraically, as will be done in a later paragraph 

It is convenient to express the final result, for the near-to-the-grid 
potential distribution, relative to the equivalent grid sheet potential 
E rather than relative to the cathode potential Ea- This requires 
that Ea be eliminated in favor of E,. This will be accomplished by 
making use of the fact that Ea and E, are the terminations of the 
cathode-to-grid straight construction line in Fig. 4.13, also of the 
logarithmically shaped Z-plane counterpart of this construction line. 

It is apparent that in Fig. 4.13 

Potential gra- 
, _ dient be- 

E.S — - ^^veen cath¬ 

ode and grid 


'Value of X at 
the near 
face of the 
grid sheet 


Value \ 
of X I 

at the I 

cathode' 


(4-99) 


It is con\'enient to use a Z-plane rather than this IV-plane foi-m of this 
relation to eliminate Ea. To obtain the Z-plane form, the Z-plane 
boundaries of the equivalent grid sheet must be determined. 

From (4-G8), the H'-plane location of the two faces of the equivalent 

grid sheet are at 


X 


In cosh 2irnR 

= ±- - 

2Ttl 


that is, 2irnx 


In cosh (4-lOOa) 


Use of this in the transformation equation (4-30) relating r' to ;r 
shows that the inner and outer faces of the equivalent grid sheet ap¬ 
pear on the Z-plane representation at the billowing locations: 


At the outer 
face of the 
grid sheet 


/■' = exp (“b hi cosh 2‘irnR) — cosh 2TrnR — Sg (4 1005) 
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At the inner face of) , 1 

the grid sheet ~ (—In cosh 2TrnIi) = — = .s-^ (^l loOr) 

these inner and outer cylindrical surfaces bounding the ^-)jlane 
equivalent grid sheet are the dashed circles of Fig. 4.9. 

It is apparent now that the Z-plane counterpart of ( 4 - 99 ) is 



(4-101) 


Note that this is dependent only on the cathode charge — t„, an<l not 
at all on just as in (4-99) only the potential gradient described by 
tlie slope of the cathode-to-grid construction line is involved. 

Note that in obtaining this relationship between Ea and only the 
construction line, not the actual potential distribution, has been employed. 

Addition of the three (4-98) contributions to Et — Ea gives 



- in--— In-— 

JTreo Sk 27reo 





— 2r'sg cos 0' 



(4-I()2a) 


Elimination of Ea by the use of the preceding equation, and of by 
means of the substitution s* = 1/sg, followed by rearrangement into 
convenient form, leads to the following very useful equation for the 
potential distribution, relative to E^: 




(4-1026) 


In planar geometry, at a point for which r' is very large (r' » Sg), this 
reduces to 



(4-103a) 



In cosh 2wnli 
2wn 



(4-1036) 
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where x is numerically positive. At a point for which r' is very small 


1 


Et - A', = In — 

2ir€o T « 


(4-104a) 


g 


- ran / 

=-I —^ 

<0 ^ 


In cosh 2'irnR^ 


(4-1046) 


2irn 


wliere x is numerically negative. 

Equations (4-103) and (4-104) are, of course, the equations of the 
straight construction lines in Fig. 4.13b, so that 

the slope of the cathode-to-grid construction 

line, therefore the potential gradient de- (4-105a) 

scribed by that line 


— Tafl 


«o 


+ 


-hr^n 

eo 


the slope of the grid-to-plate construction 

line, therefore the potential gradient de- (4-1056) 

scribed by that line 

Hecause potential gradient and electric flux density are related by 
the proportionality factor 6o. the quantities -T„n and rtw are the flux 
Ilensities in the respective regions, and are therefore also surfac^ 
charge densities in coulombs per unit area, at II-plane plate and 
cathode surfaces. They may therefore also 'dentified^Mth the 
charges on the star per-unit-area capacitances Ct and Cp of hig. 4.10c, 

(E, - E„)C, = -{-r„n) (4-106a) 


{E, - Eb)Cp = -Tbit 


(4-1066) 


The.se equations represent the simple and direct way of finding the 

,.|,„0 t ... 1 " «... .. i ,.* 

It is often desirable to use the complete eiiuations (4 62), (4 64), oi 

(4-61) for Fp. '"ither than using (4-67). 

Note that for triode conditions commonly considered r„ is negatu e 
and r, positive, making the (4-105) potential gradients positive in 

both regions. . , . i v i j 

In determining the potential distributions in the neighborhoods of 

the various grids of tetrodes or pentodes, the appropriate adaptation 

of (4-105) to determine the charge factors is recommended M being 

less subject to confusion of concept than is the adaptation of (4 106). 

In order to determine tl»e equations for the fillets in Figs. 4.136 (also 

Figs 1 5 , 1.0, 4.10. and 4 . 19 ), must be given the value zeroforthepaUi 
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thiough giid-wire centers and the value tt for the path inithvay l)etueen 
grid wires. The fillet equation becomes 





I { — 

- -In 

2Trn e„ 


I 

1 ± - 
r's^ 



1 Tf,n 

-In 

27ra €() 




(4-107) 


where (he minus signs refer to the through-grid-wire paths and (he 
plus signs to between-grid-wire paths. From (4-l()o) + is known 

because it is the voltage gradient of the construction line to the right 
of the grid in Fig. 4.13, and — ( —Ta)a'co is that of the construction line 
to the left of the grid, or (4-100) may be used. 


The equation for the potential profile in the plane of the IF-plane 
gri(I-wire centers is obtained by letting r' = 1 in (4-102), <!>' being the 
position variable. Thus, in the plane of the grid centers 





2 cos 0' 


(4-108a) 


The quantity in parentheses is the algebraic difference between the 
gradients of the two adjacent construction lines. Therefore, if the 
two gradients are identical, as when there is no charge on the grid, 
the parenthetical quantity is zero. In that case the plane containing 
the grid centers is an equipotential. 

Equations (4-106) may be introduced into (4-o2), and the resulting 
expression solved for the sum of the charges — r„n and Tt,n, Introduc¬ 
tion of this sum converts (4-108a) to 



Introduction of (4-63) for Cg reduces this to 


2 cos 4>' 

- (4-1086) 



E, - E, 

In coth 2wnR 




(4-108f) 


as the most convenient expression for the potential distribution in the 
plane containing the grid centers. 

For any set of charges, the potential at the point midway between 
grid wires is obtained by letting 0' = 0 in (4-108a) or (4-108c), or by 
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letting = 1 in the positive-sign ve.'.ion of (4-107). Thus with T at 
the point midway between giid wires: 

/ -Tan 

4--4- 


E' 


<0 


€() 


J_ In f 1 -h (4-109a) 

/ 27r7i V 


Also, as derived from (4-108c), 

Es - Ec 


Et - E, = 


in eoth 2Trnfi 


In 1 4- 


cosh 2TrnR 


(4-1096) 


ir,.,. I he usable range of values of 2,iR, from zero to about i the 
I + “ly "7 0.<m to .bout 0.KU 

?( ,. .1,0 Ll to,„., (l-IOOo), inclicto. Ib.t Ibe poteuMl the po.nl 
midway between grid wires differs from E, by an amount which ,s: 

(а) Proportional to the algebraic difference between the slopes of 

the adiacent constmction lines. 

(б) Proportional to the spacing 1/n between gnd-^vire centers. 

(c) Proportional to a declining but very msensi ive function of the 

shadow fraction, this function being In [1 -1- (l/s^)!- _ 

A good approximation to (4-109a) is obtained by using s, - 1, 

giving for the point midway between grid wires 

1 rwc 

(4-110) 


Et 


/—Tan 

- - 

\ €o 


0.105 

to / 


This permits a quick estimate of the midway-between-grid-wire poten¬ 
tial, u^seful in sketching fillets in a diagram such as Fig. 4.13b. with 

rn/fn values obtained from (4-105). , . 

As (4-102b) and forms derived from it express potentials relative to 

E they apply in the neighborhood of any grid in a tetrode or pentode 
IVffh ajacent construction-line gradients, shadow fractions, and grid 
spacings given the proper value for each grid. See, however, the com¬ 
ments made a few lines below (4-106) regarding the application to 

multierid tubes. x x j r 

Equation (4-1026) and many forms derived from it are stated for 

/-plane rather than IP-plane geometry, and therefore apply equa,lly 

well to cylindrical and planar IP-plane geometry, except that in the 

application to cylindrical geometry the cylindrical transformations 

apply, and the following expressions serve the purposes which (4-105) 

and (4-10(>) accomplish in the planar case: 


Charge, per unit length, located 
outside of grid, including all grid 
sections 


== 4 ~'r 6 * 2 xrtr,j — 


-(£?. - Et)C^ 
(4-111a) 
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Fig. 4.20 Flux map for a nogativo-gricl eylimlrical triode, space-charge-froe 
condition, obtained by a fluid flow techniqueNote the clarity of definition of the 
singular points and ease of measuring ratio of cathode charge to grid charge. (Cour¬ 
tesy of Profe.ssor A. D. Moore, Dept, of Electrical Engineering, University of 
Michigan.) 
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Olmrgo, p(M’ unit length, located 
inside of grid, including all grid 


I 1!) 


sections 


- ~T,r2Tnn-^ = -{IC, ~ 

(4-111/;) 

where 27rarg IS, for axial grid wires, the total numher of grid wires 
around the circumference. 

Thus (4-107) for the fillets becomes, for cylindrical geometry, 


Ex — Eg ~ -\- 


— Ta • 27rar,. 

dTT'eo^^i- 


In 


1 zt 


r .s‘. 1 


. -l-rft*2;r/u\: 

+ - -In 

4?r €<\nr. 


1 ± 
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Ihe (luantities 7-6-27r/i/*g and — ra-27r/irg are the charges on the elec¬ 
trostatic equivalent circuit capacitances that are located respectively 
to the right and left of the grid sheet junction, in cylindrical-geometry 
diagrams comparable with Figs. 4.12, 4.17, and 4.18. lOciuation 
(4 108a) should be correspondingly modified for convenience in use. 

The fillet equations for cylindrical geometry apply formally only for 
grid wires lying parallel to the axis. However, for practicarpurposes, 
they indicate relatively well the nature of the fillets for any orienta¬ 
tion of giid wiles, as long as shadow fraction, grid spacing (normal to 
grid wires), and grid placement are unchanged. 

Equation (4—1026) and various forms derived from it were employed 
in the numerical computations for Figs. 1.5, 4.14, 4.1G, and 4.19. See 
also the flux map of Fig. 4.20, obtained by a fluid flow technique. 

4.13 Limitations to the Correctness of Equivalent Electrostatic 
Circuit Relations. It is useful to review the limitations to which the 
equivalent electrostatic circuit relations are subject, as follows: 

(n) The /-plane grid figure of Fig. 4.6 is trealeii ns Ihough it were a iierfeel 
circle; actually it is very nearly circular as long a-s the sha(h)w frac(i.)n 2nR rines 

not exceed K- I'air results are obtainable a.s long as 2nH doe.s not appreciably 
e.xceed 

(6) The analysis assumes that the plate circle is remote enough from tlie grid 
location to make the Z-plane electric field adjacent to the plate essentially uniform, 
that is, Sp » Sg. This is necessary in order to make all cathode and grid charges 
appear to be located at the a.xis of the system, as viewed by an observer located 
at the plate circle. The requirement 6-^ » is about the same as » I; a con¬ 
venient way of insuring that Sp » 1 is to impose the limitation nb > 1, as discussed 
in connection with (4-34). This is sometimes too severe a limitation. For example, 
in Fig. 1.5, also in Fig. 4.14, n6 = so that (4-34) is not quite satisfied, yet the 
conformal analysis gives very satisfactory results, because Sp exceeds Sg by a ratio 
great enough to make the electric field essentially uniform adjacent to the cathode. 
This is demonstrated in Fig. 1..5 by the almost eomplott^ merging of tlie fillets 
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with tlic straight construction line before the plate is reached; in Fig. 4.14 the 
flux map adjacent to the plate quite obviously represents a uniform field. 

(c) In order similarly to make the electric field be essentially uniform adjacent 
to the IF-plane cathode, the analysis must assume that the cathode is remote 
enough from the grid so that the Z-plane cathode circle is not much more than a 
point, on a scale that represents the details of the grid-circle location and size 
satisfactorily. This requirement Sk <5C Sg is not greatly different from Sk <3C 1, 
leading to na > 1 as in (4-34). Just as for the nb > 1 limitation, this is sometimes 
too severe a restriction. 


Most commercial triodes whose geometry is sufficiently regular to 
encourage any attempt to apply the conformal analysis will be found 
to satisfy the limitations stated as to 2ni?, na, and nb. 

When the cathode is so close to the grid that the na > 1 limitation 
is definitely not satisfied but 2nR is small enough to make the Z-plane 
grid figure essentially circular, a more extensive imaging procedure 
may sometimes be employed to study the field details in an adequately 
quantitative manner. In such cases the electric field is not 

uniform adjacent to the cathode, and the surface-charge density 
varies along the cathode surface. 

4.14. Triode Interelectrode Capacitances/* In Fig. 4.10b the delta 
capacitances Cgp, and Cpk are the contributions of the active 

electrode structure to the interelectrode capacitances of the tube (some¬ 
times called the direct interelecirode capacitances). 

Discussions in previous sections of this chapter have dealt only with 
portions of the tube geometry actively related to the control of the 
flow of electrons, exclusive of the electrode-supporting structure and 
lead-in wires. In dealing with an actual tube, a capacitance bridge 
may be used to measure first the capacitance between k and g, p con¬ 
nected together, then that between p and g, k connected together, and 
then that between g and p, k connected together. These measure¬ 
ments interpreted in the light of the circuits of Figs. 4.10b and 4.10c 
permit the statement of measured values of C^r, Crj„ and Cpk, also of 
Ck, Cg, and Cp. These measured values will include the contributions 
from electrode-supporting structures and lead-in wires and will be 
larger than values calculated from (4-62), (4-63), (4-64), or (4-67). 
♦Such measurements are usually made with the cathode unheated, 


therefore not emitting electrons. 

'rhere is another principle of capacitance measurement, not particu¬ 
larly useful practically, whicli is very illuminating as to the nature of 
interelectrod(* capacitanct^s, aiul |)n>\’ides the basis for the formal 
d(*tinition of tlu* terin "iuterelectrode capacitance.” It tme terminal 


of an a-c supply source is connected to the plate ol a triode, the other 
to the grid anti also to the cathotle, an a-c ammeter in the cathode 
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lead-in connection measures the current to Cpk only. With the a-c 
voltage, the measured cathode current, and the frequency known, Cpjc 
is deteiminable. Note that the ammeter must not carry the grid 
lead-in current, if the objective is to determine C,,*. Thus it is in 
principle possible to measure an individual interelectrode capacitance, by 
simultaneous observation of one a-c voltage and one a-c current. 

The ratio between the current and the voltage determined in this 
way is called the short-circuit transfer admittance between two elec¬ 
trodes involved, and the interelectrode capacitance is “the capacitanci' 
determined from the short-circuit transfer admittance,” according to 
definitions given in the 1950 Stamiards on Electron Tubes of the In.sti- 
tute of Radio Engineers.-** In these Standards, this definition of inter- 
electrode capacitance in terms of short-circuit transfer admittance is 
a specialization of more general statements as to the nature of electron- 
tube admittances. These statements deserve careful study because of 
the extensions of concept they introduce. 

To calculate from the geometry of the triode the contributions, to 
the interelectrode capacitances, of the electron-controlling portions 
of the structure, the star capacitances Ck, Cg, and Cp of Fig. 4.10c are 
determined from the geometry; the contributions to the interelectrode 
capacitances are then obtained by means of (4-50) and its two sym¬ 
metrical counterparts. 

A method for evaluating the effect of space charge on interelecti'ode 
capacitance under certain important conditions appears in Section 5.0. 

4.16 Interelectrode Capacitances of Multigrid Tubes.^* In this 
section it will be shown how the interelectrode capacitances of the 
electron-controlling portions of a multigrid tube can be calculated 
from the geometry. 

If a fourth electrode is added to a triode, there will be six interelec- 
trode capacitances, consisting of three having a delta relationship to 
the original three electrodes, plus one capacitance from each of the 
original three to the fourth electrode. The three capacitances having 
the delta relationship to the original three electrodes will have their 
value changed by the introduction of the fourth electrode. If the tube 
becomes a pentode, there must then be six interelectrode capacitances 
associated with the first four electrodes, plus one from each of the 
first four to the fifth electrode, making a total of ten. 

A useful form of schematic diagram sho\\dng the ten interelectrode 
capacitances of a pentode appears in Fig. 4.21a. The corresponding 
electrostatic equivalent circuit appears in Fig. 4.216, modified from 
Fig. 4.18. The arrangement of an a-c voltage source, voltmeter, amme¬ 
ter, and set of connections shown dotted in Fig. 4.21a is designed to 
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measure the short-eireuit transfer admittance due to C^g,, thus 
permitting a direct determination of Ckg\' course Ykg\ is the ratio 
of the ammeter current to the generator voltage. No other current 




Fi( 5 . 4.21 P(M»t<)(lr electrostatic circuits, (n) Intcrelectrode capacitances for a 
|)ento<le, witli circuit (dotteti), illustrating a not practical but very instructive 
circuit for measuring (Vei- i^aine ineiusuring circuit !is in («), applied to the 
«Mluivnlent electrostatic circuit. 


t.hiin that to flows througli the ammeter to electrode Qu because 
<hy £/ 3 > V are all at tlie same potential as gi, 

fl^he measurement method indicated by Fig. 4.21 is not an experi¬ 
mentally useful method of determining but the principles involved 
clarify the nature of interelectrode capacitances; it corresponds 
exactly to the concepts involved in the definition of interelectrode 
capacitance. 
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As the electrostatic equivalent circuit of Fig. 4.216 does in fa<d. 
lepresent the electrostatic relationships between the electrodes, and 
measuiing arrangements arc the same in tlic two circuit diagrams 
shown in the figure, the ratio of the ammeter current to the generator 
voltage must be the same for the two circuits. Tiiis ratio can be 
calculated easily from Fig. 4.216, if C,, C\, C,., C 2 , C 23 , etc., are all 
known, by using series-parallel methods of circuit reduction. When 
so calculated, this ratio permits determination of in Fig. 4.21a. 
Thus the interelectrode capacitance 0^,, of Fig. 4.21a can be analyti¬ 
cally determined from Fig. 4.216, if the C’s in the latter figure arc 
known. 

A similar method can of course be used for determining any of the 
othei inteielectrode capacitances of Fig. 4.21a, by employing the 
known values of the C’s of Fig. 4.216. The dependence of these C’s 
on geometry is given by (4-97). Note that the seven C's of Fig. 4.216 
are thus used to find the ten C’s of Fig. 4.21a. 

4.16 Determination of Input and Output Capacitance Currents. 
In the usual pentode amplifier circuit, purely d-c potentials are applied 
to the second and third giids, so that these two electrodes may bo 
considered as being at r-f ground potential. The important uses of 
interelectrode capacitance values, given in commercial tube manuals, 
aie to permit calculation in particular circuits of the capacitive cur¬ 
rents drawn by the first grid and the plate. For this purpo.se the r-f 
voltages from first grid to cathode and from plate to cathode are pre¬ 
sumed to be known. The various capacitive currents can then bo 
calculated by a method employing the “input capacitance,” the “out¬ 
put capacitance, and the grid-plate capacitance. Accoi'tling If) the 
1950 Standards on Electron Tubes of the Institute of Radio Kngineors: 


1 ho input capaaUini'c is “tlio short-ciicuit tiansfor rapacitarico hfrlwooii flier 
input terminal and all other terininaLs, oxeept tlio output terminal, connected 
together. (Note: This quantity is equivalent to the sum of tliO intoieicctrod 
capacitances between the input electrode and all other electrodes except the output 
electrode.)” 

The output capacitance is “the short-circuit transfer capacitance between the 
output terminal and all other terminals, except the input terminal, connected 
together.” This is, of course, equivalent to the sum of the interelectrode capaci¬ 
tances between the output electrode and all other electrodes except the input 
electrode. 


In the usual pentode amplifier, according to these definitions, 

Input capacitance = C^g, + Cgjg. -|- 
Output capacitance = Cpk + Cpg2 + Cpg, 


(4-113) 

(4-114) 
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The input and output currents may be determined as follows: 

(o) The portion of the input capacitive current that is due to the input capaci¬ 
tance is determined as the current caused to flow in the input capacitance by the 
r-f grid voltage, which appears across that capacitance. 

(h) The f)ortion of the input capacitive current that is due to the grid-plate 
capacitance is determined as the r-f current caused to flow in Cpjp by the r-f grid 
and plate voltages in combination. In the common simple amplifier, having a 
180® input-to-output phase shift, the potential of the plate swings down during 
the same portion of the cycle that the potential of the first grid swings up. There¬ 
fore the total r-f voltage across is the numerically additive sum of the two r-f 
voltages. Because the plate r-f voltage may be 10 to 100 times larger than the 
grid r-f voltage, this input capacitive current through Cg^p may be many times 
larger than the (a) contribution, unless Cg^p is extremely small. An important 
design feature of any good pentode is that C^ip is kept small. 

(c) The total input capacitive current is obtained as the numerically additive 
sum of the (a) and (6) contributions, if the amplifier phase shift is 180°. 

(d) The portion of the output capacitive current that is due to the output 
capacitance is determined as the current caused to flow in the output capacitance 
by the r-f plate voltage, which appears across that capacitance. 

(e) The portion of the output capacitive current due to the grid-plate capacitance 
is just the current found in (6) above. This is usually much less than the (d) current. 

(/) The total output capacitive current is the numerically additive sum of the 
(d) and (e) contributions, if the amplifier phase shift is 180®. 

This same type of procedure may be employed with a triode or a 
tetrode. For the triode, the (5) contribution to input current is likely 
to be undesirably large, as the values of Cgp for a triode are usually not 
small. The fact that Cg,p for a tetrode, or a pentode, can be made 
very small represents one of the overriding advantages of a pentode 
or tetrode as compared with a triode, for high-gain r-f amplification. 
The advantage accrues partly from the fact that the triode’s large 
input capacitive current can produce a positive feedback (the “Miller 
effect’'), causing undesired oscillatory behavior (“parasitic oscilla¬ 
tions”). 

PROBLEMS 

1. Dimensions of a cerUiin planar t riode (Fig. 4.5) are: a = 0.16 cm, b = 0.08 cm, 
2nR = 0.12, n = 10 per cm; cathode area 2 sq cm. Find: (a) star capacitances C*, 
Cg, Cp (see Fig. 4.10); (5) amplification factor; (c) interelectrode capacitances; 
(d) input, output, and grid-plate capacitances (Sections 4.14, 4.16). 

2. For the triode of Prob. 1, let Eb = 250, Ec = —17.5. 

(a) Evaluate the equivalent grid sheet potential Eg (no space charge). 

(5) On a diagram like Fig. 1.5, construct a potential distribution diagram for 
these voltages, carefully and to scale. Vse appropriate straight construction lines; 
sketch fillets to distinguish between potential distribution along a path through 
grid-wire centers and that along a path passing midway between grid wires. 

(r) Sketch potential distribution in the grid-wire plane [consistent with (5)1. 
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{(/) tor — 250, Ec = —70, lepeat (a) and (5). 

(f) For Eb = 250, at what Ec will Ee = 0 (the cut-off condition)? 

3 . Planar triode: C\. = 9, Cp = 3. C, = 21 cathode area 4 s(, cm; no 

space charge, (a) If Ec = — 8 , what value of Eb will make the potential gradient 

at the cathode be zero? (h) Shadow fraction is 0.15; find the number of gri<l wire.s 
per centimeter. 

4. Planar tetrode: electrode spacings are: cathode to grid, 1.5 mm; control 

grid to second grid, 2.5 min; second grid to plate, 2.0 mm. Equivalent grid sh(*et 

potentials are: Egi = -f-9, £,2 = 4-70; electrode potentials are; Ed = —3, AV 2 = 
+80, Eb — +40, 

(a) Sketch carefully to scale, using straight construction lines, a potential distri¬ 
bution diagram for potential along paths through and between grid wires; tif) space 
charge. 

(h) Sketch the equivalent electrostatic circuit; label the capacitances. CJathode 
surface area 3 sq cm. Find the capacitance magnitudes; to find Ci and C 2 , note 
that there is no net charge at the si and sj junctions. 

(r) Find the input, output, and grid-plate capacitances. 

6 . Planar pentode: cathode surface area 4 s(i cm. In the eciuivalent electro¬ 
static circuit, Fig. 4.18, Ci = 20, Co = 30, C 3 = 10, Ck = 6 , Cn = 3, C 23 = 2 
Cp = 4 (/XMf). 

(a) Find the spacings between the various electrodes; also, with sha<low frac¬ 
tions % for the first and second grids, ’fa for the third grid, find grid-wire .spacing 
and diameter for all grids. 

(5) Find input, output, and grid-plate (C(,,p) capacitances. 

6 . Tube of Prob. 5: E.i = +10, A,',, = -10, K,, = 0, A',, = +00; find A’.,, 
^*3. Ec2- 


7. Planar pentode: electrode spacings are: cathode to grid, 1 mm; control grid 
to screen, 2 mm; screen to suppressor grid, 2.5 mm; suppressor grid to plate, 1 5 
mm. Potentials are: Ed = -10, Ec 2 = +120, Ecs = 0, Eb = +00, E^i * -flO 
E,2 — +100, Es3 = +30. 

(а) Construct carefully to scale, using straight construction lines, the cathode- 
to-anode potential distribution diagram, with carefully sketched fillets. 

(б) Sketch the potential distribution in the control grid plane consistent with 

(a). 

8. Cylindrical triode dimensions: r* = 1 mm, = 3 mm, rp = 6 mm, length 
of active structure 2 cm. Shadow fraction 0.10; n = 20 grid wires per cm. Find: 
(a) capacitances Cic, Cg, Cp, in the equivalent electrostatic circuit; (5) amplification 
factor; (c) input, output, and grid-plate capacitances. 

9. Cylindrical triode such that: r^ = 1 mm, = 10 mm, rp = 30 mm, ampli¬ 
fication factor 20, active axial length 10 cm, shadow fraction 0.10. Determine 
Cp, Ck, Cg, R, n; also the input, output, and grid-plate capacitances. 

10 . Cylindrical pentode; electrode radius values, r* = 1, = 3, rg 2 = 5, 

= 8, Tp = 12 (mm). Electrode and equivalent grid sheet potentials: Ed -20, 
Ec2 = +230, Ecz = 0,Eb = 150; Egi = +10, Eg2 = +200, E^z = +20. 

(а) Sketch to scale the cathode-to-plate potential distribution diagram, showing 
construction lines (logarithmic) and carefully sketched fillets. 

(б) Find all grid-wire spacings and diameters, if 2niRi = 2/j2??2 = H, 2nzRz — 

H2- 


11. Two infinitely extending flat grids lie parallel to each other, separated by 
spacing s. Their wire-to-wire spacings are of the same magnitude 1/n, but the 
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gild-wlr<‘ railii Ii\ uml lij «»<* »»<>1 same. Shadow fractions an; less than ^ 
tor both grids. 

(«) lOxpress tlie cHpacitance between these two grids, per unit area, for m values 
such that equivalent electrostatic circuit concepts apply. 

(h) Below what value of ns do these concepts cease to be satisfactory approxima- 

tion.s? Justify your answer analytically. 

(c) Determine the (a) capacitance for ns values such that equivalent electro¬ 
static circuit concepts do not apply—that is, there is no region between them for 
which the Held is essentially uniform. (This requires placement of equal Z-plane 
i haiges at mutual kernels of two grid figures.) 

(<l) Is then- a theoretical lower limit to ns for the (c) procedure? 

12. A “grhl” ui parallel wires I cm in diameter and spaced 2 meters apart is 
.supported ID iiu-ters above tlie grouml. 

(a) Sketcli atui dimension the corresponding ;^-plane figure, treating the grouml 
a.s the cathode of l‘'ig. 4.5; tliere is no “plate" and no plate charge. 

(h) Sketeli and dimension the /-plane figure obtained by treating the grouml as 
the plate of Fig. 4.5; there is no “cathode” ami no cathode charge. 

(<•) Draw lh(* “electrostatic e(iuivalent circuit”; evaluate its capacitances. 

(d) State (‘aeh win-’s charge (coulombs per meter), at 30,000 volts above ground. 

(c) Find potential differem-e between ground and a point midway between two 

adjae(*nt wires, using tlie /-plane diagram in (a), then that in (b). 

13 . certain /-plane representation shows: ( 1 ) a plate, Sp — 200 ; ( 2 ) a grid 
wire, Sf. = 1.071, liz = 0.38'J; (3) a very small cathode circle, center at 4>' = tt, 
r' = 1.002 (approximately 1.00), radius lik = 0.0628. (This cathode is not located 
(it the Z-ptnne origin; there is no electrode at the /-plane origin.) 

(«) Using n = 10 w ires per cm, sketch and dimension the JF-plane figure. 

ib) A IF-plane point T lies midway between the plate ami the grid plane, and 
'4 of th(‘ distance from fuie gi’id w'ire to the next. State x, y, r', ^ at 7 ; locate 1 ' 
on the / plane. 

(c) 'J'he cathode circle is so small tliat three line charges, -r^ inside the cathode, 

inside the grid, establish the boundary equipotentials. Show that 
radius from /-plane origin to the charge + must now' be I rather than i/Sg. 

(d) Expi-ess tlie star C”s, also the amplification factor and Eg, in terms of dimen¬ 
sions and Eb, Ec- 

14 . In Fig. 4.5, let a = h = l/2«, and R = l/3n. Sketch the /-plane cathode, 
anode, and grid (be careful) approximately to scale. Locate on the / plane these 


points: x = 0, // = dzR; x = y = 0; x = 0, y = 0. 

16. Planar triode, shadow fraction H, grid-wire radius 0.1 mm. 

(n) Determine grid-wire spacing and equivalent grid sheet thickness. 

(h) In the uniform field region well beyond the grid the potential gradient is 
40 volts per mm; in the similar region away from the gri<l toward the cathode it is 
10 volts p(‘r mm. On a diagram of volts vs. distance, in which grid-wire diameter 
and grid sheet thickness are marked, draw straight construction lines describing 
Ihese grailients, terminating respectively on the two faces of the equivalent grid 
sheet and at the equivalent grid sheet potential E, (here the reference potential). 

(e) Use the given potential gradients to determine and rt (line charges per 
grid section) in the triode potential distribution equations. 

((/) I^etermine the potential difference between the equivalent grid sheet ami a 
grid W’ire by using grid-w’ire-surface coordinates in the potential distribution equa¬ 
tion. Locate the grid-wire potential on the (5) diagram. 
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(e) 1 lot norti-the-grid potential distribution curves tlirough and between grid 

wires, by use of triode potential distribution equations. Carry eaeli way from the 

grid until fillets and construction lines merge. (Neitlier cathode nor plate is 
involved in this problem.) 

16. In the Prob. 1 planar triode, let = 250. Select E. from among the follow¬ 
ing: 17.5, 35, -52.5, —70 (volts). Using this value, findand the gradients 

in the uniform-field regions each way from the grid. Then: 

(«) Determine the values of and in the Z-plane diagram. 

(6) Calculate points for and plot curves of the space-charge-free iiotential distri¬ 
bution (relative to hg) through and between grid wires. Use b)r xi —0 Hi —0 
-0.08, -0.04, -0.02, +0.02, +0.0-1, +0.08 (centiinetei-s). 

(c) Plot, to an enlarged scale, near-to-the-grid potential di.stribution curves; 
also the straight “construction lines” terminating on the two oi)po.site grid sheel 
faces. Show grid sheet thickne.ss, also grid-wire diameter, on the diagiam. 

(d) Set up an equation for the [lotential distribution, in the plane ;/ = I / }„, and 
plot on the (6) diagram. 

17. Determine r*, r^, for a eylindrieal triode (Fig. 4.15) that corre.sponds to 
the Prob. 1 planar triode. Use 18 equally spaced parallel-to-the-a.\is grid wires. 
The shadow fraction, true grid-wire radius, and ;^-plane dimensions arc as in 
Prob. 1. Draw potential distribution curves correspon<ling to tho.se askeul for in 
Prob. IG, using the same Eb and E,. All potentials of individual plotted points, 
also Eg, are unchanged. The values of true r at which they are plotted an^ tho.sc 
corresponding to values of x used in the planar geometry. 

18. Check analytically the potential constructions in Figs. 1.5 and 4.1G. 

19. The cathode of a General Electric FP-110 triode is a ir-.shaped filament in 
a plane midway between two parallel-plane electrodes, one being the plate; the 
other performs the function of the grid in the usual triode. Thus Fig. 4.5 may 
represent the FP-110 tube, except that the left plate is a “plane-surfaced grid,” 
and n and R are the spacing and filament radius of the grid-like cathode. Suppose 
that in a tube of this general type plate and plane-surfaeecl grid are 0.2 cm apart, 
the grid-like cathode being midway between them. Cathode-wire radius 0.004 cm; 
3 wires per cm. 

(а) Cathode and plane-surfaced grid are at zero potential, plate +80 volts. 
Sketch the space-charge-free potential distribution along a path from plane- 
surfaced grid to plate, passing through a cathode wire, also along one passing 
midway between cathode w'ires. Use no mathematics; apply principles illustrated 
in other developments. 

(б) Repeat (a) with cathode at zero volts, plate +80, plane-surfaced grid -150. 

(c) State w’hether or not plate current will flow in either the (a) or (6) condition, 
or both, explaining by reference to the diagrams. 

(d) Plate at +80 volts relative to cathode. Estimate the approximate potential 
of the plane-surfaced grid at cut-off, explaining by reference to a diagram similar 
to those asked for in (a) and (6). 

20 . For a cylindrical triode, determine w'hat value of rp/r^ will mak<* n (= C^/C,,) 
a maximum, if r*, Tp, n, R remain fixed as is varied. 
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6.1 Energy, Flow, and Poisson’s Equations. Poisson’s equation 
requires that in a region containing space charge the electric field must 
vary from point to point; it cannot therefore be everywhere zero. It 
must in fact have some value almost everywhere. The particles that make 
up the space charge experience a force due to this field, and, if they are 
free to move, their motion constitutes an electric current. Any region 
that contains space charge due to unattached particles must therefore 
also contain an electric current, and there is a definite interdependence 
between current density, space-charge density, and potential dis¬ 
tribution. 

Suppose that electrodes as in Fig. 5.1a are maintained at constant 
potential difference by an external voltage source and that electrons 
are emitted profusely from the cathode, being then driven to the anode 
by the electric field. In such a one-dimensional region Poisson's equa¬ 
tion requires that 

d^E p 


d.r 


= -[scalar] 


(5-1) 


€0 


The energy equation 


also written 


Eqe = inieV^ [scalar] 


(5-2) 


V = 



rvector] 


(5-3) 


describes an electron’s velocity c at any point for which the potential 
is E] this velocity evidently increases during flight. This statement of 
the energy equation implies that zero potential is defined as that of 
the cathode from which the electrons start, and that they start with 
negligible initial velocities. 

The equation of flow 

Jc = p'’ [usually just J — pr] (5-4) 

relates convection current density Jc oi space-charge flow (amperes 
per square meter) to space-charge density p (coulombs per cubic meter) 
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ENERGY, FLOW, AND POISSON’S EQUATIONS 

and velocity v. There is an analogous equality between air flow rate 
and the product of air density by velocity. 

With a definite d-c voltage applied, (5-1), (5-3), and (5-4) detei mine 

a definite steady current density J, = p„, which has of course the same 

value at all points between the two flat electrodes. In this equilibrium 

state the same number of electrons enter any incremental volume per 

second fiom the left as lea^■e it from the right, pv is thus the same for 
all values of x. 

If the voltage applied varies, as when it has an important a-c com¬ 
ponent, the current density between the electrodes consists of two 
portions: convection current density 7,, and displacement curi-ent 
density — BD/di = BF/Bt, where BD/Bt is the time rate of change 
of electric flux density at a fixed location. Thus the total current 
density Jt is 

BF 

Jt - Jc + Jd = pc ■+ €o — (5-5) 

Bl 

Jt is, in a one-dimensional (planar) system, the same for all values of 
.r, because of the general principle of continuity of current in an electric 
circuit. 

In the remainder of the present analysis of space charge flow all J 
symbols will signify simply convection current density, as suggested 
by the bracket in (5-T), because attention will be limited to circum¬ 
stances in which the convection current has at any instant the same 
value at all interelectrode potentials. 

Rigorously speaking, this limits the validity of the results of the 
analysis to electron tube operation at frequencies low enough so that 
the displacement current density, that is, the current density to the 
star equivalent electrostatic circuit capacitances, is negligibly small 
relative to the convection current density. As to physical concept, 
this implies that for any given instantaneous value of applied voltage 
the potential distribution and convection current are the same as 
though the applied voltage were steady at that value. This impli¬ 
cation is not satisfied at high frequencies, because it takes time for the 
space charge density and therefore the potential distribution to change 
to that required by the new applied potential. 

Practically speaking, the results of the analysis are quite acceptably 
valid as to the resistive cotnponeni of the current until the frequency 
becomes high enough so that the transit time (see Section 2.5) is an 
appreciable fraction of the cyclic period. This occurs at perhaps 200 
or 300 megacycles, the beginning of the ultra-high-frequency (uhf) 
range. However, as pointed out by Llewellyn,"®^®^^ and discussed in 
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Section 5.0, also in more detail in Chapter V of Microwave Electron 
Tubes, the results of this analysis cannot be employed to determine the 
capacifive currents in the presence of substantial space charge. 

5.2 Zero Gradient at the Cathode a Condition for Maximum Space 
Charge Consistent with Steady Current Flow. Imagine steady electron 
current flow to have been established in the planar geometry between 
two electrodes such as those of Fig. 5.1. In the presence of the space 
cliarge then existing the potential distribution curve must be convex 
downward; the greater the space charge density, the greater the flexion, 
as discussed in Section 1.4. 

One relatively wmmportant situation that can then exist is illustrated 
in Fig. 5.1a. Here the potential gradient just outside the cathode is 
positive; therefore any electron that is emitted from the cathode 
experiences immediately an acceleration toward the anode. Thus the 
cathode current under such conditions is determined by the ability of 
the cathode to emit electrons. As showm in Chapter VII, the electron- 
emitting capability of a cathode depends on cathode material and 
processing, and on cathode temperature. Therefore, under the con¬ 
dition illustrated in Fig. 5.1a, of a positive gradient adjacent to the 
cathode, the current is said to be temperature limited. 

It is shown in Chapters VII and XII that electrons emitted from a 
liot cathode emerge with initial velocities so small that for the purpose 
of the present analysis they can be considered to have zero velocity 

at emission. 

If, starting with the temperature-limited-current condition of Fig. 
5.la, the temperature of the cathode is slightly increjised, anode volt¬ 
age remaining constant, more current will flow; therefore the space- 
charge density will become greater, and the potential distribution 
ctirvc will bec^ome more markedly (^on\'cx downward, as illustrated in 
Fig. 5.15. The current is still temperature limited, because the gradient 
just outside the cathode is still positive. The off-cathode gradient is 

less positive than before the change. 

If the cathode is heated further, there will be a specific cathode 
temperature at which the off-cathode gradient will just become zero, 
as in Fig. 5.1c. This will correspond to some definite value of cathode 
current. If the cathode is still further heated, the space-charge content 
and the current flow will not increase but will remain constant at the 
values corresponding to the condition of Fig. 5.1c, providing initial 
electron velocities are ignorably small. Thus raising the temperature 
of the cathode will not give rise to a condition like that of Fig. 5. Id, 
because an off-catluHle dip below cathode potential, as shown there, 
would stop emergence of electrons from the cathode. If electrons thus 



CONDITIONS KOI! MAXIMUM SI'ACK CIIAIiO!; 1,11 

ceased to emerge the .space charge wouhl be reduced by outward elec¬ 
tron flow, until the condition of Fig. 5.ic again existed. Tlius for any 

• . , *+Vk + j ^ the maximum space charge 

consistent with steady current flow corresponds to the existence of a 
zero on-catnode gradient, as in Fig. 5,ic. 



E 



(a) Temperature-limited current. 



(6) A temperature-limited current 
larger than in (a). 



(c) Space-charge-limited current. (d) Negative gradient at cathode, 

impossible if electrons have 
zero initial velocity. 

Fig. 5.1 Tempprature-liinited and space-cliarge-limited potential distributions 
in a planar diode. 


In summary, if the cathode can supply zero-initial-velocity electrons 
at an unlimited rate, the space charge density and the flexion of the 
potential distribution curve must grow until the off-cathode potential 
gradient becomes zero. They cannot grow beyond that condition, 
because any further increase of space charge would shut off electron 
emergence from the cathode altogether. Zero gradient at the cathode 
is therefore the condition normally reached if the cathode supplies 
electrons plentifully and if the initial electron velocities are ignorably 
small. 
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The normally reached zero-off-cathode-gradient condition corre¬ 
sponds to the maximum space charge and maximum current density 
ronsistent with steady current flow. This is sometimes called the 
complete-spiice-charge condition, and the coriesponding current is 

called the space-charge-limited current. 

Thus, in a high-vacuum device, no matter how profuse the electron 
supply kt the cathode may be, the energy, flow, and Poisson relations 
establish, for given geometry and electrode 'potentials, a definite upper 
limit to the steady current that can be carried by electron movement through 

n vacuum. 

6.3 Space-Charge-Limited Current Proportional to the ^ Power 
of the Voltage. In most vacuum tubes the current is normally space 
charge limited, the cathodes being capable of supplying many more 
electrons than actually flow. T. he magnitude of the space-charge- 
limited current is controlled by electrode geometry and potentials, not 
by filament temperature. 

Under these usual conditions, typified by Fig. 5.1c, there is no surface 
charge on the cathode; the positive surface charge on the anode is just 
equal to the total negative space charge. All the negative charge lies 
between the plates. Poisson's equation indicates a general proportion¬ 
ality between potential and space charge if, as here, the integration 
constants are zero (because the potential and potential gradient are 
zero at zero distance from the cathode). Therefore the total space 
charge under complete-space-charge conditions is proportional to the total 

voltage, for given geometry. 

The shape of the potential distribution curve for the complete-space- 
charge state is the same for any overall voltage. That is, the potential 
at a given distance from the cathode is a definite percentage of the 
total voltage, regardless of what the total may be. Electron velocity 
is proportional to the square root of the potential; hence the velocity of 
space-charge movement at a given location is proportional to the square 

root of the total voltage. 

The space-charge content being proportional to the first power of 
the voltage, and the velocity of its movement to the square root of the 
voltage, the current, being the product of space-charge density and 
velocity, varies as the % power of the voltage for the complete-space- 
charge condition. This reasoning is applicable strictly to the current 
between parallel planes, concentric cylinders, and concentric spheres, 
because in these three geometrical arrangements the electric flux lines 
and the streamlines of current flow are coincident and straight. It is 
very nearly applicable for many geometries that seem only very 
roughly to approximate this requirement.** 
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Tte proportionality factor depends on botl. the general fornr an.l 
detail dimensions of the geometry; it is not the same for concentric 
cylinders as for the planar geometry of parallel plates 

6.4 Complete-Space-Charge Volt-Ampere Relation; Planar Geome- 

Poisson s, the energy, and the flow e<,nations in combination give 
for planar geometry the relation 




dj 
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The electrons are considered to be mo^■ing in the direction of increas¬ 
ing .r, which corresponds to movement of positive charge in the direc 
tion of decreasing r. Therefore the direction of current, following the 
accepted convention, is negative. Therefore ~J has a positiv e l alue 
in (5-6) and subsequent expressions. 

To integrate multiply both sides of (5-6) by the integrating factor 

db/dx. 1 hen it IS recognized that on the left 


and on the right 


^ d-E ^ 1 d /dE\ ~ 

dx dx- 2 dx \dx 


1 dE dVE 

• — = 2 - 

V E dx dx 


(5-7) 


(5-8) 


so that the first integration results in 






+ Constant 


(5-9) 


For the complete-space-charge condition, the potential gradient and 
potential are both zero when .r = 0; therefore the integration constani 
of (5-9) vanishes if —,/ describes space-charge-limited current. Th(‘ 
second integiation is straightforward after the square roots of both 
sides are taken, and the second integration constant is also zero, for 

the complete-space-charge condition. When solved for the potential, 
the end expression is 




(5-10) 


Thus under complete-space-chai-ge conditions in planar geometry, the 
potential varies as the fi power of the distance from the cathode. 
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If tlio .spacing l)ot\voon the electrodes of a diode is s, the potential 
at the anode is obtained by inserting s for x and Eg for E in (o—10). If 
this is then solved for the following expression is derived, for 

planar space-charge-limited current density: 



Nuincricall 3 % 


-J = 2.33 X 10"*^ 




[amperes per square meter] 


(5-11) 

(5-12) 


Under suitable conditions the reasoning of the preceding paragraphs 
can be applied to the flow of po.sitive ions instead of electrons; in that 

case 


-6l-t *5 


+ — 


2.33 X \0-^E 


a/ mJnu 


(5-13) 


where nig and symbolize ion and electron mass. 

5.6 Space-Charge-Limited Current in a Planar Triode with a Flat 
Cathode. In the immediate neighborhood of the cathode of a planar 
vacuum triode, having a flat surface as its cathode, the initial electron 
^'elocities being ignorable, the potential distribution will be of the ^3 
power nature, as given by (5—10). For each value of J there will 
correspond some particular power curve, as illustrated in Fig. 5.2. 
Any one of these curves would, if extended, intersect the near face of 
the equivalent grid sheet at some definite potential, related to s and J 
as in (5-12). The actually existing potential curve is the one that 
intersects the equivalent grid sheet at the equivalent grid sheet potential 

In and beyond the neighborhood of the grid, the potential is usually 
substantially above its zero value at the cathode. The space-charge 
density in the neighborhood of the grid is therefore very small, since 

in and beyond the grid region v is large because is large, and p 
therefore is small in inverse ratio to V^; for J = py, and J is the same 
for all values of x. 

Figure 5.3 illustrates the potential distribution in the cathode and 
gri<l region of a triode under complete-space-charge conditions. An 
observer of limiled vision stationed near the grid is aware of a potential 
structure apparently identical with that of Fig. 4.136, because at his 
location space charge is scarcely discernible. However, what he takes 
to be a straight line from the grid sheet potential Eg to the eathodo, a.s 
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in Fig. 4.13/>, IS actually only the neai-to-tho-gri.l local portion of a *A 
power curve originating at the cathode, a.s in Fig 5 2 This is the 
particular H power curve that corresponrls to (he existing value of J 
The limited-vision observer near the grid, being quite unaware of space 
charge, will imagine the cathode to be at the position k'k' in Fig. 5.3 



Fig. 5.2 Complete-.si)aco-chargo potential distribution curves, adjacent to a 
planar cathode. For each curve E = Kx^^; and each curve is characterized by a 
unique value of space-chargc-lirnited current density, in accordance with (5-10). 
Ignorably small initial electron velocities. 


rather than at its true location kk. The k'k' plane is located at the 
intersection between the zero potential level and a straight line tangent 
to the H poAver curve at the toward-the-cathode face of the equivalent 
grid sheet. It is easily shown that this intersection point is at one- 
fourth of the distance from cathode to grid sheet face. 

Thus for complete-space-charge conditions in a planar triodc the 
straight line from cathode to grid sheet, in Figs. 1.5 and 4.136, is re¬ 
placed by a ^ power curve from cathode to grid sheet. The 

fillets in the complete-space-charge case are constructed so as to merge 
with the ^ power curve on the cathode side of the grid. 

The current density J in such a triode is found by determining the 
equivalent grid sheet potential E, (taking space charge into account) 
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ynd then emi^loying this value of and the cathode-grid spacing s in 
(5-12) or (5 11). Tn the next section it is shown how to account for 
space charge in the determination of E^. 



Fig. 5.3. Potential distribution in the neighborhood of cathode and grid of a 
planar triode with flat cathode; complete space charge. Actual position of cathode 
is at kk, apparent position is at k'k\ to an observer of limited vision stationed at the 
grid. In most real devices the thickness of the equivalent grid sheet will be a smaller 
fraction of the grid-wire diameter than is shown here. 

6.6 Space-Charge Control of Current in Triodes, Tetrodes, Pen¬ 
todes; Complete-Space-Charge Capacitance.*-By plac¬ 
ing a fictitious cathode at k'k\ one-fourth closer to the equivalent grid 
sheet face than the real cathode at kk in Fig. 5.3, and thereafter pursu¬ 
ing the logic of Section 4.6 and Fig. 4.136, the cathode-grid-region 
boundarj^ conditions are correctly matched into the grid-plate-region 
boundaries for the complete-space-charge condition. But this shift 

* The method used here for determination of current in space-charge-control 
tubes is considerably superior to that used in the first edition of this book, although 
the first-edition concepts were not wrong. The present method agrees as to prin¬ 
ciples and end results with methods widely used in engineering practice. A com¬ 
plete analysis is given by Llewellyn, in reference HE. See also footnote in Section 
4.4, and n^erenees 5a through 5/, especially method comparisons in 56. 
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from kk to k'k' is of course the equivalent of increasing the capacitance 
between cathode and equivalent grid sheet bj^ the factor 

T J * -J * 1 1 spare charge lietweeii 

cathode and grid and ignorable space charge elsewhere (4-52) ( 4 - 5 , 3 ) 

(4-71) and the corresponding tetrode and pentode relations are usidde 

just as in the space-charge-free case, except that a rpiantity C„' is used 

instead of Ck, where 



(5-14o) 


This value of Ck' is applicable, for the purpose of finJim, at- any 

frequency below the ultra-high-freciuency (uhf) range, tiiat is, below 
perhaps 200 or 300 megacycles. 

If capacitance is defined as the ratio of charge Q to potential, C*' 
may be described as the capacitance between catliode and ecniivalent 
grid sheet of a triode, or between cathode and plate of a diode, when 
the current is space-charge limited. Ck' is a linear capacitance, in that 
it is the same for all values of E^. 

In contrast, Llewellyn has shown that if a space-charge-limited 
capacitance Ck' is defined in terms of the ratio of the capacitive com¬ 
ponent of a-c current to a small-signal applied a-c voltage 



tf 



■for determining' 
the capacitive 
-current 


(5-145) 


Thus in principle this value should be used in the star diagram of Fig. 
4.10c in finding the delta interelectrode capacitances of Fig. 4.105, 
when the cathode is hot and emitting sufficiently to permit space- 
charge-limited operation. This (5-145) value of Ck" is applicable only 
below the uhf range; for frequencies above 200 or 300 megacycles 
transit time effects cause deviations. The difference between (5-14a) 
for Ck and (5-146) for Ck" may be thought of as a transit time effect 
that is significant at any frequency for which the displacement com¬ 
ponent of current in the tube is important. Initial velocity effects 
may mask this behavior. 

Note here the implication that capacitance may i)e defined as a 
charge-to-potential ratio (5 = Ce), or as a ratio of current to rate of 
change of voltage {i = C de/dt), or for that matter in terms of energy 
storage (energy stored = Ce^/2). For the simple “condenser” typt^ 
of capacitance, these three definitions give identical results; for a space- 
charge-limited situation they give three different results. Here the 
electrostatic energy stored in the capacitance, found by volume inte- 
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giation of €qF~/2, is 2QE/^, instead of the space-charge-free value 
QEI2. The eneigy present as kinetic energy of the moving electrons 
is QE/b, giving a total for the two kinds of stored energy of ZQE/b. 

The equiA^alent grid sheet potential e, for a triode subject to varying 
electrode voltages, at a frequency below the uhf range, and having 
complete space charge between cathode and grid, is given by a slightly 
modified form of (4-53), as follows: 


CaCk + + CftCp 

Ck Cg Cp 


(5-15) 


ITeic Cc, and Cb are instantaneous values of cathode, grid, and 
plate potentials, and Ck is as given by (5-14a). Note that Co = 0, 
and divide through by Cg\ then rearrange into 





1 CC 


Cg/Cp C, 


(5-lC) 


This has the same form as (4-71), if m = Cg/Cp\ see the next section. 

The value of for a tetrode or pentode, at any frequency below the 
uhf range, is found by using the reasoning associated with Figs. 4.17 
and 4.18, but using (5-14a) for CC to replace Cjt, or the g-plane concept 
of Figs. 5.4 and 5.5 may be used. Having obtained c^, the space-charge- 
limited current density at the cathode is given by (5-11) or (5-12), 
using for s the distance between the cathode surface and the near fa(^c 
of the first-grid equivalent grid sheet. This distance is the denominator 
of (4-66); usually a sufficiently good approximation is 



(5-17) 


where a is the spacing from grid-wire centers to the cathode. 

Note that the methods of sjpace-charge-control of currenty described 
in this section, make it possible to alter the cathode current by varying 
the potential of a control grid which itself draws no electron-borne 
current (thus it draws only capacitive current) because its potential is 
below that of the cathode. 

6.7 Triode “Constants.” * The three important vacuum-tube 
parameters, sometimes called “tube constants,” are defined as follows 

• See references 4H, C, D, 5a tlirough 5o; also footnote to Soctiou 5.G. 
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for a triode (see :dso Si'rtiDn *) 1): 




Amplification factor: 


n = ~ 


Set, 

dCc 


(5-18) 


ih cnnstfuit 


Grid-plate transconducfaiua': '*”* 


dm = 


Plate resistance: 


r,, = 


dCc 

dib 

dcb 


(5-19) 


constant 


(5-20) 


Cc Constant 


where h is plate euriont, aiul ct aiul <■,. are plate and grid po(<-ntial.s. It 
is shown in Section 5.12 that, m = 

Note that the definition of ju implies tluit Ci, and vary while 4 is 
held constant. If is constant, so also must the equivalent grid sheet 
potential e* be constant; thus, if Cb and Cc are varied in such a way as 
to hold ib constant, dCg/dCc — 0. Therefore, in order to obtain an 
expression for p, (5-10) is differentiated with respect to and dCs/dec 
is placed equal to zero. The result reduces immediately to 


— de 


b 




de. 


C 

~ +r 

il, constnnt 


P 


(5-21 r/) 


This becomes, from (4-GO), 


27rnb — In cosh 27rnR 


27r/d> 




In cotli 2TrtiR 


In coth 2TrnR 


(5-21/d 


6.8 Determination of the Triode Equivalent Grid Sheet Potential. 
Equation (5-21a) can be used to eliminate (\/Cjj in favor of /i in (5-10), 
giving 

H- 

—r' w- 

i + -+p‘- 


c, = 


M M C 


Now use (4—67) and (5—14a) for Cp and C^/; the to cancels, giving 




1 I 

1 +- + - 

M M 



■planar triode, ' 
space-charge- 
- limited current- 


(5-23) 


This equation is extensively useful in the engineering design of vacuum 
tubes. As indicated in Section 5.21, it applies rather well to many 
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pianar triodes with filamentary cathodes, as well as to those with flat 
cathodes. 

Because (5 -22) and (5-23) describe electrostatic field relationships, 
cjilculations using them should take into account contact difference of 

potential, as discussed in Section 8.25. 

It is left as an exercise for the reader to apply to a cylindrical triode 
logic similar to that leading to (5-22); it will be found that with Ck' 
properly chosen (5-22) will still apply. Equation (5-63a) permits 

evaluation of Ck- 

6.9 Reduction to an Equivalent Diode, to Find Es;the Plane.* 
It is sometimes convenient to find Es by reducing the triode star circuit 
of Fig. 5.4a to the particular equivalent diode of Fig. 5.46, the diode 



Fig. 5.4 Reduction of the triode electrostatic circuit to an equivalent diode ■ 

using tlie t^-plane concept. 

(а) The original triode star electrostatic circuit. 

(б) The equivalent diode circuit. 

voltage being Eg. This diode has the properties that, for any pair of 
values of Ec and E^, giving rise to a definite voltage Eg'. 

(а) Es has the same value as in the triode. 

(б) Cq is independent of Cky and of Eb, Ec. 

(c) The dependence of Eg on Ec, Et,, relates to m but does not involve 

Figure 5.5a indicates the manner of use of this set of concepts, and 
the significance of Cg in relation to a location sometimes called the q 
plane; Cg is the capacitance that would exist between two flat electrodes 
placed at the grid sheet and at the g-plane locations, respectively. Note 
that a straight potential line from zero potential at k'k' to Eg at qq 
passes through E^ at the grid location. In Fig. 5.56, Cg, Cp, and there¬ 
fore, of course, p, are the same as in Fig. 5.5a, but the cathode is more 
remote, so that Ck is smaller. The $-plane location, also Cg, and Eg 
(for given Ec, Eb) are unchanged from Fig. 5.5a, because m and the 
grid-plate spacing are unchanged. A straight potential line from Eg at 

* This material is based on concepts introduced in a series of lectures given by 
B. J. Thompson at the University of Michigan in 1037; see also references 56, c. 




(a) Cathode close to grid 




(6) Cathode remote from grid 


tio. 5.5 Use of the o plane and Ea, to determine B, and locate the construction lines for n Iriode 
potential distribution diagram. Ebt m alike in (o) and (6). 

Procedure: 

(1) Find p by iL«sing (5-216), 

(2) From (5-32) det4»rmirit* f/, the dUtunee from the plane of tlic gricl ui/ to llu* a plane, druw </<j, 

locating the q plane. ' ' '' 

(3) From {5-^1) determine and loeale on the v plane, {li is al.Mi de.sjjul>le to loeate El on 
the plate, and Ec on the grid plane.) 

Locate the intersertioii of k k* with the zero-puleiitiul ba.ne liin*, of llie di^hlln*t• 4*nthude 
to gnd plane. 

(5) Draw* a straight line from the k'k* bu^ie line intersection tu E,i ut the t/ plane. 'I'liia eio.^ses 
the grid plane ut £:^, thus determining Eg. 

(6) Connect E$ with Bt. ^I'he two straight slant lines intersecting at E^ (drawn lieavy in the 

construction lines for the potential distribution diugnum 

(') Sketch in the power potential line from cathode to £„ this being tangent to the Eg^to^E^ 
hne at Ea^ and having a horizontal tangent at the cathode. 

(8) Sketch the fillete in the usual way, merging them with the 14 power line between cathode 
and grid. 
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qq to zero at the now /cV/ location gives the correct value of Eg for tins new 
cathode location. Tliis is the meaning of the items a, 6, and c above. 

To demonstrate mathematical forms for Cq, Eq, and for grid-to-^ 
spacing q, first write, as usual, for Fig. 5.4a, 





fj- 


1 1 Ck' 

1-1-H - — 

M M Up 


The corresponding expression for Fig. 5.46 is of course 



(5-24) 


(5-25) 


Item (a) above requires that these give the same Es', therefore it is 
required that 

Ec - 


Now let 


E. 


I 4- 


(X 

c. 


1 1 Cl’ 


1 H-h - — 

U M Up 




El 




M 


(5-20) 


(5-27) 


where M is a (piantity to be chosen so as not to depeiul on Cjt', in order 
to satisfy item (6) above. vSubstitution into tlio preceding equation, 
wilh suliscquoni cancellation of Ec + {Ei/u) and inversion, gives 


Ck' 1 1 Ck' 

.1/ -h .1/ — - 1 + - 4* - 


C 




(5-28) 


Inspection now imlicates that items (6) and (r) are satisfied if 


I 

.1/ = 1 -f- ” (5-29) 

u 


for then the C'k cancels anil the equation reduces to 


r, = (u -I- i)fv 


C, = + Tp (5-30) 


which is tlic same as 



REDUCTION TO AN EQUIVALENT DIODE 
Now introduce this value of M into (5-27) to give 


M3 


Kc + 


E 




J 

1 +- 
M 


(5-31) 


% using the planar capacitance relations C,, = and C, = toA/ 
(per unit area), (5-30) may be converted into 


q == 


1 


(5-32) 


Ihis permits location of the q plane if tx and h arc known; in geiK'ral ^ 
will be found directly Ironi the dimensions by using ( 5 - 21 />). 

An important merit of the ^-phinc procedure is that, with and the 
spacings known, hg can be found as in P’ig. 5 . 5 , without numerically 
evaluating any of the capacitances. The graphical constiucf ion for 
Eg is the equivalent of the following etiuation: 


Eg = E 


4« 


E. 


' h 4 - q 


(5-33) 


1 + Uq/<t) 

'J'ho extension to cylindrical geometry, lo obtain and use a q cylinder, 
is reasonably straightforward, the most important dilTerence being 
that the k*k' location must be determined somewhat dilferently; s(*e 
Section 5.15 for the necessary basic information. Eejuation (5-2()), 
therefore (5-30) and (5-31), cany over without change into the 
cylindrical analysis. However, the counterpart of (5-32) involves 
logarithmic terms, because the (4-89) form (with the In cosh 27ra/^ 
term omitted) is used in place of (4-67) in establishing the q location. 
Of course in the cylindrical application logarithmic curves replace the 
straight lines of Fig. 5.5. 

The extension of the 7 -plane concept to multigrid tubes is com¬ 
pletely straightforward. It permits a semigraphical reduction of a 
multigrid tube (Fig. 4.18) to an equivalent triode, then to an equivalenf, 
diode as in Fig. 5.5, and subsequent determination of Eg, without 
numerical evaluation of any of the capacitances, and without having 
to solve a set of simultaneous algebraic equations. 

Such reduction for a pentode is initiated by replacing the plate and 
the third grid by a suitably located 7 electrode at a potential Eq, thus 
reducing the tube to a tetrode. The fx used in (5-30, 5-31, 5-32) in 
this operation is of course found by using in (5-216) the n and R for 
the third grid, and the spacing from the third grid to the plate for 6 . 
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riiis spacing is used for b, and Ecj for Ec, in (5—30, 5 31, 5 32). The 
tetrode thus obtained is reduced to a triode by a similar procedure, 
with subse(|uent treatment in accordance with Fig. 5.5. 

6.10 Space-Charge-Limited Triode Current Determinations; Trans- 
conductance. Kcpiations (5-11) and (5-12) are, from the basis of their 
derivation, expressions for cathode current density, for a planar struc¬ 
ture lla^dng a flat-i:^rfaced cathode. In a negative-grid triode there is 
no grid current: therefore the plate current and grid current have the 
same value. Therefore (5-12) can be expressed to give plate current 
ih as 

ib = 2.33 X 10“*^ — ^/" (negative-grid planar triode] (5-34) 


where N is the cathode surface area. 

a is the cathode-to-grid spacing, as in Figs. 5.3 and 



Introduction of (5-23) converts this last equation to 



negative-grid 
planar triode 


(5-35) 


This is the e(iuation for a family of plate eharaeteristic curves, as 
illustrated in Fig. 1.35. Ideally each plate characteristic curve should 
be a ^2 power curve. These relations are essentially circuit equations; 
therefore the minus sign in (5-12) has been omitted, as is customary.* 
The above considerations suggest that the equation for cathode 
current in for cither a positive-grid or negative-grid planar triode should 
be as follows: 



cathode current, 
positive or 
negative grid, 
planar triode 


(5-3(i) 


In (he positive-grid case, part of the current goes to the grid, part to 
the plate. The da.shed lines in Fig. 1.35 indicate the cathode current 
for a positi^’e-griu condition. This equation is for the most part a 

* In Fig. 5.3, ./ = pv is lunnoiically nogativo, because it ropi-csents a How of 
iH'gativt* charge in tlu* tlircctit>n, which is the same as tlic How of conventional 
current in the —x clirecthm. In <*ircuit stiuUcs neither -j-x nor —x lu\s any signiH- 
<*anee; -f-j’b i.s munerieally p(»silive because it is defined as conventional current 
(lowing from a high-potential to a low-potential circuit point; see Chapter IX. 
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satisfactory representation of cathode current for t)of.Ii positive and 
negative grid \ oltages; however, see Section (>.3. 

The f.ransconductance per iniit area of a planar negative-grid triode 
liaving a flat-surfaced cathode is the partial derivative, with respect 
to Cc, of (5-34). Thus, for such a structure 


3 r 1 ' 

9m = - X 2.33 X 10-*^ 

2 a- dr,. 


(5 37nj 


Application of the derivative to (5-23) converts this t( 


9m = 


3 ^ .S 

- X 2.33 X 10“^^ — 




a 


1 1/4 5 

1 

M fi \S a 



/ 


•f 


(5-375) 


(As to contact potential, see vSection 8.25.) This can be expres.sed in 
terms of by using (5-35) to eliminate the voltage parentheses, thus 


9m = 


f(2.33 X .. 

- _ 7. * :i 


or, numerically, 

204 X 10“^* 


I 1 /4 5\ a.-' 
1 +- + - 

M M 


/4 5\ 
\3 o) 


77 ih 
' »» 


(5-37r) 


S 






(hn = 


1 + 


1 

fj. fj. \3 oj 


n, " 


(mhos, planar triode| (5-37d) 


Division of (5-375) by plate current, (5-35), gives 


9 


tn 


3 


1 


3 1 


ih 




2 c 


s 


transconductance per 
ampere, planar triode 


(5-38) 


Division of (5-37</) b.y 4 gives 


9 m 

4 


204 X 10 


—6 


s 


■ 2 /. 


1 


1 -f- 


1 1 /4 5\ 

fjL ti\S a / 


1 /4 5\ 4'^ 


transconductance per 
ampere, planar triode 


(5-39) 


Thus transconductance per ampere becomes larger as the current 
becomes smaller; however, see Section 8.19 as to an upper limit to 
9m/'ib‘ 

To determine plate resistance rp, use the (5-47) relation m = gm^p. 
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5.11 Perveance. The quantity perveance, symbolized here as P, is 
usually defined, in relation to a space-charge-limited current i, by the 
relation 


t 


P X 


/Voltage, or an 
\“equivalent” voltage 




(5-40) 


There is chance for confusion in applying this to (5-36) or to (5-35) 
in that the voltage used in (5^0) might conceivably be either the 
grid sheet potential or the voltage within the (5-35) numerator paren¬ 
theses. Thus in any tecimical study the reader may find it useful to 
determine carefully whether the author he is following uses perveance 
as meaning, for a planar triode, 


P = 2.33 X 10 


—6 


s 


a 


or as meaning 


r *5 

P = 2.33 X 10“® — 


[the voltage in (5-40) being Ea] 


this uses 
eb 



1 + 


- 

fj. M V3 a/ J 




+ 

Lin (5-40)J 


(5-41) 

(5^2) 


Either is in accord with the basic (5-40) definition of perveance, and 
usage is not yet fully established; still other voltages might be used.^'^ 
A designer of tubes is likely to think in terms of the (5-41) definition of 
P, whereas the user is likely to prefer (5-42). Fortunately the difference 
between them is not numerically large, for most tubes. This nomen¬ 
clature choice extends to problems involving multigrid tubes, and 
involving electron guns in cathode-ray tubes. 

5.12 Interrelations between Tube Constants. The interrelation 
between 9m, aJid Vp is important. The plate characteristic curves. 
Fig. 1.35 and equation (5-35), show that ib is a function of both Cc 
and d. Suppose that a small change dec occurs in grid voltage, the 
plate voltage remaining constant; then 


dib 

dib = — dec = Qm dec (5-43) 

dec 


Now suppose that a subsequent change deb in plate voltage occurs, 

grid voltage remaining constant at its new value; a second change dib 
in current results. Mathematically, 

— dib deb 

dib = — dcb = — (5-44) 

deb Tp 

Only if dib + dib — 0 does the current return to its original value. 



UHF TRIODE FIGURE OF MERIT 


M7 


Therefore, for constant current 


Urn (iCc -\- 


de 


= 0 


or, after rearrangement, 


r, 


(5- -iru 


deh\ 

dej ib constant 


= Umf'i 




Comparison of this with (5-18) shows that 


dmTi 


(5-47) 

This result is in accordance with the general matliernatical principle 
illustrated by the following equation: 


dtf, dCh dCf, 

— X — = - -- (.5 ^18) 

OCc Olb OCc 

This seems fairly obvious except for the minus sign; the reason for 
giving the derivation in the preceding paragraph is to demonstrate the 
necessity for the minus sign. 

6.13 tJHF Triode Figure of Merit. At vciy high fre(iucncies there is 
a tendency for the capacitance Ch to act more or less as a short circuit, 
thus introducing a severe capacitive loading on the input source. In 
order to minimize this difficulty it is desirable to maximize the ratio 
of transconductance to capacitance; a ratio of this nature is sometimes 
employed as a ^‘figure of merit” for uhf operation. 

The term in brackets in the denominator of (5-376) for g,„ is only 
moderately different from unity, because for most tubes /x » 1. There¬ 
fore, from that equation and (5-14) for Ck% and in relation to the effect 
of variations in grid-plate spacing a, 


Constant / Cb Constant 

g,n ^-;;-X Jec-h— C*' ^- (.5-49) 

a- \ fi a 

Therefore 


ec + - (5-50) 

M 


9 


m 


Constant 


Cl/ 


X 


a 



Thus in order to achieve good operation at as high a frequency as 
possible and with modest voltages, the cathode-to-grid spacing a is 
made as small as possible. In the triodes known as “lighthouse 
tubes” this spacing is of the order of 0.003 inch (3 mils); in the 
Western Electric 416-A 4000-megacycle triode amplifier it is 0.0005 
inch 04 Bail). 
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Tn stating the uhf figure of merit for a particular tube, the input 
capacitance to the grid (see Sections 4.14, 4.16), rather than is 
usually employed; however, it is Ck that basically establishes the 
design limits to input capacitance. 

6.14 Complete-Space-Charge Relations; Cylindrical Geometry. 

For radial space-charge flow between concentric cylinders, the three 
basic equations arc: 

1 d / dE 
r dr \ dr 

= Eqc [the energy etiuation] (5-52) 

/ 

- = 2Trrpv — 2TrrJ [the e(iuation of flow] (5-53) 


— [Poisson’s o<iuation] 


(5-51) 


\vhere E, p, and v are potential, space-chaige density, and radial elec¬ 
tron velocity; I/l is the current per unit axial length I of the cylinders, 
anfl J is cui rent density. The form of this last equation arises from the 
fact that the current per unit length is 27rr times the current density 
pv. These three ecpiations combine to gi^'e 


I d 
r dr 




1 I 
27r€o i 



(5-54) 


Boundary conditions for the complete-space-charge solutions of tliis 
differential equation are, as in the planar case, that the potential and 
the potential gradient must be zero at the cathode. The method of 
solution is described in the next section. 

The solution is expressible in the form 


also as 



2q. 


fT \l 

[_.i_ - 

(5-55) 

0 \ 



~J = 2.33 X 

. A”-' 

(5-56) 


where d" is a known function of r/V*., the cutliode radius being r*. The 
dependence of on r I'k is charted in Fig. 5.0 for an internal cathode 


(r > r^.) and fabulate^l in Table III for both internal and external 
cathodes. The potential distribution is obtained by solving (5-56) for 
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E and using (r>-o3) to roplaco./ by J. Usoful forms arc 






I 9 

27r€o 4 



1 

27r X 2.33 X I0~“ 



(5^57) 

(f) r)S) 


r/r^ for values greater than 20 



for values less than 20 


Fig. 5.G \ ariation of /3“ with r/r^ in the space-charge-liinitecl (Hjiiation.-^ for 

cylindrical geometry, when the anode is outside the cathode. See Table III. 


Figure 5.7 illustrates the details of the potential distribution for an 
internal cathode. For an internal cathode, is nearly unil> for values 
of r/rfc exceeding about 10; therefore the potential distribution is asymp¬ 
totic to a % power function of r/r* at large values of r/^-. Note that 
the potential curve is shown as rising slightly^ above the power cur^’t* 
as r/vk rises through a value of 11 or so. 

The potential and the radius of an outer cylinder may be symbolized 
as Eg and r,; then is evaluated for r = r,. This outer cylinder 
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Fid. 5.7 (rt) I'orm of (he complote-space-cluirge potential distribution curve, 


concentric; cylindei's. Sc‘l* (5-58). (h) Detail of the potential distribution curve in 


the vicinity of the eatliode. 
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might be the equivalent grid sheet of a space-charge control tube, or 
the anode of a diode. Using these r = values in (5-56) gives current 
density Js at r — r, as 


JiJ 

~Js = 2.33 X 10“^^ 

where of course 

/ 

Js = — 

27r5*« 


(5-59) 


(5-60) 


The similarity between (5-59) and (5-12) is interesting, but deceptive, 
as Ts is not cathode-to-anode diode spacing. 

Another very useful form, obtained by multiplying (5-59) by 27rr„ is 


/ 

I 


= 27r X 2.33 X 10— 


(5 (il) 


Since is approximately unity if > 


lOrA-, approxiinal(‘ numerical 


answers for large values of rjrk come very directly fi om this eciuation. 

6.16 Space-Charge Control of Current in Cylindrical Tubes. The 
application of the above equations to the space-charge control of 


current in a rigorously symmetrical cylindrical triode is straightforward, 
employing (5-22) and (5-GI), and identifying E, and r, with the 
potential and the inner radius of the grid sheet cylinder; Ck must bo 
determined properly for concentric geometry, from (5-63). Contact 
differences of potential must be considered, as discussed in Section 

8.25. The equation obtained for cathode current, comparable with 
(5-30), is 



(5-62) 


See (4 92) and (4-74) or (4 89) and (5-63), to determine ami 

Ck- Karely will a commercial “cylindrical” tube be found sufficiently 
symmetrical to make these relations represent its behavior very closely. 
It is left as an exercise for the student to derive expressions for 


perveance and transconductance of a cylindrical triode, comparable 
with (5-42) and (5-37). 


To determine it is first necessary to find the charge per unit 
length on a cylindrical surface at radius r^, under complete-space- 
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charge (•{>nclitions. This is done by multiplying the potential gradient 
at this surface by to and by the circumference. This gradient is the 
r derivative of (5-58), evaluated at r = r„. The capacitance per unit 
length is then the charge per unit length divided by Eg. The complete 
expression is 




rs 1 

-h- 


d0 


ld(r/rk) 



(6-63a) 


For large \'alues of r/rk the slope of the versus r/n curve of Fig. 5.6 
approaches zero rapidly, and ^ 1. Therefore, to a first approxi¬ 
mation, for large values of 



[farads per meter of length, if ^ r*] (5-636) 


This is about the same as the capacitance between two space-charge- 
free concentric cylinders for which the outer cylinder has 4.5 times the 
radius of the inner one. 

Note that, as rjrk becomes very large, the first term in (5-63a) 
is the important one. In contrast, as Vs/rk approaches unity, 
approaches zero; the second term then predominates and causes the 
entire expression to approach the (5-14a) planar value. 

6.16 Derivation of the Complete-Space-Charge Equations for Con¬ 
centric Cylindrical and Spherical Geometries.®^* ***' There are certain 
important circumstances, particularly in relation to microwave-tube 
beam establishment, in which the complete-space-charge relationships 
for concentric spheres are important. The three basic equations com¬ 
parable with (5-51, 5-52, 5-53) are: 



(5-64) 

(5-65) 

(5-66) 


where E, p, and r describe ^'alues on a spherical surface of radius r, and 
/ is the total current over the entire spherical solid angle. 

The differential equation similar to (5-54) is 



(6-67) 



DERIVATION OF THE AND a- RELATIONS 


ir)3 


Tt is convenient, by using (l-2bb to express (r>~54) and (5 67) as a 
single relation, as follows: 


k dE 

dr~ r dr 


./ Im. I 

€0 2 ( 7 . \/^ 


(5-()8) 


Here k takes on the values I and 2 respectively for cylindrical and 
spherical geometries.Eliminate ,7 and r from (5-68) by the intro¬ 
duction of variables u and 0. u is defined by the equation 


r 

u = In —, that is, r = exp u 

n 

and ^ is defined by 

9J 1^ 

4 io \ 2qe 


(5-()9) 




(r> 70) 


which is the same as (5-55). Equation (5-68) then becomes 

d^E (IE 4 E 


(5-71) 


Differentiate (5-53) and (5-66) relative to r, noting that / is a constant; 
the results are respectively 


r dJ J dr = 0 

[cylindrical geometiy] 

(5-72) 

r dJ + 2./ dr = 0 

[spherical geometiy] 

(5-73) 

Therefore a general relationship is 

dJ 

dr 

= ~kJ 

(5 7^) 

expressible as 

dJ 

du 

-kJ 

(5-75) 


Introduction of (5-70) into both sides of (5-75), with su}>se(|uent 
differentiations and reduction, gives 


dE 2 4 E da 

— ^-{2- k)E ^ -- 

dn Z 3/3 du 


(5 76) 


Substitution of this relation and its u derivative into (5-71) eliminates 
E by cancellation and results in 


d^a 



+ (5 


da 1 „ 

A-'))3 — + - /32(2 + ^■ - P) = ] (5-77) 

du 2 
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The boLinflaiy conditions for the solution of this differential equation 
are stated fundamentally in terms of the potential and potential 
gi-adient at r = a-. Theiefore it is necessary to relate jd and its de¬ 
rivative, evaluated at r = n, to E and its derivative. Thus (5~70) 
gives rise to 




9 ^ 
4 €0 



(5-78) 


wliere 

Ea, Ja, are E,J,Patr = r* (5-79) 


For the space-charge-limited situation of present interest, both the 
potential and the potential gradient are zero at the cathode surface, 
r = Tk, It follows from (5-78) that for this simple case = 0. If 
now (5-77) is expressed for r = tk, using = 0, one obtains 


(-) 

\du/r = rk 


when /Sib = 0 


(5-80) 


(5-82) and (5-84) below show that this makes dE/dr == 0 at r = r^. 
The solution for /3 is initiated by assuming a power series for /3, thus: 

/3 = Aq + AiU -f- A2U^ + A^u^ + • • * (5—81) 


d0/du and d^^/dii^ are then expressed as the derivatives of this equa¬ 
tion. These expressions for ^ and its derivatives are then entered in 
(5-77), and the coefficients of each power of u are equated to zero. 
Each equation so obtained leads to the determination of one of the A’s. 

For the space-charge-limited problem, -4o will be zero, and Ax \vi\\ 
be ±1, because of (5-80). All other coefficients are obtainable in 
.sequence, given these two. The — +1 condition corresponds to 
electrons flowing from a central cathode to an outer concentric anode 
or grid, the .li = — 1 condition to electrons flowing inward from an 
external cathode. 

'fo confirm the cathode boundary conditions, u.se (5-78) in (5-70) 
to give, at r = r^, 


\du/r = ri; \ 4 \ 2^^ / I 


+ 2(Sk 


‘ \du/r 


Note from (5-09) that 


fk 

(5-82) 



so that 


dE 

da 



(5-83) 



155 


CVLINDIUCAL AND SPIIKIUCAL (JEOMDTRIKS 


Therefore from (5-82) 


dE 

du/r = rk 


dh'\ /(Id 

= r;:. ( — ) = 0; if dk = 0, ( — 1 = i I (5 H-1) 

dr \du/r = 


rk 


t 

6.17 Complete-Space-Charge Equations; Cylindrical and Spherical 
Geometries.l-'or the cylindrical case, k = 1 in (5 77), Hiivin'; 


d-d 


di( 


dti) 


3/3 ^ + (— ) + 1/3— -h /3-' - I = 0 


dd 

dll 


(5-85) 


Use of the inner cathode form of the (5-80) boundary condition indi¬ 
cates that/lo = Oami.li = + 1 in (5-81); the series as tlien evaluated, 

by the methofl outline<l below (5-SI), takes (he following form given 
by Langmuir and Blodgett: 



-/U -1- ().()()MIS//-’ H- (5 S»i) 

83,000 ^ 


Numerical values of d^ for both the inner and outer cathode case appear 
in Table III. (Sec bibliography reference 155 for complete d'^ curves.) 
The current density at radius r is of course given, from (5-5G), by 


-J - 2.33 X 



(5-87) 


For the spherical case, A* = 2 in (5-77), and it is convenient, in 
employing (5-87), to replace d by a for the sake of clarity; the difTer- 
ential eejuation for a becomes 




da 

+ 3a— - 1 
du 


(5-88) 


The series solution for the inner cathode case begins as 

a = u - 0.3m^ H- 0.075u^ - 0.01432u^ -f- 0.00210;/^- (5-89; 

Table IV gives values of for both the internal and external cathode 
situations. The current densitj-^ is of course given by (5-87), \vith a" 
used in place of d^- 

In the spherical case, usually only a portion of the spherical solid 
angle is used; to get the total current, — is multiplied by the area 
of the receiving anode surface. J* is J at r = r^, obtained from (5-87) 
by using a in place of d- 
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To obtain the spherical-case potential distribution equation, first 
replace 0^ by in (5-87), and then multiply through by 4ff, giving 

- Itt./ = 47r X 2.33 X (5-90) 


Now recognize that 4x7 = I (invariant with r), and solve for E; the 
result is 


-I 


E = — 


4x X 2.33 X 10 



(5-91) 


This is the counterpart of (5-58); it has no simple asymptote. The 
corresponding capacitance, obtained in the same general manner as 
(5-63a), is 

8x€o 1 


Ci.’ - 


,1 

■for the entire’ 

spherical 

ld{r/rk)ir=r. 

.solid angle 


(5-92) 


6.18 Space-Charge-Limited Current from a Filamentary Cathode 
between Plane Anodes. A single-filament cathode and two parallel- 
plane-siirfaced anodes, as illustrated in Fig. 5.8, represent an inter¬ 
mediate circumstance between planar and cylindrical geometry. 

It is evident that in Fig. 5.8 some definite flux line from the cathode 
terminates at the point A' on the lower plate, that some definite 
complete-space-charge electron trajectory terminates at A\ and that 
some definite ladial straight line from the cathode center terminates 
at .4'. These three lines all start normal to the cathode surface, and 
at three different points on the cathode surface. Thus in this geometry 
the flux lines, the electron trajectories, and the lines of geometrical 
symmetry are not coincident, as they are for planar, cylindrical, and 
spherical geometries. It is nevertheless possible to set up for this 
geometry a set of simultaneous partial differential equations that 
correspond to (5-6) and (5-54), but the set has not been solved, even 
formally. 

An approximate current determination can be made, which applies 
(5-59), in a manner that makes the radius a function of the angle; this 
will be outlined in this section, and an entirely different alternative 
method given in the next section. 

Refer to locality A on the upper plate of Fig. 5.8, and imagine the 
sector d<t> to be a small portion of a pair of concentric cylinders having 
complete space charge. This pair has inner and outer radii and r 
respectively. The distance from the cathode surface to the anode 
surface element dy has one value if measured along a radial straight 
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line terminating at A, another value if measuretl along a flux line 
terminating at A, and still another vahie if measured along an eleetrf)n 
trajectory terminating at A. 

No one of these distances is precisely correct for employment as a 
ladius in incremental use of (5—59). If they differ very little 

from one another for most areas receiving substantial current: there¬ 
fore, it is reasonable in applying (5-59) to the sector (I<f} to employ tln^ 
ladial line, as that is the easiest to use. d'hus the space-charge-liniited 

current reaching the element dy per unit axial distance is, to a lirsl 
approximation, 

dl Es ^ 

- "T = 2.33 X 10 *■’ — r d<t> (5-93) 

i 

Here r d<f> describes tlie anode area, included in d<f>, of a cylindrical 
arrangement having an outer cylinder of radius r. Th(‘ value of is 
that corresponding to r/rt. Introduction of cos <j> = a/r into (5-93') 
gives 

d/ „ Eg'-coty 4> dtp 

-= 2.33 X 10“^' — 


I 


.S' 




2 


(5 91) 


The total current I is twice that to either plate; the cuirent to either 
plate is obtained by integration from <p = — 7r/2 to <l> = +7r/2. For 
most filamentary cathode devices s/vk > 10, so that is approxi¬ 
mately unity. In this case the integration is straightforward and 
yields 

I E, 

- - ^ 4 X 2.33 X lO-'’- (if s > 1 (),•,] (5.95) 

t s 


This relation is in good agreement with experiment. It was presented 
by Kusunose on the basis of considerations very different from those 
used in the present derivation. His experiments, performed on triodes, 
gave results essentially in agreement with the form taken by (5-95) 

when adapted for such use, as described in Section 5.20, and illustrated 
by Fig. 5.11. 

It is of course possible to integrate (5-94) for cases in which s/r^ is 
not large enough to permit calling unity. In such cases f is ex¬ 
pressed as a function of tfy by using s/r* cos 4> for r/r*, in obtaining 
values of from Table III. The integration is then carried out 
numerically or graphically. However, the approximation introduced, 
which amounts to identifying with one another the three lines to A' 
in Fig. 5.8, is difficult to justify when s is only two or three times as 
large as n-. The author has used the integration of (5-94), employing 
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to .study Ji few irregular geometries of very modest s/rt ratio; in 
those cases trip<l the agreement with experiment was not good, the 
equations indicating a current considei-ably less than that observed 

experimentally. 

However, as applied to the large s/Tfi ratio cases, the agreement with 
experiment is excellent, the nature of the approximation is such as to 



Fig. 5.8 Diode having a single filamentary cathode wire and two planar anodes. 
Catho<le potential is Ea = 0; both anodes are ut potential E,. For application of 
the associated analysis to a triode, place the grid plane where anode surfaces appear 
in this figure; Eg then becomes the equivalent grid sheet potential. 

suggest tiuit agreement should be good, the niethoil of derivation is a 
rational and satisfying one, and the result, (5-95), is very simple in 
form and eas^^ to use. 

6.19 Equivalent Capacitance Derivation of Space-Charge-Limited 
Current from a Filamentary Cathode.^*^ To approach the second 
method of approximating the solution for complete-space-charge cur¬ 
rent in a filamentary cathotle device, the conformal transformation of 
Section 4.2, Figs. 4.5 and 4.G, will be employetl to determine the space- 
charge-free capacitance between the flat plates and the round cathode 
wire of Fig. 5.8. It will then be presumed as a first approximation that 
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two concentric cylinders whose capacitance per unit length has tliis 
same value will draw the same space-charge-limited current as the 
geometry of Fig. 

In carrying out the transformation, which gives a /^-piane diagram 
as in Fig. 5.9, representing the transformation of Fig. 5.8 as a IK-plane 
diagram, the quantity 1/a in the transformation is chosen to have the 



Fig. 5.9 Z-plaiie representation of the single-filament planar diode of Fig. 5.8. 
Note that charge.s ±to are located at kernel positions, radius r' = 1. 


value 4s, and the TF-plane origin is at the cathode-wire center. Thus 
the transformation relations are 


2s 


jx = — In (r' exp j<p') 

(5-96) 

TT 


, TTt/ 


r - exp -- 

(5-97) 

2.S* 


TTX 


<f>' = -- 

2 s 

(5-98) 


Along the upper anode surface, x = -\-s, so 4>' ~ 7r/2; along the lower 
anode surface, (p' = — 7r/2. Thus the two anodes together form the 


* This method is essentially that used by G. D. O’Neill, reference 5r/. 
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vertical line through the origin of the Z-plane figure. The cathode 
tnmsforms <0 a figure that is essentially circular if 




1 

is less than about - 

5 


(5-99) 


that is. if the cathode diameter is less than about 40 per cent of the 
;tiU)(]e-tu-anocle spacing. There may also be drawn on the Z-plane 
figure an “image” of the cathode in the vertical dividing plane. 

Employment of the relations governing the location of a line charge 
and its image shows that the Z-plane cathode cylinder and its image, 
also the v ertical Z-plane anode plane, will be equipotentials if equal 
and opposite line charges ±Ta are located at radius r' = 1, as shown in 
Fig. 5.9. To demonstrate this, note that; 


Distance from -|-ra to A is + 1 
Distance from — tq to A is — 1 


(5-100) 


and thai, with respect to the (4-39) type of relation, 


because 



H“ 1)('5« ~ 1) “ 1 •” ^ 2 ^ 



(5-101) 

(5-102) 


The potential difference between the cathode and the anode plane in 
the field of the two charges will be 



-f-Tu 1 ■f (s^ “ ^z) 

= H-In- 

27reo 1 (*^g R 2 ) 


Ta , , Trf'ic 

= H-In coth — 

27r€o 


d-T-fl ^ 1 

27reo 1 + (-Sg — Rg) 

(5-103a) 

(5-1036) 

(5-103c) 


The capacitance per meter of length, between anode and cathode, will 
then he 


( 



27r€o 

in coth (tt/t/^.s*) 


(farads per meter] 


(5-104) 


'rims the space-charge-free capacitance between the cathode and the 
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■two anodes will be just the same as that between two concentric cylin¬ 
ders, having 

Inner radius: (an arbitrary choice] 

Ouler radius: coth 

Ls 


(5-1 (J5r/) 
(5-l05/>J 


'Phis expression’s accuracy is subject only to (5-R!)). KurtluMmore. il 
the cathode wire size is such that (5-99) is satisfied: 


4.S 


'J'he outer radius r« approaciies — , that is, 1.275.S- (5-!()()) 


TT 


because, as tto-ZTs becomes modest relative to unity, 


, Trrk 4s 

coth — approaches — 
4s ^ 

The capacitance becomes 



27r€o 

In (4s/7rrfc) 


•va- > 5; 21 


(5 107) 


(5 108) 


'I'hus th(‘ space-charge-free capacitance between a faiily large cathode 
wire centrally located between two parallel-plane anodes of spacing 2s 


is very nearly that which would exist between the cathode wire and 
a fictitious cylinder around it, of radius 4s/7r. Note particularly that 
the radius of this fictitious outer cylinder is independent of the diameter 
of the cathode, if that diameter is modest enough relative to s. 

It might seem not unreasonable to suppose as a first approximation 
that the space-charge-limited current from a hot filament will be the 


same between the two anode plates as inside a cylindrical anode to 
which it has the same capacitance. The space-charge-limited current 
for the geometry of Fig. 5.8 might therefore be approximated b^' 
determining the space-charge-limited current bet ween the two cylinders 
of (5-105n), (5-IOfi). From (5 (il), this is, in amperes per meter of 
filament length, 


I E 

- - ^ 2ir X 2.33 X 10'^-^- 

I 1.2705/3/ 


(5-109) 


The value r^/r^ ^ 1.2755/7v. is used in determining /3s^. 

By using the analytical method of this section, O’Neill has ob¬ 
tained very good agreement with experiment even for values of s/r^ 
as low as 5/2, /3«^ being much less than unity. The method of Section 
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5.18 does not check well with experiment for such cases. Both methods 
agree acceptably with experiment when r^, leading to = 1. 

As the filament becomes small, can be called unity; then the 
preceding ecpiation reduces to 

1 

~ - = 27rX 2.38 X 10-^ —- [if s » n-] (6-110) 

7 1 . 2756 ' 

E 

= 4.93 X 2..33 X 10“®-^ (5-111) 

s 

The difference between this and (5-95) is not sufficient to permit an 
easy determination as to which is in best agreement with experiment, 
and no precise analytical solution has been made. Either expression is 
satisfactory for usual design purposes. 

In subsequent sections in this text (5-95) will be used, if s:» r*, 
not because (5-95) is believed to be more nearly correct than (5-111), 
but because it is believed to be about equally good as an approximation 
and is more easily derived and more simply expressed. 

Note that neither of the two derivations given for I/I is seriously 
affected in principle if the filament wires have rectangular, ribbon-like, 
or other noncircular sections, as long as every dimension of the filament 
is small relative to s. 

6.20 Planar Triodes with Multiple-Filament Cathodes. In order 
to adapt the treatment of Section 5.18 to the study of a planar triode 
having a filamentary cathode, as illustrated by Fig. 1.2, the first step 
in concept is to identify the plates of Fig. 5.8 with the equivalent grid 
sheet of the triode. Then the total cathode current should be deter¬ 
minable by multiplying (5-95), which gives current per unit length, 
by the total length of the filament wire exposed to the planar grid-and- 
plate structure. 

Suppose that there ai e many parallel filament wires spaced a distance 
1 /tik apart. If the between-cathode-wire spacing l/nt is large relative 
to the cathode-plane-to-grid-plane spacing s, that is, if 

nkS«l (5-112) 

the individual wires will deliver current independently of one another. 
To determine the current density at the grid sheet by (5-95), note that: 

(а) Half tlie current goes laterally to each grid, thus calling for the 
use of a factor of to give the current density on one side; and 

(б) There are Uk meters of filament length per square meter of struc- 
ture. Tlierefore the average current density on each of the two 
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opposite sides is obtained by multiplyinK (5-95) by aftei- npplyinjr 
the }/2 factor from (o); thus 


J, = 2X 2.33 X 10“^’ — 

s 

Curve GTB in Fig. 5.10 represents this relationship. 

It is impossible for the space-charge-limited current on each side to 
exceed the value given by (5-12) for a flat-surfaced cathode; this 
value is shown as/* ^ax in Fig. 5.10. For example, if the cathode wires 
were placed so close together as to make the cathode appear to be a 



Fiq. 5.10 Dependence of curn-nt density Jg at grid sheet on spacing between 
cathode wires, for a filamentary-cathode planar device. MTB represents (5-114) 
and (5-113), based on (5-05). MTB' represents (5-114) and a relation like (5-113) 
but based on (5-111). is given by (5-114). 


filamentary cathode*, 
remotely spaced 
cathode wires 


(5-113) 


plane surface, the current density would not be that along G'I\ but 
rather that along MT, in Fig. 5.10. Thus from (5-12) 



s mux 


2.33 X 10'*' 


E 




(5-114) 


Comparison of the last two equations shows that they gi\'e the same 
value when l/n* = 2s. Thus: 


As the cathode wires are moved closer together, 
the maximum theoretical value of grid sheet 
current density occurs when 



(5-115) 
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Therefoie in a filamentary cathode planar triode nothing is gained as 
to increa'^e of perveance or of transconductance by using a spacing 
loss than 2.s between cathode wires. It is therefore quite common 
practice to use the spacing 2s. 

The ob^'ious implication of the intersection of the straight line MT 
with the curve GTB, in Fig. 5.10, is that when the cathode wires are 
ttloser together than 2s the space charge from each one has an important 
effect in limiting the current that its neighbors would otherwise 
pjovide. It is reasonable to expect that this mutual space-charge- 
limiting effect should appear gradually rather than abruptly. There¬ 
fore one might anticipate that an overall curve would have some such 
shape as MDB in Fig. 5.10, representing a merging into the two 

limiting conditions each way. 

If the (5-111) relation, based on the equal-current-for-equal-capaci- 
tance concept is employed, rather than (5-95), the curve G'T'B' is 
obtained for the relation corresponding to (5-113), and the maximum 
theoretical value of grid sheet current density should be reached when 
= .^ 2^-/4 rather than when l/rik = 2s. An expected merging-in 

curve would then be MD'B'. 

It is frequently desirable to apply (5—95) to estimate the space- 
charge-limited current for a planar triode having an M-shaped fila¬ 
ment, as illustrated in Fig. 1.2, and in more detail in Fig. 5.11. For 
application to such a geometry it is convenient to recognize that 
(5-95) can be written as follows: 

/ ^ 2 X ( 2.33 X X (Width 2.s) X (Length 1) (5-116) 

which is the .same as 

I^2Js max X (Width 2s) X (Length /) (5-117) 

where max is as in (5-114). This implies that the space-charge- 
limited current from a single cathode filament is the same as that 
which would appear in a section of flat-cathode planar triode for which 
the grid sheet area has the width 2s and the length I and has two 
faces, one each way from the flat cathode. The distinguishing char¬ 
acteristic of such an area is that it comprises all the grid sheet region 
that is distant not more than s from the projection of the filament 
wire on the grid sheet. Figure 5.11 illustrates the application to the 
determination of current from an ill-shaped filament. The line 
.\fMMM represents the filament location, that is, the projection on 
the grid plane of the filament, and the area AAAAAAA includes all 
the area, witliin the extent of the grid structure, that lies not farther 



PLANAR TRIODKS WITH MUiaTPLE-FlLAMICNT CATHODKS Kir, 

than s from the filament location line The total cathode 

curren .s tiien obtamed by multiplying thi« area by J, as given by 

rs checks back m principle to (o-95), by way of 

yiy 110 / • 

Kusunose - introduced this type of approach to the determination 
of space-charge-hm.ted current from filamentary cathodes, although 
his basis foi using his very similar method was entirely dilferent from 



I'lG. 5.11 Determination of effective Ktiil sheet area to use in fiiidinn .spaee- 
elmrge-limited current from a filamentary eatliode in a planar electrode structure. 
Obtain the cathode current by multiplying area outlined as .1.1.LI etc. hv J 
given by (5-114). 


« llUIXl 


the (5 95) derivation given here. The author’s experience verifies 
Kusunose s findings that this metiiod niaj'^ be expected to check \’erv 
well witit experimental measurements. 

Perhaps it should be pointed out that this method coirosponds lo 
the (5-113) equation, tliat is, the (iTH curve in Fig. 5.10, without 
the inclusion of any downward adjustment, as from point T to point 
D along a merging curve. An almost identical result could be ob¬ 
tained by employing (5-111) properly, that is, curve G'TB’, and at 
the same time including a downward adjustment, as for example from 
H to T. Thus the agreement of the Fig. 5.11 method with experi¬ 
ment gives no strong reason for choice between the (5-95) and (5-111) 
approximations, as applied to small-diameter filaments, for which r* 
«s. 
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5.21 Evaluation of Triode Grid Sheet Potential for Filamentary 
Cathodes. In order to employ the methods outlined in connection with 
Fig. 5.11 to find the current from a filamentary cathode in a planar 
I riode. it is necessary to be able to determine by a proper adaptation 
of (5-22). Note that the cathode location and geometry affect only 
Ck in that equation, and also that changes in Ck have relatively little 
eifect on c., because ordinarily m » 1- Therefore no great precision is 
needed in the evaluation of Ck- 

First consider a design within the MT range in Fig. 5.10, that is, 
one in which the cathode wire separation is not greater than 2s. The 
space-charge-liniited current is then very nearly the same as if the 
caliiode wore a flat surface located in the plane of the filament wires. 
'Phis implies that in the neighborhood of the grid the potential distri- 
Initioii must be about the same as in the flat-cathode triode potential 
diagram. Fig. 5.3. Therefore charge distributions on grid and plate 

surfaces arc about the same as in Fig. 5.3. 

With electrode charges anti potentials about the same as in the flat- 
cathode geometry, the (*apacitances must also be about the same, so 
that (5-14n) is a good approximation to Ck- Therefore, as in (5-23), 
equation (5-22) becomes, approximately, 





jdanar triode with 
filamentary cathode, 
if l a < 2.S 


(5-118) 


(Conta<*t dilVerence of potential must of course be considered; see 
Section 8.25.) Thus if tlie cathode wires are not too far apart, is 
determined in tlio same way as for the flat cathode. The use of (5-118) 
for c,, and of a for . 5 . in (5-95), results in a triode current expression 

similar in nature and use to (o-.^O), 

In some tubes, as illustrated in Fig. 5.11, there are fairly extensive 

regions in which the cathode wire spacing is greater than 2s. This 
I)uts the problem into the I'H region of Fig. 5.10, and (o—14a) for Ck 
will no longer apply, because it is no longer true that the potential 
distribution in the neighborhood of the grid is closely similar to that 
in the flat-cathode case. The analytical approach is now to treat c, 
as being a function of position in the direction parallel to the grid 
wires, in Fig. 5.11, because the charge distribution on the grid, and 
therefore Ck\ will so vary. 

An analysis of this kind, not presented here, indicates that for the 
extreme case of a lone liluinent wire an approximate imd suitably 
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averaged value of is obtained by using ratlier than in tlie (bird 
denominator term in (o 118). This brackets the proldem; in Fig o 10 
for designs beyoml ‘>y should be use<l, wiiereas for designs within 
the MT lange, should be used. For intermediate conditions, an 
estimated interpolation should be satisfactory. In any ca.se, no great 
precision is needed, because of the relatively minor part played by 
the third denominator term as a whole. 

6.22 Effect on Space-Charge-Limited Current of Potential Varia¬ 
tion along the Cathode.^'" It has been shown that for various geoni<‘- 
tries the space-charge-limited cathode current density is pi'oportional 
to the ?2 power ot a voltage. This can be .summarized by writing 


la = I\E 


r ■‘•i 
s 


(5-119) 


wheie Eg is the plate voltage of a diode or the eciuivalent grid sheet 
potential of a space-charge-control tube. /„ is the cathode (uiiTent; 
Pg is the peiveance, defined in terms of equivalent grid sheet potenlial 
if the treatment is to apply to a space-charge-control tube; see (5 40) 

and (o—41). Pg depends on geometry and alwavs contains the factor 
2.33 X 10“^ 

The derivations leading to the various forms of (5-119) are ba.sed 
on the assumption that the cathode is an equipotential surface, as in 
a heatei-type tube. In many real <levices the cathode is heated by 
the passage of an electric current, which cau.ses a potential drop between 
its two extremes. Since tliis drop may be several volts, hence com¬ 
parable in magnitude with the grid sheet potential, it often produces 
marked variations in current density along the cathode surface. Tliis 
results in a distinct modification of the volt-ampere relationship; the 
modification will be derived here as applied to a space-charge-control 
tube. 

Ihe nature of the modification can be anal 3 ''zed by assuming that 
(5-119) holds for each incremental length of cathode surface but that 
the voltage to be used varies from point to point. This a.s.sumption 
is satisfactorily near to the truth as long as the spacing between elec¬ 
trodes is considerably less than the extent of the cathode. 

Suppose the voltage Eg to be measured from the inoi-e negative end 
of the cathode; also let 


I — length of cathode (also of plate). 

z — distance along cathode from negative toward positive end; 
z varies from 0 to 1. 

w = width of grid sheet surface (= 27rrg if cylindrical). 

~Fz ~ potential gradient along cathode due to heating current. 



Uis 
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/V = 

.S' = 

In = 


I)(>tontial drop between z = 
rent; of course E/ — —Fgl. 
area of grid sheet surface (= wl). 
total current from cathode. 


0 and z = I due to heating cur- 


Now apply (5-119) to an increment of length dz, width w, current 
d/.,. d'hen 

dia = wGs[Es - {-Fgz)]'^dz (5-120) 

where O'., = perveunce per unit area of grid sheet surface; that is, 


P. = SGg 


Two cases must be considered in the integration. 

Case k: Es> Ef- The integration extends between 2 

z = I, as follows: 

/„ = wG, f (E, + FgzV'^dz 

^ z=\y 


(5-121) 


= 0 and 


(5-122) 


2 wG 


8 


5 F 


HE, + /'V)"*- 


(5-123) 


When numerator and denominator are multiplied by /, then rearranged, 
using fj/ — ” find S — wl) this b 6 Com 6 S 






(5-124) 


The quantity [(EJEf) - 1]^^’ may be expanded by the binomial 
theorem; the rapidity of the convergence of the series so obtained is 
such that, when Es is twice or more as large as Ef, the following ex- 
tiression, containing only two terms, is a satisfactory approximation. 


/.. = - (1 - --) 


(5-125) 


Case B: £5 < £/• The integration extends only to the point along 
tlie cathode at which £, + FgZ = 0. Beyond this point the cathode 
potential is greater than £„ and therefore no current will flow. 

The integration yields 

7 „ = ? (5-12G) 

T]w following general relationship includes cases A and B; 


L = -SG 

5 


■-■Kl) 


(5-127) 
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The function J{EJEf) lias the numerical values given in Table V 

which are in accord with (5-124) and (5-120) for the appropriate 

circumstances. Ihe effect on of contact difference of potential is 

accounted for by including in E^ an added contact potential term as 
described in Section 8.25. 

^ Ihe above relations indicate a power dependence of /« on E^ wlien 
Es < Ef, and a power variation when E, » Ef. Actual filamentary 
cathode triode characteristic curves usually extend through a case 1^ 
into a case A range, and when plotted logarithmically are often found 
to follow approximately and over a considerable range a power curve 
whose exponent lies between % and Thus Fig. 0.15 shows that 

the Western Electric 101-F triode average characteristics follow a 2.2 
power curve fairly closely. 

6.23 Microphonics in Space-Charge-Control Tubes.' By suitable 
modifications of (5-95) it is possible to analyze the effects on plate 
cuiient to be e.xpected as a result of small lateral oscillatory motions 
of the filament wires in a planar triode haAung a filamentary cathode. 
Because of the minor part played by Ck'/fj-Cp, aiul therefore b^' fA', in 
(5-22) it may be assumed to a good first approximation that the e<|uiv- 
alent giid sheet potential c„ will be unaffeeded by an oscillation of the 
filament viies. The important micvophotiic effect on plate currenl: 
results from the presence of the cathode-to-grid spacing distance .s = a 
in the denominator of (5-95). 

In the derivation of (5-95) from (5-94), the integration was taken 
from — 7r/2 to +7r/2 for each anode, then the answer doubled to obtain 
Ihe total for both anodes. For the present purpose the result (jf the* 
integration must be expressed separately for each anode. Suppose 
that before any oscillations occur the cathode plane is unsymmctrically 
located, at a distance Qq — from the lower grid, Qq -j- a\ from the 
upper grid, as in Fig. 5.12. Then the total cathode current per unit 
length of filament {ia/l) will be 


that is. 



.. Q() 

- = 4 X 2.33 X — 

I Oo- — Qi 


(5-129) 


Note that this is slightly more current than if the cathode wires were 
centered accurately. 

When oscillatory motion of amplitude a,n occurs. 


ai is replaced b}'' ai + cos w/ 


(5-130) 
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Plane of grid-plate symmetry _* 



Fig. 5.12 Multiple-filament cathode vibrating with amplitude Om, in a planar 
friode structure. Mean position of cathode wires is offset a distance m from the 
{)latie of symmetry for the grid-plate assembly. 


Equation (5-128) then becomes 


- - = 2 X 2.33 X 10 
I 


V, •^(— 

Vgo - 


1 


a I — a„i cos 0)1 

1 

+ 


1 + cos 0)1 


tlml is, 


9 

- = 2 X 2.33 X 
/ 


1 


/ a,n cos a>/\ 

(Qo - ai) ( I-) 

\ no — fli / 


+ 


1 


(no + «i) ( 1 + 


(Itn COS 0)t 

On H“ 



(5-131) 


(5-132) 
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I7i 


wheie am/(ao dz Oi) 1. Expand each term the binomial theorem, 
letaininK only the fii’st tliroe terms of t.he expansion, 


ms 


- - ^ 2 X 2.33 X lO'^’c 


•'2 


I 


I 


do — a 


1 + 


(i„i cos 0)1 a„‘- cos“ ijit I 

«0 - fll (Go “ Gl)^J 


-b 


1 


Go dl 


^ cos (j)t 


a.„^ co.s^ o)t 


Now use cos^ iot = 


«o + Gi (ao + rti)^ 

* 2 -h } 2 cos 2u)f, and define aoi by 


^2 2 ^ 
^0 “ ^1 — 


Then, after considerable manipulation, (5-133) becomes 


I 


4 X 2.33 X 10"V^ 


Goi^ L 


1 -b 1 + 


4ai 


a 


2 


m 


Goi / 2a 


01 


+ 


2aia„i cos o}t 

Goi^ 


+ 1 + 


4gi^\ a,n^ cos 2^t 


Goi 


2goi^ 


(5-133) 


(5-134) 


(5-135) 


For practical purposes, this expression describes the d-c, fundamental- 
frequency, and second-harmonic currents produced in the cathode (and 
plate) circuit by the microphonic action of the oscillating filament 
wire. 

The important properties of this microphonic current effect are: '’* 


(а) If the cathode plane is symmetrically located, so that (ii = 0, only the s(M-ond 
liarmonic of the oscillation appears in the cii’cuit; the fundamental-frequency com¬ 
ponent is zero. 

(б) When asymmetry exists, and oi « ao, the funtlamental-frequency component 
of current is directly i)ioportional to ai and to a^. Note, however, that the deriva¬ 
tion permits Oi to be a very substantial fraction of ao, and that ai contributes to 
the value of aoi. 

(r) As long as ai is a modest fraction of ao, the amplitude of the .second harmonicr 
is affected only very slightly by the asymmetry. 

(d) There exists a small increment in the d-c component of current; this incrc?- 
ment has the same magnitude as the amplitude of the second-harmonic voltage. 

The above discussion refers only to microphonics caused by 'dbra- 
tion of the filament, which is the tube element most likely to be shock- 
excited into oscillation. If the grid oscillates, there is superposed on 
the effects just described a fundamental-frequency periodic variation 
in the amplification factor, because of the variation in grid-tu-plate 
.spacing b. 

The presence of microphonics is usually distinctly objectionable. 
However, tubes have been built in which the microphonic properties 
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are used I o advantage for instrumentation purposes, as sensing elements 
for measurements of motion. 


PROBLEMS 

1. («) Assume the potential distribution between two parallel plates, spacing n, 

1.0 be given by E = Ax'*; .1 is a constant. Find the ratio of pv at x = Ss/4 to po 
,,, j. ^ Is this an equilibrium potential distribution? 

(h) Same as (a), except that the potential equation is E = Ax*^. 

2. Planar diode?: potential distribution between the flat cathode and the parallel 

flat anode is £" = Ax*\ At the cathode x = 0; at the anode x = 0.3 mm, and E 
^ = 7 volts. Evaluate A numerically. Then express, as functions of x; (a) 

electron velocity; (6) space-charge density; (c) the product of velocity by space- 
charge density; this is convection current density. 

3. Planar diode: cathode, anode, each 4 sq cm area, 1 mm apart. Cathode 
thermionic emission, at its operating temperature, cannot exceed 250 ma per sq 
cm. (fl) Find the actual current flow when plate voltage Eb is 100; (6) when Eb 

= 150. 

4. .\ tungsten wire filament, 0.02 cm diameter, 5 cm long, is the cathode of a 
diode. The plate is a cylinder concentric with the filament. 

(a) Select the plate radius so that the space-charge-limited current will be 40 

ma per cm axial length when Eb = 30. 

(/;) Conditions as in (a); find the potential, electron velocity, potential gradient, 
and space-charge density at twice the cathode radius; using these results show that 

27 rrpi; is the given current per unit length. 

6. Cylinilrical diode; outer cylinder the cathode, inner one the anode; radii 
0.2, O.Ol cm; Eb = 1000. Find space-charge-limited current per centimeter length; 
calculate points for and diaw space-charge-free and space-charge-limited potential 

distribution curves. 

6. Prove that in Fig. 5.3 the plane k'k' is at M of the distance from the cathode 
to the near face of the grid sheet. 

7. Planar triode: flat cathode 1 sq cm area, p = 20; spacings (mm): cathode to 
grid, 0.1 ; grid to anode, 0.3. Shadow fraction 0.10. 

(rt) Find: Ck\ C^, Cp (ppf); also find grid wires per centimeter. 

(h) Tf Ec = -5, Eb = +180, find E„ h, gm, rp. 

(r) Sketch carefully aiul approximately to scale the potential distribution dia¬ 
gram, with particular attention to the cathode-grid region and to fillets. 

((/) State input, output, and grid-plate capacitances. 

(c) Find the ratio; lgm/(input capacitance)), a “figure of merit.” 

(/) Fintl the cathotk-to-grid and grid-to-plate transit times. 

8. Planar triode: flat cathode, area I sq cm. Grid 0.2 mm (about 8 mils) from 

cathode; s|)aee-charge-liiuited current of 0.10 amp flowing. Ec = !■ (a) l*iiul 

C\'. (tt) Find space-charge density p at the grid plane, also at a distance 0.01 
mm from the cathode, (c) If plate is I mm from grid plane, and p = 10, find 

Eb. 

9. In Fig. 4.5, given that 2n/i = 0.10, «a = 2, n/> = 3, n + 6 = 3 mm, active 
area 2 sq cm, AV = -10, Eh = 100, current is space-charge limited. 

(d) kind /I, ( k f ( gt Up, p, Egf /&, gmy fp- 

(h) Using construction lines, and carefully sketched fillets, draw a potential 
distribution diagram, for space-rharge-limiteii comiitwns. 
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(r) State input, output, and grid-plate eapacitanees when spaee-chargo-limited 
current is flowing, making appropriate use of (5-146) for (W'; also state the ‘'figure 
of merit” (Section 5.13). 

10. Similar to Prob. 9, for geometry and voltages of Prob. 2, Chapter 

11. Planar triocle: flat cathode of area 1 sq cm; grid 0.23 mm from cathode, 0.70 
mm from plate; grid mesh 6 wires per mm; Cc = - 2 . 5 , a = +250, 4 = 0.180 
(space-charge-limitcd). Find C^, grid-wire diameter, p. 

12. For the triode and voltages of Prob. 7 sketch diagrams similar to Figs. 5.4 
and 5.5, with k'k' and the g plane carefully located; from it determine E, without 
evaluating any of the C’s of the equivalent electrostatic circuit. 

13. In relation to Fig. 5.5, demonstrate algebraically that the ((uanlity 


1 + 


a) 


1 1 6 

1 +- + -- 
M MU 


(is iiulependcnt of a, if] 


7 = 


M + 1 


14. For a cylindrical triode express the radius r,^ of a 7 cvlinder bclween giid 
and plate, that corresponds to the 7 plane in a parallel-plane triode. Radii of 
cathode, grid cylinder, plate cylinder are given; /i is known. 

16. F'or the cylindrical triode of Prob. 8 , Chapter IV, suppose that IC, = +9, 
Ec = -7. Determine: h, Ef,, Om, the figure of merit. 

16. Determine the cathode-to-grid and grid-to-plate transit times for Prob. 15. 
This requires a numerical integration. 

17. Derive the complete eciuations, in terms of dimensions and potentials, for 
amplification factor and transconductatjce of a cylindrical triode. 

18. Planar triode: filamentary cathode; grid plane 0.8 mm from cathode, 2 mm 
from t>late; 4 parallel filament strands each 1 cm long, l.fi mm apart, diameter 0.3 
inm. (Jrid shadow fraction 0 . 10 , ^ = 10 , current space-charge-Iimited. = + 9 , 

” 7; find /b, Eb, 7 n,, figure* of merit, current demsity at. «‘athode-wir(j surface. 

Ignore voltage drop along the filament. 

19. Cylindrical diode: a- = 0.2 mm, rp = 1.0 mm, length 3 cm. Voltage drop 
along cathode 10 volts, current space-charge-limited. F'ind plate current wheti 
plate voltage relative to negative end of cathode is («) 5 volts, ( 6 ) 10 volts, (c) 
20 volts. 

20. In Prob. 18, find h with a fi-volt d-c drop along the filament; Er, E„ Eb are 
measured from the negative end of the filament. 
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TRIODES, TETRODES, PENTODES * 

6.1 Negative Grid Provides Electrostatic Control of Space-Charge- 
Limited Current. In most vacuum tubes the electron current is space- 
charge-limited; its magnitude is determined by geometry and poten¬ 
tials within the tube, according to the space-charge-control principles 
of Chapter V. 

By modifying the grid potential of a triode, the voltage Cc -f {cb/ii) 
in (5-35) can be changed, and so the plate current changed. Since the 
grid is usually maintained, by means of a bias voltage, at a potential 
negative relative to the cathode, electrons do not reach it; the grid is 
not an emitter and so cannot release electrons. Carrying no electron 
curi-ent in either direction, its potential, and therefore the tube cur¬ 
rent, can be controlled with the expenditure of little or no power in 
the controlling circuit. The space-charge control of current so pro- 
^'ided in a negative-grid triode is electrostatic in nature, in that it is 
accomplished by modifying the electrostatic field within the tube. 
The only current demanded of the controlling circuit is that drawn by 
the interelectrode capacitances. 

6.2 Volt-Ampere Relations for Triodes.®'’ For reasons described in 
Section 5.22, the plate current of a triode should be expected to vary 
as the ?2 power, or the 5 2 power, of the voltage Cc + (cfeZ/i), or accord¬ 
ing to some intermediate relationship. A heater-type tube, having a 
uniform-potential cathode, may be expected to obey a power law. 
The effect of contact differences of potential is discussed in Section 8.25. 

It is found experimentally that for many triodes the plate current 
can be satisfact(^rily exi)ressed over the useful range of Cc and by an 
empirical oxpros.sion of the following form: 

lb ~ 0 H-^ (()-1) 

If this can be done, the current is a function of Cc + {cb/p)i rather than 
having some other type of dependence on Cc and e^. The value of ju 
in such empirical equations usually agrees reasonably closely with the 

See also bibliogrni)hy references 4B, C, E, 6.\, B. 5o, 6a to Gj. 
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value obtained from tlic dimensions l)y the mctliods of Chapters l\’ 
and V, especially with planar geometry. The exponent foi' a particular 
device is determinable from the logarithmic form of (O-l), as follows: 

login lb = log,,) G + 71 login ^ 

This has the general form ^ 

y = b + 77X ((i 

Ilcie 71 and logm G arc rcspecti^'eIy the slope and ii, axis intercept, of a 
logarithmic graph like that illustrated in Fig. 0.1/>. 


( 0 - 2 ) 




Cc+ 

(«) 


0 0.2 0.4 0.6 0,8 1.0 

(M 
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1‘IG. 0.1 Dependence of plutc current on the conipo.site voltage V), 

for a Western Electric type 101-F triode. The curve in (n) and the straiKht line in' 
{/)) repre.sent any one of the characteristic curves in Fi,;. 1.3. («) Plate current v.-. 
the composite voltage, (h) A logarithmic representation of («). 


To the extent that the different plate chai'acieristic C7irvcs, illustrated 
in Figs. G.2b and 1.3, are parallel to one another, that is, identical 
except for a horizontal shift, the plate current is a function of the 
voltage Cc + {Cb/fj.). To the extent that they are not so identical, the 
plate current is not a function of Cc + but has a more complex 

dependence on Cc, ^6- Figure 6.26 illustrates a kind of deviation, from 
the simple dependence on + (eb/fi), that is typical of most commer¬ 
cial triodes: the high-plate-voltage characteristics show progre.ssively 
gentler slopes, particularly near cut-off. One important cause of this 
is a variation in m from point to point along the cathode. 

Chaffee gives interesting discussions of other types of variations 
of actual tube characteristic curves from the simple shapes predicted 
by the analj’^ses of Chapters IV and V. 

The analysis of electric circuits containing tubes is commonly based 
on a graphical representation of the tube characteristics. Figures 0.2o 
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unci i}.2h uro suoli graphical representations for a 6C5G power-amplifier 
tiiodo. The curves of Fig. 6.26, called plate characteristics, show the 
variation of plate current with plate voltage for a variety of values of 
the grid voltage parameter; those of Fig. 6.2a, called mutual characteris¬ 
tics, show the variation in plate current in response to grid voltage 
<-hanges, plate voltage being the parameter. 

I’he prediction of electronic circuit behavior is aided by a knowledge 
of transconductance c/,„, amplification factor p, and plate resistance 



Grid volts, Cc Plale vo'ls, Cj 


(r») Mutual characteristic.s, (6) Plate characteristics, 

sometimes called transfer char- 
act(*ristics. 


P'lG. 0.2 Average characteristic curves, for tlie type 0C5G cylindrical-geometry 
triode. Note that, for any type of vacuum tube, the characteristic curves for any one 
individual tube may be expected to differ appreciably from the published average 
characteristics applying to that tube type. Circuit designs must be such as to 
provide .satisfactory opeiation with any individual tube of a given type, in spite 
of the variation in characteristics from tube to tube. 


r,„ defined in (o-18), (5-19), (5-20). in terms of the slopes of character¬ 
istic curt'cs. In triodes f;,„ and t'p are dependent on if,, but their prod¬ 
uct is reasonably constant and equal to the amplification factor p; see 
(5-47). 

Thv lowt'r end or cut-ojf point of each of the characteristic curves of 
Fig. ().2 is associated witli the condition = —juCc in Actually 

the various space-chargo-control equations tlo not represent accurately 
the manner of deci’ea.se (o the zero axis at rcry small current values, 
I)ecause of the efTecls of initial electron velocities; see Sections 8.18 
througli 8.21. 

6.3 Grid Current.I'kpnition ((>1), from the nature of its 
analytical devtdopinent, dcscril>es tlie variations in current from the 


ornn current 
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cathode, whereas the curves of Fig. 6.2 relate to plate current only. 
As long as the grid voHage is negalive, which is the normal condilion 



Grid wires occupy 
high-potential peaks 

(b) 


High-potential channels 
between grid wires 

(d) 


Fig. 6.3 Spuce-charge-flow potential ciistnlmtion in a triodn with llu- grid 

positive, showing divension of cunent from po-v^itive grid to plate at liigh plate 
voltages. See aU) Fig. 6.4. 


for many tube applications, there i 
grid voltages and low or negative pli 
of the cathode current may pass to 
the lower left portion of Fig. l.Sb in¬ 
dicate the magnitude of the cunent 
from the cathode there; although in 
this range the cathode current for 
the most part follows the space- 
charge-limited type of variation, it 
is divided between grid and plate. 
At slightly negative plate voltages, 
the giid current in some tubes ex¬ 
hibits an irregular dip below the 
smooth (6-1) type of curve; this is 
caused by an oscillating space-charge 
effect similar to that described in 
Section 6.6, dealing with pentodes. 

Figure 6.3 illustrates the general 
form taken by the potential distri¬ 
bution in a triode when the grid 
voltage is positive and the plate 


: no grid current. For positive 
te voltages a substantial portion 
the grid. Tlie dotted curves in 



Grid volts, ec 


Fig. 6.4 Typical grid cunent curvc.s 
for a triode. See Fig. 6.3 for potential 
diagrams?, for conditions .similar to tho.se 
at points A and C. 
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voltage 18 relati\'ely low. The grid wires occupy potential peaks, into 
which the streaming electrons “fall,” so that most of them fail to 
reach the plate. Figure ii.Sb is a potential section through the grid 
wires in a plane parallel to plate and to cathode. Because the grid 
wires occupy potential peaks in both directions, there is considerable 
grid current, i'his corresjjonds to conditions as at -4, Fig. 6.4. 

In contrast with this, the high plate voltage of Fig. 6.3c results in 
the existence of high-potential “channels” between grid wires, illus¬ 
trated in Fig. 6.3(/. The electrons tend to follow these channels in 
much the way that water follows channels dowm a steep hillside; thus 
the electrons tend to pass by on either side of each grid wire. However, 
electrons whose accelo’ation due to the field has aimed them almost 
directly at the grid will strike and enter it; furthermore, they arrive 
with energy enough to knock other electrons out of the grid. T. he field 
near the grid is such as to remove these secondary electrons at once to 
the plate, for the potential line slopes upward away from the grid 
wires on all sides. Thus the grid current is small, because (a) most of 
the electrons pass along the high-potential channels, and (6) those 
that do enter the grid knock others out, producing a secondary emission 
current.®*^ '’ This corresponds to conditions as at point C, Fig. 6.4. 

Certain voltage combinations in Fig. 6.4 make the grid current 
negative. This happens when each electron that strikes and enters 
the grid releases on the a\'erage more than one secondary electron. 
With a field like that illustrated in Fig. 6.3a there can be no secondary 
emission current, for secondary electrons appear in a field that returns 

them to the grid; .see also Sect ion (>.5. 

6.4 Tetrodes. The phito of a Iriode serves two functions: (a) in 
combination with the grid, it determines the electric field configuration 
within the tube, aiul therefore the magnitude of the space-charge-^ 
limited cathode current; {h) it receives the electrons at the end of their 
travel and starts them along a return circuit to the cathode. 

When a triode is used in an amplifier circuit, the plate’s two func¬ 
tions partly conflict with one another. Thus in the simple triode 
amplifier circuit of Fig. 1.1, an increase of grid potential causes an 
increase in plate current; the flow through the load resistance of the 
additional plate cuirent causes a downward change in plate voltage, 
which tends to reduce tlie plate current, because of the dependence of 
plate current on c, -h {ch,'n)- This behavior is treated analytically in 
terms of the “load line” circuit concept of Figs. 0.4 and 9.5. 

The use of a second grid at a relatively high d-c potential makes 
possible a separation of the electron-receiving and current-controlling 
functions of the plate us used in a triode, with resulting very substantial 
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increase in the voltage gain obtainable from a single tube; see t^hap- 
ter IX. Tins is one of the important reasons for the use of tetrodes 
and pentodes, having two and three grids respectively, in amplifier 
circuits. Another important reason for tlieir use is the minimizing of 
the interelectrodo capacitance as discussed in Section 4.16. 

ihe historical approach to the initial description of an engineering 
device, or even of a physical principle, is usually confusing and waste- 



fa) Geometrical arrangement (c) Screen-grid amplifier circuit 



ful of attention. However, here there is distinct merit in discussing 
first the “screen-grid” type of tetrode, now infrequently^ used, as an 
introduction to the treatment of pentodes. 


The geometry of a screen-grid type of tetrode is illustrated in 
Fig. 6.5a. The plate is normally operated at a higher potential than 
that of the screen. The dotted potential line in Fig. 6.55 terminates 
at about the lower end, the solid one at about the upper end, of the 
normal range of plate voltage variations; within this range the plate 
current is relatively constant. As long as the plate voltage is within 
this range, the few electrons that make direct hits on and therefore 
immediately enter the screen ^vires constitute the screen current. 



1 xo tr iodes, tetrodes, pentodes 

The others pass to the plate, because the gradient beyond the screen 
is positive. Tlius the ratio of screen current to cathode current is 
approximately the rather small shadow fraction of the second grid; 
most of the electrons pass to the plate. Thus, as in a triode, the plate 
leceives the electrons. 



I'iC. (i.(l Ciithodc curri'iit vs. (ilatc voltajic rurves. for a typv 24 tftroclr, a Sfimi- 
^riil tui)c; for the plate characteristic curves, soo V\^. 0.7. 



I'm. 0.7 IMatc cliaractcristic curves for a type 24 tetrode, a sereeii-grid luhe. 
I’his tul)e eiiiploy.s a unipoteiitial (heater-type) cathode. 

'^riie screen-grid potential takes over the part played by a triode s 
plate ijolentiul in determining the cathode current, so that the con- 

I rolling ^'olUlge is essentially Cci + ' • The second grid sliields the 


gsrn 


rii 


catliodo from tlie plate en'cctively enough so that changes in plate 
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vollagc modify only very slightly, if at all, Iho (Y,nivalont grid slieH 
potential ot the first grid. 

I Ins lack of control of plate voltage over cathode current is indicated 
>> t le essentially horizontal nature of the cathode-current cui’ves in 

Fig. 6.G. 

Within the normal operating range of plate voltages the screen 
current is small, so that the plate current is nearly equal to the cathode 
(airrent and, like it, is very little atTected by plate voltage variations. 
iMgure 0.7 is a set of plate characteristic curves that correspond to the 
cathode-current curves of Fig. 0.6, all being taken with the .screen at 
90 volts. Ihe useful part of this diagram is that above about 100 volts; 
m that region the curves have only very gentle slopes. 

6.6 Tetrode Characteristics; Secondary Emission.®' *’-'^ ^ \'aria- 
tions in plate voltage have very little effect on the cathode current of 
a tetrode, but they do affect very strikingly the division of the cathode 
current between screen and plate. Figures 0.9a, b, c, d, c, and / illus¬ 
trate the potential structure for various positions marked .1.1, 

CC, etc., on the one plate characteristic curve of Fig. 0.8. This curve 
corresponds to a slightly negative grid voltage, in a tube with proper¬ 
ties a little different from that used for Figs. 0.0 and 0.7; in particular 
It has a directly heated cathode, with a drop of several volts along the 
filament. Ihe screen- and control-grid voltages are the same for all 
conditions illustrated in Figs. 0.8 and 0.9, all variations in potential 
stiucture and in current being due to changes in plate voltage. 

At .4/1 the plate voltage is very slightly negative, so that no elec¬ 
trons can have energy enough to reach it; the plate current is zero. 
Electrons are emerging from the cathode in considerable volume; mo.st 
of them travel through the holes in the second grid, for by the time 
they reach the second grid their velocity is such as to carry them suc¬ 
cessfully through the considerable side-pulling field that draws them 
toward individual wires. But none can reach the jjlate, for an elec¬ 
tron cannot reach a lower potential than that from which it started. 

Each electron’s situation may be compared to that of a ball rolling 
down the smooth sloping side of a trough with a rounded bottom; if 
cannot acquire kinetic energy enough on the way do^\'n to cany it up 
the opposite slope to a point higher than that from whicli it started. 
A ball started dovm one side of such a trough at the bottom of which 
there are regularly spaced holes presents a more nearly complete 
analogy. ^ If the top of the opposite side of the trough is higher than 
the starting point, the ball may roll back and forth several times, first 
down one side, then up and down the other, and so on, before it hap¬ 
pens to drop into one of the holes. Similarly at AA most of the elef*- 
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ABC D E F 



III II ' 

ABC D E F 


Fig G 8 Plate and cathode characteristic curves for a screen-grid type of 
tetrode; see also Fig. 6.9. Directly heated filamentary cathode having several 
volts drop along the filament. Screen potential 45 volts, control grid potential 

— 1 volt. 
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trons oscillate back and forth between the two sides of the screen 

many times before finally entering the screen wires, as all must e\'en- 
tuallj'^ do. 

At BB the plate current is rapidly rising. There are two distinct 
reasons why in this portion of the curve a small increase in plate volt¬ 
age produces a large rise in plate current, as follows: 

(«) 7 hero iiiay be a potential drop of several volts along the filament of I lie tube; 
when as at BB the plate potential is near that of the midpoint of the filament, the 
electrons that .start from a filament section that is more positive tlian |.lu‘ plate 
cannot possibly reach the plate. Each increment of plate voltage inereases the 
length of the filament section that is lower in potential than the plate and .so able 
to supply electrons that can reach it. This effect is not pre-stuit in lubes with 
cathodes that are equipotential surfaces. 

(/j) Dispersion in passing the neighborhood of the .second grid makes it impo.ssible 
for all electrons tliat start from a potential lower than that of the plate to reach if.. 
All such have energy enough, if pi-operly directed, to bring them to the plat<‘, but 
many are deflected in passing between wires of tlie second grid, as described in 
connection with Fig. 2.2. This occurs to an extent that inak<‘s it. impo.ssibIe for 
many of them to get to a plate that is at a potential even several volts ahov(' that, 
of the point on the eatliode from whieli tliey start. ICaeli inei'case in plate* potential 
overcomes the lateral-deflection limitation of an additional groui> of (‘leetrons. This 
effect is present whether the cathode is an eejuipote'ntial surface or not. 


Before the plate voltage ha.s lisen far enough to permit the plate 
current to approach at all closely to its maximum share of the total 
current, an entirely dilTercnt elfect begins to distort the shape of the 
curve, as at CC. Here the plate voltage has just become high enougii 
for some of the electrons that strike and enter the plate to arrive with 
energy sufficient to “splash” one or more electrons out of the plate 
surface. As soon as the plate potential is from 4 to (i volts higher 
than that of the starting point, incoming electrons begin in this way 
to produce secondary emission from the plate Because the 
ejected electrons appear in a field which draws them toward the screen, 
the plate current becomes less, the screen current greater, by the 
amount of secondary emission current. This accounts for the pro¬ 
nounced dip in plate current just beyond CC. In general the sccondaiA' 
emission current at first increases linearly with the energy possessed 
by the “primary” electrons (those arriving at the plate), so that the 
initial tendency is toward a straight-line decrease of plate current in 
this region. 

Evidence of secondary emission disappears rather abruptly as the 
plate potential approaches and rises above screen potential, as beyond 
DD. Althougli incoming electrons at the plate may continue to be 
increasingly capable of ejecting secondaries, the plate potential is 
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higher than that of the screen, so that the electric field adjacent to the 
plate prevents any ejected electrons from leaving the neighborhood of 

the })late; they ijromptly reenter it. 

EE i.s about the beginning of the normal operating voltage range 
of the tube used for Fig. 0.8; EF is about the normal operating value 
of plate voltage, tliat is, the plate potential may ordinarily be expected 

to swing about cciually above and below FF . 

The plate characteristic curves of Fig. 6.7 are not quite horizontal 
in the opemling range; the gentle rise of plate current in this range is 
due to increasing secondaiy emission from the screen, the secondaiy 
electrons going to the plate. As this change is in the nature of an 
increase in tlie rcitio ot plate current to total curient, the actual change 
should l)e and is greater along the upper plate characteristic curves of 

Fig. 6.7 than along the lower ones. 

Jt is rather generally true, as for the variation just described, that 
each ordinate of any one of a screen-grid tube’s plate characteristic 
curves is a definite fraction, dependent on plate voltage, of a cathode 
current which is controlled by grid and screen voltages. 

6.6 Lowering of Cathode Current by Oscillating Space Charge. 
The curves of Fig. 6.6 bear out for the most part the statement that 
cathode current is independent of plate voltage. However, there is in 
these and in similar pentode curves a small but sharp rise in cathode 
current just above zero plate voltage. This section describes the 
change in space-charge disti ibution that causes this rise. 

The potential lines in Fig. 6.10a apply to a tetrode when the plate 
is slightly positive, and the plate current substantial, as at CC in Fig. 
6 .8. The space-charge density is greatest in the low-potential region 
between cathode and control grid, as indicated by the convex-do^^^l- 
ward flexion of the potential line tlicre. The potential lines in Fig. 


apply when the plate is slightly negative, so that all the current 
is flowing to the screen, as at A A in Fig. 6.8. All the electrons enter 
the second grid, but only after oscillating back and forth through it a 
number of times. Just before, during, and just after an oscillating 
electron’s reversal of motion, its velocity will be slow, therefore its 
contriI)ution to space charge substantial, because of the relation 
./ = pr. This re\ ersal occurs at low potentials, as between cathode 
and grid. Thus there is more spare cliarge between cathode and 
control grid than that corresponding to tl»e normal power poten¬ 
tial distribution curve. This makes (o-l2) no longer correct; the 
cathode current becomes distinctly less than that given by (5-12), for 
any given value of r,i. 
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Furthermore, there is a multiple-stream type of space-charge flow 
between the two grids, witli resulting substantial space charge in spite 
of the relatively high velocity of electron movement. "J'he oscillating 
electrons contribution to space charge between the two grids, also 
between cathode and control grid, tends toward downwai'd convexity 
of the potential distribution, therefore toward a lowering of the equiva¬ 
lent grid sheet potential of the control grid. Thus c,i is lower, also tlie 



Fig. 0.10 Reduction of cathode current in a tetrode (or a pentode) by oscillating 
space charge, (a) Conditions as at CC, Fig. 0.8, the plate being slightly positive. 
(6) Conditions as at AA, Fig. 0.8, the plate being slightly negative. Oscillating 
space charge lowers e* and al.so results in there being less current for any given e«. 

ratio of cathode current to c^i is lower, therefore the cathode current 
is less, for the AA than for the TC condition. 

At the current minimum just to the left of DD, Fig. G.8, there is 
again considerable screen current, especially when the total current is 
large. However, this current is due to secondary electrons that start 
from the plate, at a potential only slightly less than that of the screen. 
Their energy on approaching the screen is moderate; so that only a 
few (and rather low-amplitude) oscillations occur; the space-charge 
effect is moderate. Its disappearance accounts for the slight rise in 
total current as the plate rises above screen potential and thereby 
eliminates secondary emission from the plate. 

6.7 Secondary Emission Ratio; “D 3 modes.** Sec¬ 

ondary emission can be of considerable value, for example in photo- 
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multiplier tubes (Section 14.9), in television pick-up tubes, and in 
trigger and storage tubes.®/ In devices usefully employing secondary 
emission the electrodes from which the secondaries originate are often 
called '‘dynodes.” Figure 6.11 can be used to illustrate the depend¬ 
ence of secondary emission on plate (dynode) voltage, that is, on the 
energy with which the incoming or primary electrons strike the sec¬ 
ondary emitting surface. Plate (dynode) current cuiwes appear for 



Fig. 6.11 Dependence of secondary emission on plate (dynode) potential, as 
indicated by plate characteristic curves for a tetrode at different screen voltages, 
for constant cathode current. Cathode current is maintained constant by adjusting 
control grid potential to compensate for changes in screen voltage. Thus the equiva¬ 
lent grid sheet potential for the control grid is held essentially constant for all 
values of screen voltage. 

three different values of the second-grid voltage Cc 2 , but the control- 
grid voltage has been adjusted simultaneously with changes in the 
second-grid voltage, so that the cathode-current curve is the same for 
the three different values of €c 2 - 

The solid line OAEFCD describes the dynode current valuation 
when ec 2 = 120 volts. The line OABB'CD describes approximately 
the primary electron current to the dynode; that is, what the current 
might be if there were no secondaiy emission. Because there is no 
convenient way of measuring the primaiy electron current in tlie 
ABB'C range, the detail position of the ABB'C curve is estimated by 
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interpolation, deterininod so as to make OAIili'CI) appear smoothly 
continuous. 

Ihus, for the plate voltage as at HEB^ tlie current HB repiesents 

primary electron current; EB represents secondaiy emission current. 

1 he ratio of secondary omission current to primaiy currentis 
therefore 


Secondary emission ratio, 
for voltage as at JIEB 


EB 

Tib 


(0-4) 


J his latio is independent of tlic magnitude of the primary current; it 

depends on the energies of tlie primary electrons, and on the material 

and processing of the secondary emitting surface, in this case the 
plate (dynode) surface. 



Kig. 6.12 Plate (dynode) characteristic curves of a tetrode subject to pronounced 
secondary emission. Current goes to zero at the same plate potential for all values 
of control grid potential- Zero-current plate potential at M corresponds to a sec¬ 
ondary emission ratio of unity. 

Suppose that the second-grid potential becomes 160 volts, the 
control grid potential being simultaneously lovered so as to maintain 
the total current curve unchanged. The primaiy electron current is 
OABB'CD as before. However, secondary emission persists until the 
plate potential approaches that of the new second-grid potential, so 
that the new plate current curve OAEE'F'D follows the straight line 
EE'M farther than the old one did. 
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Jf ec 2 is still 'further increased with cathode current still held con¬ 
stant, the plate current curve passes through zero at M to negative 
values, then rises to the CD value. At point M the secondary emission 
ratio is unity. Figure 6.12 illustrates the form tetrode plate character¬ 
istics possessing negative plate currents have if the control grid poten¬ 
tial is changed, second-grid potential remaining constant; the similar- 



Fig. C.13 Illustrative clopcndence of the secondary emission ratio on primary 
electron energ>% for a metal surface. Much higher values of the ratio at the maxi¬ 
mum of the curve than shown here can be obtained by special surface processing 
and materials selection. This curve is drawn to be consistent with Fig. C.ll and 
is not inteiuled to describe the i)roperties of any particular surface. Note that the 
secondary emission ratio declines through 1 at a voltage much higher than that at 
the maximum. 

ity of the several curves indicates that the secondaiy emission ratio is 
independent of the primaiy current. 

In Fig. G.ll, the secondary emission ratio for plate voltage at 11 is 
EB/IiB\ for plate voltage at IB it is E'B'/H'B'; for plate voltage at 
M it is unity. Thus the curve EE'M is a locus from which the second¬ 
ary emission ratio can be determined, since the primary current is held 
constant along CD. For a still higher second-grid voltage, this locus 
.should be expected to have the general shape EE'ME"N, because the 
.secondary emission ratio eventually reaches a maximum, then de- 
(dine.s to less than unity again. Thus the maximum value of the 
secondary emission ratio would be E''B'*/IB*B”. ITsually the maxi- 
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muni value of llie secondary omission ratio is between 2 and 7, and 
occurs at a primary electron (‘iiergy of several hundred electron volts. 

Figure (>.13 illustrates tlie general nature of the dependence of 
secondary emission ratio on primary electron energy, for metal dy- 
nodes; it is drawn to be consistent with Fig. 0.11. Special vacuum 
processing technicpies are employed to produce the larger values of 
secondary emission ratio; it is very difficult to control the materials 
and processing precisely enough to make the secondary emission 
curves closely reproducible from tube to tube, for liigh-ratio surfaces. 
Also, a given dynode may exhibit changes in its secondary emission 
cui've from time to time, depemling on the temperature, the short-time 
and long-time history of currents used, and various other factors.'^'' 
Note that the decline from the maximum occurs slowl 3 ^ The decline 
through unity secondary emission ratio will in general take place in 
excess of 2500 volts, and for some substances at as much as 15,000 
volts. 


Dynodes having secondary emission ratios in excess of unity can 
provide current amplification, as in photomultiplier tubes (Sec¬ 
tion 14.9), cathode-ray televi.sion camera ("pick-up”) tubes,^^’ and 
shaped-wave-form dynatron oscillators (Giacolleto,*®* al.so Section 
10.13). The crossing of the Fig. 0.13 type of curve from below to 
above unity permits designing circaiits having two stable states, 
transfer from either to the other being caused by a transient pulse 
voltage. This feature is made use of in fast switching or "trigger” 
circuits and in cathode-ray tulies u.sed for digital computer memory 
devices. 

6.8 Pentodes; the Constant-Current Property. Pentodes rather 
than tetrodes are commonly employed when the advantages accruing 
from a second grid are to be employed. Pentode plate characteristics 
are essentially constant-current curves; see Fig. G.156. The Chapter 
IX circuit analyses show that the constant-current property permits 
amplifier voltage gain per stage to be of the order of a hundred or so, 
as compared with voltage gains of the order of 10 or 20 obtainable 
with triodes. 

As ordinarily used, the term pentode is applied to devices, otherwise 
similar in arrangement and principle to screen-grid tubes, in which a 
third grid at cathode potential is introduced between the second grid 
and the plate to "suppress” secondary emission; see Fig. 6.146. As 
illustrated in Fig. 6.14a, the important result of the suppressor grid’s 
presence is to produce a potential valley between second grid and 
plate. This makes the gradient just outside the plate such as to drive 
back into the plate any secondary emission electrons. It also makes 
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the gradient adjacent to the second grid such as to drive back into it 
any secondary emission electrons that might appear there. As no 
secondary emission from the plate occurs, the dip in plate current at 
modest plate ^'oltages that is characteristic of a screen-grid tube is 
eliminated. As no secondary emission from the screen occurs, the 





Fig. 0.14a Potential diagram for a pentode showing at the plate a positive 
gi tuHent which prevents secondary' emission. 



Fig. C.14/^ 


Pentode amplifier circuit diagram 


to tlie cathode. 


showing suppressor grid connected 


gradual rise of plate current to and above cathode current, at high 
plate voltages, is also eliminated. 

Figures G.loa and 6.156 are typical mutual and plate characteristic 
curves for a voltage amplifier pentode. The detail shapes of such 
curves at low plate voltages are, as in screen-grid tubes, jointly de¬ 
pendent on (a) electron dispersion in passing through the grids, and 
on (6) the fact that the electrons may not all start from the same 
potential. At higher plate voltages the division of current between 
screen and plate depends chiefly on (c) the shadow fraction of the 
screen, which measures the probability of direct hits on it in the 
absence of electron deviation by the field, and on (d) the effects of 
first and third grid and plate potentials in establishing a potential 
configuration near the second grid which tends to divert electrons into 
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the second giid. In scieen-giid tubes, but not in penloiles, (here are 
two additional elTects: (c) the flow of secondary electrons from plate 
to screen, and (/) the flow ol secondary electrons from screen to plate. 

All these influences are alike in that they act to modify the fraction 
of the cathode current that reaches the plate. This fraction is aiiproxi- 
mately the same for a given plate voltage, regardless of the magnitude 



(a) Mutual cliaracteris- ((,) Plate characteri.stic curvc.s 

tic curves. 


Fia. 6.15 Average characteristic curves, type 6SJ7 tube, pentode conm-clion, 
witli second grid potential 100 volts. This shows the essential constancy of plate 
current over a wide range of values of plate voltage. 


Note that, for any type of vacuum tube, the characteristic curves for any one 
individual tube may be expected to differ appreciably from th(! published average 
characteristics applying to that tube type. Circuit designs must be such as to 
provide satisfactory operation with any individual tube of a given type, in spiti* of 
the variation in characteristics from tube to tube. 


of the cathode current, until the cathode current becomes large enough 
to make space charge effects important, as in beam power tetrorles. 

In summary, for pentodes and screen-grid tubes, (1) control-grid and 
screen-grid potentials determine the magnitude of the space-chai'ge- 
limited cathode current just the way control-grid and plate voltages 
do in a triode, and (2) the plate voltage, in relation to grid potentials 
beyond the first, determines what percentage of the cathode current 
shall reach the plate. 

Hence all plate characteristics for a given pentode or screen-gri<l 
tetrode may be expected to be alike in shape, their ordinates being re¬ 
lated by constant ratios. In contrast to this, plate characteristics for 
a triode are alike except for a horizontal shift. 
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6.9 Energy Dissipation at the Plate and at Grids/''-^ A space- 
charge-liniilecJ (*iirrent consisls of electrons which fall freely from their 
point, of origin at the cathode to the point of entry into the plate, or 
into a grid if then' is present a grid at a positive potential. Each one 
arrives witli an amount of energy measured, in electron volts, by the 
potential difference between the electrodes. Upon striking, this en¬ 
tire amount of encigy is converted into heat, just as the kinetic energy 
of a falling pebble is converted into heat Avhen it strikes the ground. 

The total rate of energy conversion into heat at the plate, called 
phtc dissipation, is the product of the energy brought in per electron 
by the number of electrons arriving per second. The rate of electron 
arrival at the plate is measured by the current 4 to the plate, and the 
energy of each by the potential difference through which the elec¬ 
trons have fallen, so that the rate of heat generation at the plate sur¬ 
face is €bii watts. Note that this is an instantaneoxis rate; as and ib 
change with time, the average plate dissipation is the time average of 
the product Cbib- If secondary emission from the plate is important, 
the cui-ient employed in determining plate dissipation must be the 
primary electron current. 

The temperature of the plate must rise; as it is located in a vacuum, 
radiation accounts for most of the heat removal. Heat radiation from 
the plate increases as the fourth power of the temperature, so that in 
general only a moderate temperature rise is enough to produce equi¬ 
librium between electrical power input and radiant heat output. Be¬ 
cause graphite is a better radiator of heat than most metals, graphite 
plates are often used to permit operation at high current densities and 
high voltages. It is of course desirable to arrange the geometry so as 
to permit direct outward heat radiation from the plate to surrounding 
objects. Tubes with water-cooled anodes, or with air-blast-cooled 
radiating fins, are commonly used in radio broadcasting transmitters. 

If there is present a grid at a positive potential, its instantaneous 
grid dissipation is the product of the grid potential by the current 
carried b^^ primary electrons originating at the cathode and entering 
the gritl. Thus in Fig. 6.4, along the curve for Cb = 900 volts, the grid 
current at Cc = 200 volts is negative, yet there will be at those voltages 
substantial grid dissipation. 

6.10 Beam Power Tetrodes.®*-'' In beam power tetrodes (e.g., the 
6 L6 tube) potential distributions which suppress secondary emission 
from the plate are obtained without the use of a third grid. The nega¬ 
tive space charge of the electron stream is employed to produce the 
potential minimum between screen and plate that the suppressor grid 
provides in a pentode; see Fig. 6.16. As long as such a minimum exists, 
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no secondary electrons pass from plate to the second grid, or vi.'e ver.sa. 

The potential minimum m case of “space-charge suppression” of 

secondary emission may or may not drop to zero voltage. Plate chai- 

acteristic curves of beam power tubes are ciualitatively similar to those; 
for pentodes. 

The essential reeiuirements tor space-charge suppression of secondai-y 
emission, of the type employed in beam power tubes, are: 

(tt) Between screen and plate, electron How must take place in a henni of Iii^li 

enough concentration so that space charge makes an appreciable contribution to 

the convex-downwanl flexion of the potential distribution curve. 

(b) The plate must be located far enough beyond the .screen to permit the convex- 

downward flexion to produce a minimum in the potential <listribu1ion cui ve bet w(>en 
screen and plate. 


A detailed analysis requires solving (5-0) with new boundary 
conditions, see Chapter III, in FundamcntnJs of Physical Electronics, 

It is also a characteristic of 
beam power tubes that each wire 
of the second or screen grid is 
located in the shadow, so to 
speak, of a wire of tlie first grid. 

The electron optical focusing 
action of the control grid then 
tends to pass flat electron beams 
between the wires of the second 
grid. This keeps the primary 
electron current to the screen 
substantially below the shadow- 
fraction share of cathode current, 
and therefore the screen dissipa¬ 
tion is modest even at high screen 
voltages. 

6.11 Pentagrid Tubes.®' Figure 6.17 illustrates the potential dis¬ 
tribution in a space-charge-control tube employing five grids, called a 
pentagrid mixer because of the nature of its use in radio circuits. 
Cii’ids 1—1 and 3—3 are called the first control grid and the second con¬ 
trol grid. 

The cathode current is determined primarily by grids 1-1 and 2-2, 
as in a pentode. ^lost of the cathode current passes through 2-2 un¬ 
hindered. If the potential of grid 3-3 is only slightly negative, the 
potential distribution in the 3-3 plane resembles Fig. 6.18. The 
shaded area indicates qualitatively the effect of space charge. Space 
charge can be important in the 3-3 neighborhood, because the electrons 



Fig. 0.10 Potential diagram for a 
l)(*am power tetrode, showing the poten¬ 
tial dip, between second grid and plate, 
that provides space-charge .suppre.ssion 
of secondary emission. Compare with 
Fig. 6.14a. 
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ai'G traveling slowly. Capacitances C 23 and C 34 , greater than 023 
and C 34 by the factor %, should be used in a quantitative analysis. 

Under conditions as in Figs. 6.17 and 6.18, nearly all the electrons 
that pass the 2-2 grid will reach and pass through the 4-4 grid; only 



Distance 


Kig. ().17 Potontinl distribution diagram for a pontagrid mixer, for e.xample, the 
type ()L7 tube. 



Kkj. 0.18 Potential di.strilmtion in the plane 3-3 of the third grid of Fig. 0.17. 


a few will be turned back, by an electron rejection process similar to 
that described in Section 2.4. Thus, an increase in above its value 
in Fig. 6.18 Avill not appreciably increase the plate current. This con¬ 
dition is that at ^1.4 in the tliird-grid control characteristic curve set 
of Fig. 6.19; the shapes of these curves correspond to the assumption 
of constant values of Cc 2 and ec 4 . The grid 5-^ serves the same purpose 








pentagrid tubes 



as a suppressor grW in a pentode. At normal plate voltages, the plate 
potential has negligible effect on the plate current. 

If e .3 is made more negative than its value at .1.1, the maximum 
potential in the 3-3 plane drops. A sorting process similar to that 
descnbed in Section 2.4 results in many of the electrons’ being .sent 
back to the 2 2 grid. Thus the second control grid 3-3 is used to de¬ 
termine what fraction reaches the plate, among the electrons that, 
pass 2 - 2 . 



Fig. 6.19 Mutual or transfer characteristic curves, it, vs. illu.strating the 
control of plate current exercised by and c.g in a pentagrid mixer. Fig. 6.17. 


A pentagiid mixer be used us u small-signal multiplying device. 
To show this, note that small variations of <^3 about a bias value, as 
at BBj Fig. 6.19, will result in corresponding variations in plate cur¬ 
rent, as determined by the suitable transconductance. That is 




all voltage.s constant except 




is the slope of a plate characteristic curve at such a point as BB. d'his 
slope, and therefore the transconductance Qps, are proportional to the 
plate current that flows after Ccs has risen to a value such that it ceases to 
control the current. Thus, for small a-c variations Cgg, ip, Cgi of the 
quantities Ccs, 4 , ^ci 



ip = Constant X 
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As usefully eiu|>loyca, a small high-frequency (radio-frequency) 
signal c,, is applied lo the first- control grid, and a small lower-frequency 
signal cVi fo tlie second control grid. Thu.s the plate circuit carries a 
signal at I'adio frecpiency f\ VKxhdatvd at a lower frequency rate/ 2 . 
The important, component in the modulated signal is that having the 
flitference frcciuency fx -A; filtering action of the output circuit 
selects this component from among the others. 

Thifortunately, there is in most pentagrid mixers only a very limited 
range of values'of e ,3 over which the cuives of Fig. 6.19 are essentially 
straight slant lines, so that strictly linear modulation results only if a 
very small signal voltage appears on each of the control grids. 

In a 'pcntaQvid converter for example the 6A8 tube, grids 3, 4, and 5 
function much as grids 2, 3. and 4 do in the pentagrid mixer. No sup¬ 
pressor is employed. The second “grid’’ consists merely of a pair of 
small round rods or posts located between the first and third grids, 
and opposite one another diametrically. These posts and grid 1 are 
normally connected to serve as the amplifying element of an r-f oscil¬ 
lator. The oscillator action swings the voltage of grid 1 rather ^videly, 
causing a large-signal variation in the electron stream passing through 
grid 3. As this tube is commonly used, the multiplying action of 
grid 4 is used to convert a signal at an input frequency/i at grid 4 to 
a plate circuit output frequency/s - fi — / 2 » where /2 is the frequency 
generated in the oscillator circuit employing grids 1 and 2. Thus the 
circuit in which the tube is used is called a frequency converter circuit, 
giving I'ise to the name pentagrid converter for the tube itself. 


PROBLEMS 

1. Using equation (6-1) and the definition of Vp, show that rp = (jiCe + eb)/nib. 

2. Plot values of et vs. Ce necessary to keep h constant at 8 ma, as €e varies, 
for the triode of Fig. 6.2. From this graph of eb vs. Cc at constant plate current, 
determine fj. at 8 ma, as defined by (5-18). Repeat for 2 ma, and for zero current 
(cut-off points). \\’hich of these values of x is most useful? 

3. Triode of Fig. 1.5; Ec = +30, Eb = +50; cun-ent space-charge-Hmited, 
a = 0.8 mm, cathode area 1 sq cm. 

(a) Hy Clmpter V methods, find ju, E,; construct the potential distribution 
diagram, using appropriate construction lines; sketch fillets carefully. 

(h) Estimate wluit percentage of the total tube current will be grid current, 
not considering the possibility of secondary emission from the grid. 

(c) Determine plate current and grid current, proportioning them in accordance 

with (5). 

4. Determine, from the Fig. 6.15 plate characteristics, four points on the 
Eb = 100 mutual characteristic curve; draw this curve on graph paper. From its 
slope at Ec = —3, determine Similarly for the Fig. 1.3 tube find gm at Ee - 
-8, Eb = 130; for Fig. 6.2, at Ec = -8. Eb = 200; for Fig. 6.7, at Ec = -3, 
Eb = 300. Determine rp at those same points, from the slopes of the plate chai> 
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obtained with s obtained for tfio same points „,s a = -AiV'AhV, where a/.', 

^E. are differences in plate and grid voltage values measured at eonstant emr... t' 
between adjacent plate characteristic curves. 

6. Sketch carefully, approximafely to scale, the potential distribution diagram 
for a planar tetrode, current space-charge-liniited. Dimensions and potentials are- 
first grid 0.5 mni from eathode, 1.0 mm from seeoml grid, 2 mm from plate- E , = 

+8 £.2 - +100. Eel - -6, Ee, = -fll5, Ei = +70. Find f, and iniai 
cathode area is 4 sq cm. “ 

6. Tube and voltages as in Prob. 5. (cathode current) is 21 nia per s., 

1 nia out of the 21 enters the screen as screen <-ur,ent. F,,,- ea,-h <-h-clron th-.l’ 
strikes the plate, one electron leaves the plate by s,-<-ondarv emission - thus = n 
Secondary electrons are assumed to b<- emitl<-d with negligibh- initial v,-locities 
and to flow directly to and into the .sen-en. Find tin- spa.-c-<-harge d.-nsily h-,lf-«-,v 
between screen and plate. 

7. Tetrode voltages and diinen.sions as in Pioh. 5. except that the plate is moved 
back to provide 4-mm spacing between second grid and plate, in or.ler to permit 
the beam power tube type of space-charge suppressi.)n of secondary <-missi<,M 
described in Section 6.10. Sketch the new potential distribution diagram showir.g 
a potential minimum at 60 volts between second grid and plate, the lo’cation of 
this minimum being estimated during the sketching process. From your skel.-l.ed 
curve, determine graphically the ilexion of the potential distribution curve at the 
potential minimum, thus determining the sjiace-eliarge densitj' there. I'sing this 
and the potential at the minimum, find the plate eiirrent density. To find whet Iht 
your curve is self-consistent, determine similarly the .space-charge density and It.,* 
current density at two other points, re.spectively, towar.l the second‘grid and 

toward the plate from the minimum. For a sidf-consistent curve, the current 
will be the same at all three points. 

8. Tetrode: equivalent electrostatic circuit C”.s are: CV = 4, Ci 2 = 2 T = 2- 
Cl = 18, C 2 = 25 (micromicrofarads). The .second grid is connect<'d dhcHly \i> 
the cathode; then, with the cathode unheated, 14 rms volts a-c are apjilied between 
plate and cathode. What is the a-c voltage between the fir.st grid and the cathode'' 

9. Tetrode: plate and cathode current curves as in Fig. 6.20; = —2 

(a) About what is the screen voltage Cc 2 , in Fig. 6.20? 

(5) Estimate secondary emission current and primary curri'nt to the plate 
for Bb at AA. 

(c) Sketch plate current curve for = 280, with e^i changed to whaleviM- 
new value will keep the eathode current essentially as before. 

Cathode current, - 2 
A 



80 Ai 160 240 

-Cfc. volts 


320 


400 


Fig, 6.20 Tetrt)de plate and eathode eun-ents. 



108 


TRIODES, TETRODES, PENTODES 


(f/) Sk('t(li plato current curve with <7^2 unchanged, but Cd made sufficiently 
infire negulive to reduce cathode current to H it® value in Fig. 6.20. 

(c) Explain the slight rise in cathode current just to the right of AA. 

10. Planar pentode: potentials are Ed = —10, Ed = 100, Ecs = 0, Eb — 70, 


Ed = 0 , Ed = 00 , Ed = 20 . *. .. 

(tf) Sketch carefully, to scale, the potential distribution diagram 


Electrodes 


equally spaced. . ^ //^ 

(b) Assuming C 12 = ^ 23 , determine the ratio C 2 /C 23 . 

(c) Grid is 0.3 mm from cathode; find cathode current density. 

(d) Find grid-plate transconductance g^, for voltages stated, if the second grid 
intercepts H of the cathode current, using the fairly good assumption that the 
behavior is similar to that in a triode, with Ed playing about the same part in 

current determination that Eb does in a triode. 

11 Cylindrical pentode: current space-charge-limited; length 10 cm; radial 
dimensions: r* = 1, r„ = 4, r ,2 = 6. r,3 = 9, = 11 (millimeters). Potentials: 
Ed - +25, Ed = +400, Bss = +50, Ed = 0, Eb = 200. Shadow fractions 0,1 

for all grids; ni “ « 2 , C\ = IOC 12 . 

(a) Find: Ck', C 12 , C 23 , Cp, Ci, C 2 , C 3 , Ed, Ed, rn, 712 , ns, Ri, R 2 , Rs- 

(b) Find cathode current; find grid-plate transconductance gm by an approxi¬ 
mate method that assumes Ed constant as Ed changes; assume second-grid electron 

intercept fraction is the shadow fraction. 

(c) Find transconductance without using this approximation. To do this, 

assume an incremental change in Ed, then find corresponding changes in Ed, 
Ed, Ed, and cathode current. This can be done by using either a numerical 
increment or an algebraically expressed increment that is allowed to approach 

z('ro as a limit. 

(d) Find potentials at points midway between grid wires, all grids. 

(c) Draw to scale the potential distribution diagram, using appropriate con¬ 
struction lines, and sketching fillets in accordance with (d) potentials. Construc¬ 
tion lines are of course logarithmic except between cathode and first grid, where 
must be employed. 

12. For a planar tetrode, derive expressions for location and potential of a q 2 
plane between second grid and plate, properties similar to the triode q plane. 

13. Planar tetrode spacings as in Prob. 5: shadow fractions 0.1; 20 wires per cm, 

for both grids; Ed — ”9, Ed = +115, = +70. 

(a) Using a q 2 plane, as in Prob. 12, reduce this tetrode to an equivalent triode, 

in which the ^2 plane is the plate, £,2 the plate voltage. This will involve a M+actor 
C’.y/Cp which should be evaluated tvithoui determining cither Ci or Cp, 

(b) By tlie metliod associated with Figs. 5.4 and 5.5, reduce the triode of (a) 
to an equivalent diode, an<l in this way find Ed- 

(r) \A’ork backward to find Ed^ 


14. Using in inciples illustrated by Prob. 13, derive a general expression for Ed 


in a tetrode, of the form: 


Ed = 


rp . ^*-2 4 . 

«ci + -p + X 

_ Aj Ah 

1 1 1 


wliero the .I’s arc combinations of Ck% Ci, C 12 , etc., in general similar to #i-factors. 
('I'ho forms of the A’s in terms of the C’s should bo found.) 

16. Extend the Prob. 14 treatment to apply to a pentode. 


CPIAPTER VII 


THERMIONIC CATHODES * 


7.1 Electron-Emitting Efficiency of a Cathode Surface. The cath¬ 
ode sui faces of thermionic devices are made of special materials \vhich 
when heated to high temperatures release electrons (thermionic emis¬ 
sion) in mucli the way that hot water releases water molecules (evapo- 



Fig. 7.1 Power-emission cliart, cooniiimte warping bns(‘(l 
tion (7-2) for thermionic current den.sity. 


on Dusliinan’s (M|ua- 


ration). The current in most high-vacuum apparatus is space-charge- 
limited, so that the basic requirement for a cathode is that it must 
be able to provide by thermionic emission at least the maximum 
space-charge-limited current demanded by the normal electrode po¬ 
tentials.^^- 

* The design and processing of thermionic cathodes is at least as much an aii as il 
is a science, and much of the <*\isting knowledge is of a factual, empirical nature. 
See the Chapter VII bibliographical references foi- tletails. 
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('nUin{l(‘s nro hoatc'cl electrically; it. is important to use materials and 
arrangements of parts that make the requisite thermionic current 
available with a minimum of heating power consumption. The more 


efficient cathode surfaces are somewhat fragile, having a limited life, 
and many of them are more or less easily damaged by the presence of 
small amounts of gas in the tube. Hence the element of judgment is 


important in selecting the proper type of cathode for a given service; 
power consumption and life requirements must be properly balanced. 
The electron-emitting efficiency of a cathode is measured by the 

Thermionic amperes available 

(7-1) 


Power for heating, in watts 


Both numerator and denominator may be expressed per unit area of 
cathode surface. Figure 7.1 illustrates the variation of thermionic 
current with power input for three different types of cathode surface, 
plotted on a special set of coordinates which makes all the curves sub¬ 
stantially straight lines. These curves represent graphically the com¬ 
bination of two basic relationships, one between thermionic current 
density and temperature, the other between temperature and power 
consumption. 

7.2 Dushman’s Equation Relating Thermionic Current Density 
and Temperature. The mathematical expression of the first of the 
two relations just referred to will be called Dushman’s equation, 
expressible as follows: ^a.b. o.a.fr 

J,^ = AnT- (7-2a) 

/ E\y\ 

J,H = A^^T~ exp j (7-2b) 

J,h = A„T'- oxp (7-2r) 


in which Jih = thermionic current density in amperes per unit area. 

Aq — a semiempii'ical constant; its units are: 

.\mperes per unit area 
(Degrees Kelvin)^ 

T = temperature of the cathode in degrees Kelvin (degrees 
centigrade -|- 273). 

/.• = Boltzmann’s universal gas constant; its value is 1.380 
X 10“^^ joule per degree Kelvin.** 
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Qe = 


E\v = 


bo — 


Er = 


the eleetronic charge, 1,002 X 10-‘“ coulomb per 
electron. 

an empirical constant of the emitting surface, called its 

loork function, measured in electron volts. 

work function measured in temperature units; = 

Eiyq^/K\ 

the voltage equivalent of temperature, tlefined by the re¬ 
lation 

Erqc = hT (7-3a) 


which reduces numerically to 


Er - - 


T 


11,010 


(7-36) 


/Iq is called semiempirical because theoretical considerations indi¬ 
cate it should have the same value for all homogeneous metal sur¬ 
faces, a prediction reasonably well substantiated by experiment.’^-***^‘'' ** 
Theory also correctly predicts its order of magnitude. By a homo¬ 
geneous metal surface is meant one whose behavior is not complicated 
by the presence of surface layers of different, composition from that of 
the underlying metal. 

In (7-2a) the numerator of the exponent, Ewqc, describes in joules 
per electron the kinetic energy which must be given to a most favorably 
situated electron within the metal to enable it to escape through the 
metal surface to outside space. This energy is roughly analogous to 
the latent heat of evaporation, per molecule, of a liquid at some 
temperature below the boiling point. For example, the equation re¬ 
lating the vapor pressure of the mercury vapor inside a mercury rectifier 
to the temperature of the pool of mercury in the base of the tube (see 
Table XVII) has an exponential factor similar in form to that appearing 
in (7-2). 

The work function Eiy is a measure of the required energy of escape in 
electron volts; its value is usuallj’’ between 1 and 6 or 7 volts, varying 
with the material and processing of the surface. Tables of emission 
constants sometimes give values of E\y, sometimes of 6o; see Table VI. 

7.3 The Voltage Equivalent of Temperature. The electrons, ^vhile 
within the metal and immediately after emerging from it, behave con¬ 
siderably like the particles of a gas heated to cathode temperature, in 
that they have randomly directed velocities of various magnitudes, the 
ave!*age velocity depending on the temperature. The (|Uantity kT in 
the e.xponent of (7-2a) is a definite amount of kinetic energy, in joules 
per gas particle or per electron, which is characteristic of the temper¬ 
ature T in a very fundamental way (see Chapter XII). The coire- 
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spondiiig characteri.stic random velocity will be called f (zeta), defined 


1 ) 3 ^ the relation 




m being the mass of one particle. The voltage equivalent of tempera¬ 
ture, Et, is as used here the characteristic energy kT measured in electron 
volts, as indicated in (7-3). This meaning applies equally well whether 
the particles are charged or neutral. The extent to which the energy 
kT, or Et, characterizes the temperature cannot be fully appreciated 
without a study of theoretical thermodynamics,but it is 
possible to illustrate its importance in several specific ways, as follows: 


(a) kT is the kiuetic energy, in joules, associated with the most probable total 
translational velocity of any particle in an ordinary gas at temperature T.‘*a.b.c 
T his statement means that, if one were to make a record of the magnitudes of the 
velocities, regardless of direction, of all the gas particles within a given volume 
at a given instant (a “snapshot observation throughout a volume'^* more particles 
would be found to have velocities near f than similarly near any other value. 
It also means that, if a random selection of one particle were made from the interior 
of the volume and its velocity noted, the chance of the velocity’s being near f 
would be greater than for any other velocity. 

(/)) The familiar ideal gas law, PV = RT, can be written 

PV = NkT (7-5) 


where P = pressure, newtons per square meter. 

V = volume, cubic meters. 

N — total number of gas particles in the volume. 
kT = as above, the characteristic particle energy for temperature T. 


(r) If the translational thermal motions of the particles of an ordinary gas are 
segregated into or-directed, y-directed, and r-directed components, the average 
energy associated with each of these three “degrees of freedom’’ of motion is 
hkT joules, or \Et electron volts. Hence the average total kinetic energy of each 
gas particle in monatomic gases, such as helium, neon, argon, mercury vapor, and 
sodium vapor, is •§£' 7 ’, three times the value for each of the 3 degrees of freedom. 
Molecules of a diatomic gas are dumbbell-like and have 2 additional degrees of 
freedom of motion, one vibrational, one rotational, so that the average kinetic 
energ 3 " per particle is ^Et volts. Thus at 40® C the average air-particle energy is 
273 + 40 


5 


1 


llOlO 


X - = — electron volt. 
2 15 


(d) If an obscrvei* were to record the velocities with which each gas particle that 
arrives hits the wall of an enclosure for a definite area and period of time (“time 
exposure over a surface’’; see Section 12.0), the average normal-to-tho^urface 
energy at impact would be found to be just Et electron volts. This is greater than 
t he overall average energy of normal-to-the-surface motion (^^r) because the high- 
velocity particles move faster than the low-velocity ones, therefore hit more often, 
and arc counted more times in a second. 

(e) If t he time-cxposurc-over-a-surfaco observer in (d) above were to analyse his 
records of y- and z-directed impact velocities, both being parallel to the surface, 
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their average energies would be just eacl., for rapid or z-,Iireete.i .notion l.as 
no tendency to increase the number of impacts against a y, z surface. Hence tin- 
average total energy at impact on a sui face is 


hr + \Et + \Er = 2 Et {7-tJ) 

All the relations just described can be slioun to be true by means of 
the Maxwellian velocity distribution equations given in Chapter XII 

7.4 Energies of Escaping Electrons. It has been experimentally 
demonstrated that as electrons emerge from a hot emitting surface 
their random velocity distribution is that of the particles of a perfect gas 
'I'he average energy of emergence, that is, 

Tot al ener gy brought through the suiface pci second 
Number of electrons emerging per second 

has been found to be 2Er and is divided between the tliree components 
in accoidanee with (/—G). For example, the electrons emerging from 
a cathode whose temperature is 2320° K have on the average an out¬ 
wardly directed kinetic energy of 0.2 electron volt. Ordinarily only the 
outwardly directed energies, of average value Er, are of interest. 

1 hus the energies of escaping electrons are in all ordinary devices 
small relative to those acquired later from the electric fields. ' Cathode 
temperatures usually range between 1000° and 2500° K, corresponding 
to energies betw'cen about 0.1 and 0.2 volt, whereas jjotentials inducing 
flight betwx^eu electrodes are many volts, and often many hundreds of 
volts. Thus initial velocities of emission are ordinai’ilj'' of little or no 
consequence; circumstances do exist, however, tliat give them im¬ 
portance. They have been entirely neglected in the discussions of 
spa(;e-ciiarge-limited currents in previous chapters. 

7.6 Graphical Evaluation of Emission Constants. Dushman’s 
equation can be written: 


In J2 In 


i) = 

rJ 


In Ao - 6o ( ^ 


(7-7) 


and experimental data relating temperature to thermionic current 
density represented by plotting l/T horizontally and In Jtk + 2 In(l/r) 
vertically. This results in straight-line relationships, of the type illus¬ 
trated in Fig. 7.2, for a variety of substances. 

Figure 7.3 is a somewhat more easily readable representation of the 
set of facts that appear in Fig. 7.2. The straight lines that represent 
the thermionic properties of individual types of surfaces are exactly 
the same in the two figures, but Fig. 7.3 has a direct-l eading coordinate 



20J 


THERMIONIC CATHODES 



Fig. 7.2 Logarithmic temperature-emission chart, illustrating method of deter¬ 
mining thermionic emission constants. For each line the slope is 6o, and the infinite- 
temperature intercept is In Aq. Plotted according to (7-7), except that here 
and Ao are in amperes per square centimeter rather than per square meter. 



8 / 8^8 8 8 8888 ^ . 






- - iSSa 

CJ 40 O 40 o O 
csi cn fn ^ 40 


Temperature. Oeg. Kelvin 


WH CM 




Fia. 7.3 Direct-reading temperature-emission chart with warped coordinate 
lines (compare with Fig. 7.2). 
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system. Each line corresponds to the graph, 
Fig. 7.2, of an equation of the form 


on the coordinates of 


In + 2 In 



onstanl -f 2 In ( ~ 


"Q 


(7-8) 


where the constant is a selected value of In 7,,. The tendency of the 

various straight lines to focus at a common point suggests the universal 

nature of the constant .lo, for In .to for any line is the intercept at 
1/r = 0, or T = 30. 

An early alternative for Dushman’s e(iuation is known as Itichard- 
son’s equation; ’«-22.7c form, explained later, in Section 12.15, is 


Jth = n7’'-exp ^ 


(7-0) 


a and h being empirical constants. The exponent has the same general 
significance as in Dushman’s equation, and b is, like f.,,, the work func¬ 
tion measuied in temperature units. A graphical representation of 
Richardsons equation, similar to Fig. /.2, would employ along the 
vertical scale the quantity lnJ,/i+ 5 In (1/7’)- 

Experimental data give equally satisfactory straight lines on either 
type of graph, or for that matter on one in which the vertical scale is 
simply In J because the effect of the exponential factor completely 
overshadows that of or T'K The thermionic properties of an emitter 
can therefore be described by a set of empirical constants corresponding 
to Dushman s equation, as in table VI, or by a coi’responding set 
based on Richardson’s equation, or by a set based on any reasonable 
value of the exponent of the T factor, including the zero exponent. 

The preference for Dushman’s equation is based on theoretical in¬ 
dications that it is the correct form,'''-** strongly supported by the 
convergence of the various straight lines of Fig. 7.2 toward a common 
point whose location is leasonably well predicted by the theory. 
Theory predicts a value of 1.201 X 10'’ for Ay, but experimental data 
favor a value of 0.60 X 10'’.* 

7.6 Cathode Power Dissipation. The second of the two jiliysical 
laws that contribute to the power-emission relationship described 
by Fig. 7.1 is that between tempeiature and cathode power dissipa¬ 
tion.^^'The temperature of an electron-emitting cathode is of 
course that at which equilibrium exists between rates of heat i-emoval 

* This agieemeiil of ihcoiy and o-xporiiiRMit to within a factor of 2 appears as 
a j’ather remarkable (?onlirmation of the theory, when it i.s realized that the theory 
contains no adjustable empirical constants. See C'hapter in /'’iindatneutnls of 
Physical Electronics for details of the theory. 
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and of heat input. The heat input is the heat power provided by the 
flow of electric current through the filamentary cathode or the heater 
coil. 

In most vacuum tubes the major portion of the cathode heating 
power is remo^’ed by radiation from the cathode, so that the relation 
between heat power input required and the temperature attained is 
controlled almost entirely by the heat-radiating properties of the 
cathode. A cathode that is a poor radiator of heat energy will require 
less heating power to maintain it at any given temperature than will a 
cat hode that is a good radiator. Convection cooling is entirely absent, 
and the heat removal by conduction through the supports and termi¬ 
nals, though measurable, is usually small relative to the power radiated. 

The power directly expended in causing electron emission is the 
product of emission current in amperes by the work function in volts. 
This amount of power describes the rate of removal of heat by the 
cooling action of electron emission. The mechanism is the same as that 
of cooling by evaporation; the particles that leave are high-energy ones, 
so that after the departure of any one of them the average kinetic 
energy of the bodj^ as a whole is less than it was before. 

Although the heat input requirement necessary to make up this 
“electron evaporation” heat loss is measurable with refined apparatus, 
and measurements of it have been made for determining work function, 
it is in most high-vacuum thermionic devices negligible by comparison 
with the radiant heat loss. In an ideal emitter it would be a major part 
of the total heat power input, yet would itself be small. Most present- 
day devices are far from the ideal, which can, however, be much more 
closely approached in gaseous-conducting than in high-vacuum devices. 

Corresponding to the cooling action of electron departure from the 
cathode there is a heating action on entrance to the plate. Each elec¬ 
tron delivers to the plate, when it strikes, energy corresponding to the 
plate voltage plus the plate-surface work function. 

7.7 Heat Transfer by Radiation; Emissivity Coefficients. The rate 
of I’adiant heat dissipation from a cathode is the difference between 
the radiation rate from the cathode to its surroundings and that from 
surroundings to the cathode; the latter is usually very small. The 
quantitative relation between the temperature of a radiating body and 
the power radiated away from it is, for a ‘^gray” surface 


Pn = 5.73 X 10-%r = 57,3007 


J _ K7 


(—y 

Viooo/ 


(7-10) 


in watts per square meter, T being temperature in tlegrees Kelvin. 
The quantity 5.73 X 10“® is a universal radiation constant (the Stefan- 
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Boltzmann constant), and y is the emissivily coefficient of the surface. 
Ihis coefficient has a double significance; it is (o) the ratio of power 
radiated by a given gray surface to that radiated by a perfectly black 
surfece at the same temperature, and (b) the fraction of incident 
radiation that is absorbed by a gray surface, this fraction being unity 
for a perfectly black surface. For a given temperature a truly black 
surface radiates more heat than any other kind, and absorbs all the 
radiation incident to it. Lampblack (soot) is the blaifirest substance 
known; its emissivity coefficient is about 0.98. 

Heat radiation takes place at a variety of wavelengths. The solid 
line in Fig. 7.4 illustrates the distribution of the energy radiated by a 


Fio. 7.4 



Spectral 


(listributioti of black and gray body ratliation, at 1000® E. 


perfectly black body at one particular temperature.This distribu¬ 
tion curve has the same shape for all temperatures, but the wavelength 
corresponding to the crest varies inversely as the temperature. 

The dotted line is the corresponding radiation distribution curve, at 
the same temperature, for a gray body whose emissivity coefficient is 0.3. 
Its ordinates are at every point 0.3 of the height of those for the black 
body. If the dotted curve were at the left 0.1, and at the right 0.3, of 
the height of the solid one, the surface whose properties it described 
could not be called gray. It is reasonable to assume that all vacuum- 
tube electrodes have gray surfaces, but such an assumption in regard 
to the enclosing glass would be open to question. 

Figure 7.5 illustrates graphically the variation of Pr with tempera¬ 
ture, for several different surfaces.The fact that the various lines 
are not all parallel to the straight black-body line indicates that the 
emissivity coefficients vary slightly with the temperature. The value 
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of tlie einissivity coefficient y corresponding to any point on these 
cuiA'es is the ratio of Pr at that point to Pr for the black-body line at 
the same temperature. 

As applied to the study of the incidence of radiant energy on a 
surface, the emissivity coefficient describes the fraction of such energy 



l ui. 7.5 fijaliatioii from thermionic surfaces."^ Curves for platinum and 
iMiitaliim would lie for the most part between those for tungsten and molybdenum. 
I'oi Djivisson’s combined-type coated cathode, square centimeter area units, 

Pr = 5.735 X 10-*2 (0.4 + 2.5 X 10~* T) T* 

f or tungsten (Wortliing and Foreythc), 

log,o Pit = 3.G80 (logio T - 3.3) - (1040/7’) -f 1.900 


tiint is not. ivllected; that is, (I - y) may be called a rcflectiviiy co- 
rHicient. 

In inaiiv electron tub(*s the distances to tlio lieat-receiving surfaces 
% 

are large ndativt; to the dimensions of the radiating eathode. Under 
sii<-li eireumstaiiees sueeessive refieetions between radiator and reeeiver 
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make the overall radiant energy transfer P follow the general law that 

is known to apply for concentric spheres or cylinders if the radius of 

the hot inner cylinder is much smaller than that of the outer one. 
This T’elation is 


P = 5.73 X 10~^Sy(Tk* - 


(7-11) 


where jS, y, and Tk are respectively the radiator’s area in square meters, 
the emissivity coefficient of both radiator and receiver, and the tem¬ 
perature of the radiator. Tp is the temperature of the receiver. This 
can usually be simplified, for Tp^ is ordinarilj'' very much .smaller than 

I h , even when the receiving surface is at a moderately high tempei a- 
ture. Ordinarily the expression 


P = 5.73 X 10-«57n.^ (7-12) 

gives a satisfactory approximation to the true radiant power dissipation 
from the cathode. 

If the cathode dimensions are not small relative to distances to the 

leceiving surfaces, the analysis of the rate of radiant heat transfer from 

the cathode requires a stud}’^ of multiple reflections for the particular 

geometry involved. The approach to such problems is described by 
Moore. 

7.8 Temperature Measurements; Lead Losses. Basic measure¬ 
ments of the temperatures of hot filaments ai’e made by means of 
optical p 3 U’ometers, which compare the optical brilliance of the sur¬ 
face to be measured with that of a standard one. 

In any attempt to use (7-12) for accurate calculations, the rather 
pronounced effect of “lead losses,” that is, the cooling of the ends of 
the filament by conduction to the suppoi’ts or lead-in wires, must be 
taken into account. Within this limitation, and subject to accurate 
knowledge of cathode dimensions and of the emissivity coefficient, 
(^“12) can be used for the estimation of cathode temperature at a 
given power input. The emissivity coefficients of oxide-coated sur¬ 
faces vary somewhat with the details of sui'face pi’eparation, but that 
for thoriated tungsten is the same as for ordinary tungsten. Numerical 
values of emissivity coefficients can be estimated from Fig. 7.5. A 
very smooth surface has a definitelj'^ lower emissivity than one that is 
slightly roughened. 

Temperature can be determined, if the resistance properties of the 
filament are known, by measurement of the ratio of hot to cold resist¬ 
ance; see Table VH. Rollergives a good general discussion of 
methods of temperature measurement, and of the handling of lead 
losses. 
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?.9 Overall Relationship between Thermionic Current and Heat¬ 
ing Power. Since nearb^ all the heat supplied to the cathode of a high- 
vacuum thermionic device is removed by radiation, it is permissible, 
if lead losses are small, to equate electrical power input to cathode 
radiation, either total or per unit area. If Ef and If a,re rms values 
of heating voltage and current, and S the total heat-radiating surface, 
P/e, the radiant power dissipation per square meter of radiating surface 


is, in watts: 



(7-13) 


This permits evaluation of Pr from experimental data. 

Equation (7—12) can be written 

— = 1.55 X 10-^^ (7-14) 

Tk \EfIf/ 

If thermionic current Ith is expressed as 

Ith — th ( 7 “ 15 ) 

and this expression, (7-36), and (7-14) are used to eliminate T and 
from the logarithmic form of (7-26), the thermionic current can be 
expressed as a function of E/I/. A convenient form is 


In Ith 




180 ( 57 ) '*Ew 



(7-16) 


Experimental observations give {E/f/)^* and Ithj permitting a plot of 
experimental points on a graph for which 

/ 1 \ 

f-J is the abscissa (plotted with maximum 

power points on the right) 

In Ith + 2 In is the ordinate 

\E/T// 

Such points lie on a line that is very nearly straight, because 7 varies 
only very slightly with temperature. Warped coordinate lines of 
constant Ith and constant E/I/ can then be drawn, much as the warped 
lines for Fig. 7.3 were drawn. Figure 7.1 is the result of such a treat¬ 
ment of experimental data, for 5 = 1 square centimeter. 


(7-17a) 

(7-176) 
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The warping in Fig. 7.1 is based on Dushman’s equation, which was 
used in building up to (7-16). A useful kind of special graph paper, 
called “power emission paper” with coordinates similar to those of 
Fig. 7.1 but based instead on Richardson’s equation (Section 12.lo), 
has been designed by the engineers of the Western Electric Company 
and can be purchased from the Keuffel and Esser Company. 

7.10 Inward-Radiating Cathodes. High emission efficiency is 
favored by a small rate of heat radiation from the cathode, for this 
permits the maintenance of a high cathode temperature with small 
energy consumption. The emissivity coefficient depends on the 
material and smoothness of the catiiode; total heat radiation is de¬ 
pendent, not only on emissivity, but also on the geometrical shape of 
the cathode. 

A cathode so shaped as to have some similarity to a furnace, witli 
electron-emitting interior walls radiating heat toward one another, and 
having the nonemitting outer surfaces heat-insulated by two or three 
reflecting baffles, can be made many times more efficient than the 
ordinary outward-radiating kind.^*^ The radiation from each part of 
the inner surface helps to maintain the temperature of the other parts, 
and very little radiation escapes to the outside. 

Such heat-conserving cathodes can be used in gas-filled electronic 
devices in which the space charge in the interior region is neutralized 
by positive ions of the gas. Electric field effects in this interior region 
are much the same as those inside a metallic conductor, and the elec¬ 
trons can be drawn out through an open end of the cathode enclosure. 
The radiating and emitting areas are not the same for this t 3 '^pe of 
cathode, so that power-emission charts lose their significance. Con¬ 
siderable time (often minutes) must be allowed, after filament power 
is turned on, for them to reach temperature equilibrium before plate 
current is allowed to flow. 

In any high-vacuum space-charge-limited current device the electrons 
in general travel in approximately parallel or diverging paths toward 
the receiving electrode. If the receiving electrode is placed so as to be 
a satisfactory target for these electrons, it is obviously likely also to 
be a good target for heat radiation. Consequently the inward-radiating 
heat-conserving cathode construction has not been applied successfully 
to high-vacuum thermionic devices. 

7.11 Low-Work-Fimction Surfaces.* High emission efficiency is 
favored by low work function; see Table VI. A great deal of ingenuity, 
scientific thought, and expense has been devoted to the search for 
materials and for processing methods which ^vill produce very low work 

♦ See bibliography references 4B, C, 6A, B, 7A, B, D, E, a, d, /, g, k, j, j, k, 1. 
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functions, with considerable success. Most commercial electron tubes 
are equipped with oxide-coated or tJwriated cathodes prepared in 
accordance with the results of these investigations; see the next two 
sections. For some purposes cathodes of pure or nearly pure refractory 
metals, such as tungsten or molybdenum, are used. 

Thoria (thorium oxide) cathodes are also coming into use, in uhf 

devices, Thoria is a ceramic material.^* 

In the recently developed dispenser cathode a reservoir of barium 
exists under some pressure beneath a thin layer of tungsten. The bar¬ 
ium ditTuses through the tungsten to maintain a very thin layer of 
barium (perhaps monatomic) as the emitting surface. 

Also, a lanthanum boride cathode with interesting properties has 

recently been reported.’* 

Structural stability, including resistance to damage by bombardment 
of ions of residual gas, and other considerations (such as evaporation of 
surface material) that relate to useful life must be considered along with 
work function and emissivity in comparing merits of various materials 
and processes. Of course the melting point must be higher than the 
temperature at which appreciable emission takes place; hence the 
higher the work function, the more refractory a material must be to 
serve at all, regardless of efficiency. This rules out copper, nickel, 
aluminum, iron, and similar metals entirely, as having fairly high work 
functions but not correspondingly high melting points. Unfortunately, 
materials such as cesium, rubidium, barium, strontium, etc., that have 
low work functions, melt, and in some cases boil, at temperatures 
lower than those required for appreciable thermionic emission. 

Special methods of preparation make it possible, however, to provide 
stable thin layers of low-work-function substances on hlaments of 
tungsten, nickel, platinum, or various alloys. These base metals main¬ 
tain structural stability at temperatures high enough to produce sub¬ 
stantial emission from outer layers of low-work-function materials. 

7.12 Thoriated Tungsten Cathodes. Cathodes 

consisting of tungsten filaments ^vith surfaces covered by a single layer 
of thorium atoms are rather widely used commercially. The major 
steps in the preparation of such a thoriated tungsten filamentary cathode 
are as follows: 

(a) The filament is drawn from tungsten which contains a small per¬ 
centage of thorium oxide, called thoria. 

{b) The filament is “carburized” by heating in the presence of a 
hydrocarbon vapor at a modest vacuum. The depth of cai'burization 
is important; if there is too much carbide the filament will be brittle, 


and if too little the emission will be low. 


A typical co 


II 


promise is to 
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oaibuiize the outer 25 per cent of the filament radius, corresponding to 
14 per cent of the cross section. This increases the filament resistance 
l)y 10 to 11 per cent; the resistance change is used as a measurement 
control of the depth of carburization. The filament is sometimes 

flashed [see (c) below] in dry hydrogen and then in a vacinim, pca- 
haps several times, before carburization, as well as afterward. 

(c) It is flashed” in a high vacuum; this means that it is heated 
for a short time to a temperature of about 2800° K. Flashing reduces 
some of the thoria within the tungsten to metallic thorium. 

(d) The filament is “activated” by being held for some time in a 
high vacuum at a temperature in the neighborhood of 2100° K. It 
seenis probable that during this process a monatomic surface layer of 
thorium is formed, as a result of the following circumstances: 

(1) The thorium atoms formed during flashing diffuse from the interior of the 
tungsten to its surface. Tungsten, like all metals, has a granular structure; the 
thorium atoms are believed to diffuse along boundary surfaces between grains, so 
that fine grain structure aids diffusion. This movement toward the surface takes 
place more rapidly at high than at low temperatures. 

(2) At the activation temperature the first thorium atoms to arrive at the surface 
evaporate from it very much less rapidly than new ones arrive from the interior, 
because of the strong attachment energy that exists between a thorium atom and 
the tungsten surface; hence thorium atoms accumulate on the surface. 

(3) As soon as anysmall portion of the surface becomes covered witha monatomic 
layer of thorium atoms, any additional ones that arrive from the interior must 
form a second layer. But the attachment energy between thorium atoms of the 
second layer and those of the first layer is very small. At the activation tempera¬ 
ture evaporation of the second layer occurs much more rapidly than arrival of 
additional thorium atoms from the interior. Only the atoms of the first layer 
remain on the surface for any considerable length of time. 

(^) The filament with its monatomic thorium laj^er is now ready for 
use at a temperature several hundred degrees lower than that used for 
activation, at which neither diffusion of thorium atoms to the surface 
nor evaporation of them from it are appreciable. Such filaments have 
low work functions and are satisfactoiy as thermionic emitters for 
many purposes. They require an extremely good vacuum. 

The monatomic layer of thorium on such a filament can be destroyed 
by contact with gases, or by heating to above the activation tempera¬ 
ture. There is some evaporation of thorium atoms even at the oper¬ 
ating temperature, so that a thoriated surface has a limited life even 
if properly used. It can, however, be rejuvenated by “reactivation,” 
providing previous activations or misuse have not driven all the thorium 
atoms to the surface. In that case more thorium atoms may be pro¬ 
duced internally by flashing again, for at each flashing operation only 
a small fraction of the available thoria is reduced to thorium. 
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7.13 Oxide-Coated Cathodes. An oxide-coated 

cathode has an emitting surface layer of mixed barium and strontium 
oxides over a base metal, which is usually nickel or a nickel alloy. The 
thickness of the layer is usually measurable in thousandths or ten- 
thousandths of an inch. Each tube manufacturer has preferred 
formulas for the preparation and processing of oxide-coated cathodes 
for specific purposes, selected as a result of laboratory studies and 
manufacturing expediency. In general the barium and strontium are 
applied to the base metai of the cathode in the form of mixed carbon¬ 
ates. Subsequent progressive heating in a vacuum causes a conversion 
to the oxides, with evolution of carbon dioxide which passes out through 
the exhaust system. During and after this conversion the cathode is 
‘"activated” by drawing an electron emission current to the anode. In 
the final stages of activation the cathode temperature is considerably 
higher than the normal operating temperature subsequently used. 

The various emission properties of an oxide-coated surface depend 
on the base metal, on the proportions of the contributing oxides, on 
the composition of the residual gas in the tube, and on the material, 
location, processing, and potential of the anode. An oxide-coated cathode 
is especially sensitive to ""poisoning” by certain kinds of impurities in 
the residual gas, or gas evolved from the electrodes during use. Only 
by painstaking control of manufacturing operations can any given set 
of thermionic emitter properties be produced ^^^th even a reasonably 
acceptable degree of uniformity from tube to tube. 

In all cases emission is markedly affected by relatively weak external 
fields. In this respect the behavior of oxide-coated cathodes exhibits a 
sharp contrast with that of homogeneous surfaces, see Section 7.14. 
Also, oxide-coated surfaces are sometimes found to give many times 
higher thermionic emission current densities for pulse currents, each 
pulse lasting a few microseconds, than for steady (“continuous-wave”) 
operation. This high pulsed emission density has made oxide-coated 

cathodes very valuable in radar magnetrons. 

As yet no generally accepted theory of the behavior of oxide-coated 
cathodes exisls. However, they are, on the whole, more efficient thenn- 
ionically, and at the same time more generally satisfactory as to most 
other important properties, than any other type of commercial emitting 
surface, in spite of their relatively high radiation emissivity coefficients. 

7.14. “Saturation”; Failure of Composite Surfaces to Saturate. 
When a tempcrature-litnited current is flowng through a tube the 
potential gradient just outside the cathode is definitely positive; every 
escaping electron emerges into an electric field that drives it toward the 
anode. For homogeneous metal surfaces such as possessed by essen- 
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tially pure metallic filaments—tungsten, tantalum, molybdenum, 

etc. the emission as given by Dushman’s equation (7-2) is nol. 

affected by variations in the strength of the potential gradient adjacent 

to the surface (except for veiy unusual extreme values of the gradient 
as discussed in Section 8.22). 

Figuie 7.Ga shows the customary saturation of the plate characteristic 
curves of a triode having a pure refractory metal filament. All the 
curves ultimatel^^ level off at a definite temperature-limited or satura¬ 
tion value of plate current. The saturation current is independent of 



(a) 


“Saturation” with a refractory metal 
cathode, as for example tungsten, molyb¬ 
denum, or tantalum. 



Failure to saturate with an oxifje- 
coated cathode. 


Fig. 7.6 Temperature limitation of triode plate currents. 


plate and grid voltages, because it is for all practical purposes inde¬ 
pendent of the gradient just outside the cathode. 

Tubes containing oxide-coated and some other types of composite 
cathode surfaces exhibit a marked failure to saturate with increasing 
plate voltage, as illustrated by Fig. 7.66.^® Above values of plate 
current indicated by the line AA the current is truly temperature- 
limited, in that the gradient at the cathode surface is definitely positive, 
and the effect of space charge on the determination of current mag¬ 
nitude insignificant. Yet the different plate characteristic curves do 
not level off at all, and it is obviously possible, even in the temperature- 
limited range, to affect the magnitude of the current by variations in 
grid voltage. This has not proved to be a useful method of current 
control, because there is an important time dependence in the response 
of current to grid voltage changes, and the individual curves are not 
in general reproducible. Prolonged passage of a temperature-limited 
current at a high off-cathode gradient permanently modifies the 
thermionic properties of a composite emitting surface. 
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This failure to saturate indicates, of course, that one or both of the 
constants Aq and Ew in Bushman’s equation have, for oxide-coated 
and some other composite surfaces, different values for different off- 

cathode gradients. 

PROBLEMS 


1. Find Er, the voltage equivalent of temperature (Section 7.3) for 0® C, 

2 (a) Use Dusliman’s equation to find the temperature-limited current of the 
diode of Prob. 4, Chapter V; cathode (filament) temperature 2500“ K. (Use 

Table VI.) ^ ^ ^ 1 . . 

(6) Above what plate voltage will this diode s current be temperature-limited, 

plate radius being 30 times cathode radius, cathode 2500“ K? 

(r) Sketch to scale the ib vs. et curve, cathode 2500 K; also 2000 K. 

(d) Estimate the power that must be supplied to this filament to maintain 

its temperature at 2500“ K; also at 2000 K. 

(e) Cathode at 2500“ K, Cfr as in (6): what power must the plate radiate? 

3 Consider a cylindrical triode, cathode temperature such that the temperature- 
limited current density Jth is 60 ma per sq cm. The actual space-charge-limited 
current density Jb is one-third of this. Cathode radius 0.05 cm, plate radius 0.5 
cm. Axial length 4.0 cm. Eb = 130, E, = -10. The average U>tal energy of the 
electrons as they leave the cathode surface is 0.2 electron volt. Cathode work 
function 2.10 volt. Find; (a) the average outwardly directed energy of the escaping 
electrons; (5) cathode temperature; (c) the value of Aq in Dushnian’s equation, 
for this cathode; (d) the power required to heat the cathode, emissivity 0.4 (assume 
that all the heating power input to the cathode is radiated to the plate); (c) the 
rate (watts) at which electron emission removes heat from the cathode, as evapora¬ 
tion cools water (relative to (d), this is insignificant!; (/) the power, in total watts 
and watts per sq cm, that must be radiated by the plate (this includes power 
radiated to it by the cathode); ig) the temperature reached by the plate, emissivity 


0.9 (graphite). 

4. Consider a planar triode; cathode material, cathode temperature, ratio 
JbfJth, plate and grid voltages, are as in Prob. 3. The cathode radiates heat only 
from the side facing the plate. Answer questions (d), (/), and (ff) of Prob. 3, 

dealing now entirely in watts per sq cm. 
What does comparison of the results with 
those of Prob. 3 indicate? 

6. Planar diode, 5 mm spacing; cath¬ 
ode, of tungsten, 10 sq cm area, at 2500° K; 
anode voltage Eb = 200. (a) Is the cur¬ 
rent space-charge-limited or temperature- 
limited? (6) As the plate voltage et rises 
from zero, at what value of c& does the 
current first become temperature-limited? 
6, Figure 7.7 contains curves taken 
Filament current on a tungsten-filament diode. Points A 



Fm. 7.7 Plate ciUTcnt vs. filament 
cvirrcmt. in a tungsten-filament diode. 


and B are at the same filament current 
but different plato voltages, (a) Is the 
current at A temperature-limited or space- 


clmrge-limited? Give a clear explanation justifying your answer, {b) Same as (o), 


applied to point B. 
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8.1 Ionizing Potentials of Atoms. An atom of any element consists 
of a central positively charged nucleus suri'ounded by a cloud or “at¬ 
mosphere of electrons, normally of just the right number to neutralize 
the positive nuclear charge.These electrons place themselves 
systematically in a series of “shells” located progressively farther 
from the nucleus. Eacii shell can accommodate no more than a defi¬ 
nite number of electrons, though it may contain less than the maxi¬ 
mum, even when a more remote shell is partially occupied. The 

maximum number of electrons in each shell is 2n^ for the nth shell; 
see Section 13.15. 

Laige atomic weight is usually associated with large nuclear (charge, 

so that the electronic atmospheres extend into more remote slu'lls for 

the heavy than for the light elements. None of the elements com¬ 
pletely fills either the fifth or 

sixth shells, but some radioac¬ 
tive elements liave one or two 
seventh-shell electrons. Table 
II gives the distribution of 
electrons among the shells for 
the various elements. The 
atomic number is the nuclear 
charge, in electron-charge units, 
hence also the normal number of 
electrons in an atom's atmos¬ 
phere. Figure 8.1 illustrates in a general way how the electj\;ns in a 
sodium atom’s atmosphere are distributed. There are two in the first 
shell, eight in the second, and a lone one in the third. The placement, in 
the figure, of the eight second-shell electrons at the corners of a cube 
is merely suggestive of symmetry in their average positions. 

An atom from which one of the outer-shell electrons has been re¬ 
moved is said to be ionized. The restraining force that tends to pre¬ 
vent such removal is the electrostatic attraction between the electron 
about to leave and the remainder of the atom. Such attraction exists 
because, as an electron starts away, its departure leaves the atom 
positively charged by an amount equal to the electron’s own negative 
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Fig. 8.1 Location.s of the eleven elee- 
trons of a sodium atom’s “atmosphere.” 
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charge. A definite minimum amount of energy, usually measured in 
electron volts and called the ionizing potential, must be given to an 
outer-shell electron to enable it to escape in spite of the loss of kinetic 
energy experienced in overcoming this electric restraining force. Thus 
the ionizing potential is a measure of the strength of attachment of an 
outer-shell electron to the atom of which it is a part. 

For a given type of electron arrangement, the attachment of a re¬ 
mote-shell outer electron is less than that of a close-in one. Thus the 
ionizing potential of sodium is 5.12 volts, of rubidium 4.16 volts, and 
of cesium only 3.87 volts, although in all three elements the last shell 
contains one, the next-to-the-Iast eight, electrons; see Table II. 

8.2 Free Electrons in Metals. An electron that, like the eleventh 
one of sodium, has the entire outer shell to itself, is in general much 
less strongly attached to its atom than one, like a third-shell argon 
electron, that has many companions in its own shell. Thus although 
the outermost electrons of both sodium and argon are in the third 
shell, the ionizing potential of sodium is 5.12 volts, that of argon 15.69 
volts. Good electrical conductors are made from the elements, scat¬ 
tered through the periodic table, in which the farthest-out shell occu¬ 
pied contains only one, two, or—in a few elements—three electrons. 

Atoms of these elements are located so close together when in solid 
metallic assembly that the outer-shell electrons are no more closely 
associated with one atom than with another. The electron attachment 
to indi\'idual atoms is weak to begin with and vanishes altogether in 
this very close spacing. At least one, sometimes tuo, in a feu cases 
three, electrons per atom are not bound at all to any one atom but 
are free to rove throughout the interior of the metal. They can there¬ 
fore move \-ery rapidly in response to electric fields that result from the 
introduction of the metal into electric circuits; they are called free 

electrons.* 

Since these' roving electrons continually interchange their kinetic 
energies of motion with vibrational kinetic energies of the atoms of the 
metal, the freetlom of electron motion aids in the transfer of heat 
energy from one point to another; hence good electrical conductors are 

also good heat conductors. 

8.3 Work Function. The free electrons possess varying amounts of 
kinetic energy, wliich for reasons detailed in later sections range up¬ 
ward from zero to a definite normal maximum, usually seveial electron 
volts. There arc always more electrons with energies near the normal 
maximum tlian with lesser amounts. The highest-cnerg>^ free electrons 
in a metal are situated somewhat as arc the outer-shell electrons in a 

* See bihiiographical references IJ, K, 7A, B, 8A through 8K, 8o, b. 
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single atom, in that they are more nearly in position to escape than 
are any of the others. 

Although there is no attachment of consequence between the free 

electrons and individual atoms in a metal, there is a strong attachment 

between the free electrons and the metal as a whole. An electron 

escaping fiom the surface of a conductor, like one on the way out from 

a single atom, leaves on the parent body a positive charge, called the 

image charge, which exerts an electric image force tending to prevent 
departure. 

A definite minimum amount of energy, usually measured in electron 
volts and called the work function, made use of in Chapter VII, must 
be given to any one of the highest-energy free electrons to enable it 
to escape in spite of the loss of kinetic energy experienced in overcom¬ 
ing the image force. Ihe addition to low-energy free electrons of an 
amount of energy equivalent to the work function cannot release them, 
for it is an electron s total energy to which the possibility of escape is 
primarily related. Work functions of metals range between 1.5 and 7 
volts (see Table VI) as compared with a range of 3.5 to 25 volts for the 
ionizing potentials of atoms and molecules in gases and vapors. 

8.4 Energy-Level Diagrams; Gross Work Function. As an es¬ 
caping electron moves away from the metal, its kinetic energy is 
reduced to the extent that its potential energy is increased. The elec¬ 
tric-force barrier offered to an electron's outward flight may be repre¬ 
sented diagrammatically in an energy-level diagram, Fig. 8.2, in which 
vertical distances describe energies.8A.D.G.a.6 is convenient to use 



Fig. 8.2 Energj’ levels for the electron gas in a cold metal (the normal state;. 


the electron volt as a unit of energy in such diagrams, both potential 
energy and kinetic energy being convertible between joules and elec¬ 
tron volts E by the familiar relation 

Eqe = joules 


( 8 - 1 ) 
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The upward reverse curve in the heavy solid line in Fig. 8.2 repre¬ 
sents the change in an outwardly moving electron s potential energy 
from a “bottom-level” value inside the metal at the left to a uniform 
“zero-level” value everywhere outside at the right. Thus the potential 
energy is zero outside, negative inside. The difference between these two 
extreme zero and bottom energy levels is the increase in potential 
energy, hence also the loss in kinetic energy, experienced by an escap¬ 
ing electron during its outward flight. This diffeience describes the 
kinetic energy that must be imparted to a stationary election inside 
the metal in order to permit escape and will be called the gross work 
function in this text. It is considerably larger than the quantity called 

work function. ^ i jj- ■ 

Since the electrons in the metal are not stationary, the addition of a 

considerably smaller amount of energy than the gross woik function 
may result in one’s escape. The many horizontal lines in the left, in- 
terior-of-the-metal, part of Fig. 8.2 represent kinetic-energy levels. 
They symbolize the fact that the free electrons in the metal possess a 
great variety of kinetic energies ranging from none at all (for the “bot¬ 
tom-level electrons”) up to that described by the normal maximum or 
“Fermi” level. The quantity described in the preceding section and 
in Chapter VII as work function, and universally referred to in that 
way, is the additional kinetic energy that must be given to an electron 
already in the Fermi level to enable it to escape. This is of course the 
difference between gross work function and the kinetic energy of the 

electrons in the Fermi level. 

The height of the Fermi or normal maximum level is dependent 
entirely on the concentration of free electrons within the metal, as 
discussed in Section 8.10. Available evidence indicates that it ranges 
from about 2 volts in some of the lighter metals to 10 or more in some 
of the heavier ones. Note that the average kinetic eneigy of the gas 
made up of the free electrons in a metal is several volts of the 
Fermi-level energy) even at very low temperatures. This is in sharp 
contrast to the average molecular kinetic energy in ordinary gases, 
which rarely exceeds to ^ of a volt, even at extremely high tem¬ 
peratures. 

8.6 Normal (Low-Temperature) Distribution of Eunetic Energy. 
The many horizontal lines in the left, interior-of-the-metal, part of 
Fig. 8.2 suggest the many different values of kinetic energy possessed 
by tlie free electrons. The actual number of electrons that have a 
given amount of kinetic energy is controlled, for reasons outlined in a 
later section, by the following two general sets of facts: 7 A.B. 8 B.o.E.c..a .6 



thermionic emission 221 

(а) The values of kiuotie energy tliat it is po.ssible for an electron to have differ 

lom one another by finite thougli extremely small amounts. Each permissible 

value can be represented ihagrammatieally as a kinHic-rnerqu Irrrl; hence the use 
of discrete horizontal lines in the diagram. 

(б) Each kinetic^nergy level can accommodate only a limited number of electrons, 
the number increasing approximately as the square root of the energj-. This is true 
for the same kind of reason that limits to a definite maximum the number of elec¬ 
tro!^ in any one shell of an atom’s electronic atmosphere. Each kinetic-energy 
eve may be empty, partly filled, or completely fille.l, just as each of the sh(‘lls 
around an atomic nucleus may be empty, partly lille l, <>,■ completely filled. 


Absolute zero (0° K) is the temperature at which all particles, iiichui- 
ing the free electrons, have the least possible energy. The electrons 
cannot all have bottom-level kinetic energy, however, for at that level 
there is no to-and-fro motion, and it happens that there can be only 
two such electrons. The levels immediately above the bottom can 
accommodate only a few electrons each, and the number available per 

le\el grows rather slowly. Most of the electrons must “ocewpy" levels 
that are several volts above the bottom. 

Least-possible energy does require, however, that no electron shall 
be able to find a vacancy in a level lower than the one it occupies. This 
means that at absolute zero all levels must be completely filled as far 
up as IS necessary to accommodate all the electrons, and that all levels 
above that height must be completely empty. The Fermi level in 

Fig. 8.2 is the level so (lescribed; all the electrons, but no more, can be 
accommodated below it. 


The discussion just given has been based on conditions at absolute 
zeio temperature. It happens, however, that because of the very small 
mass and very high concentrations of the free electrons, very few of 
them indeed occupy levels above the Fermi level in metals heated even 
considerably above ordinary room temperature. Hence at room tem¬ 
peratures the distribution of electrons among the levels is practically 
the same as that at absolute zero, and the adjective “normal” is appro¬ 
priate for absolute zero conditions. To the electron gas in a metal the 
change from 0° K to 300° K appears a trifling variation. 

8.6 Thermionic Emission. It is sometimes helpful to tliink of the 
bottom level in Fig. 8.2 as the bed of a lake, the Fermi level indicating 
the normal water level, and the zero or escape level the height of the 
land around the lake .'®"22 jg wind, all the space 

below the normal water level is full of water, and that above it empty, 
for exactly the same reason that at absolute zero all the kinetic-energy 
levels below the Fermi level are filled and those abo\'‘e it empty: that 
is, in the absence of agitation the water must be so distributed that 
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no water particle shall be able to find a vacant space at an elevation 

lower than the one it now occupies. 

Heating the metal has an effect similar to that of agitating the water. 

Wind or some other disturbing factor may produce waves or spray; but 
waves or spray can exist only if some of the normally filled space is 
vacated in order to provide water for the spray drops or wave crests. 
If the agitation is severe enough some of the spray rises above the es¬ 
cape level and passes out over the land (thermionic emission) and can 
be drawn away to other lakes (other electrodes) if there is a slope 
(electric field) in the terrain. If there is no slope in the terrain, the 
water carried out onto the perfectly level shore piles up there (space 
charge) with the result that a water-surface gradient (electric field set 
up in accordance with Poisson’s equation) makes some of the water 
flow back into the lake. This analogy is imperfect and must not be 

carried too far, but it can be veiy helpful. 

Thermionic emission takes place only when thermal agitation throws 

an appreciable proportion of the high-kinetic-energy free electrons up 
into normally vacant levels that are above the escape Uvel. It is evident 
from this requirement why the important energy element in thermionic 
emission is the net rather than the gross work function. Dushman s 
equation grows out of a mathematical statement of the relation be¬ 
tween temperature and the number of electrons that occupy high-up 


normally vacant levels. 

Figure SA illustrates the distribution of free electrons among the 
kinetic-energy levels in tungsten, assuming that each tungsten atom 
contributes two free electrons, for (a) 0° K (“normal ) and (b) 2500 K, 
the temperature at which pure tungsten filaments are commonly 
operated. Ordinates describe the relative number of free electrons 
occupying levels located according to the various kinetic-energy 
values. The zero-temperature curve is a true horizontal-axis parabola 
that terminates abruptly at the Fermi energy value. It will be noted 
that the averatje cncrgif of the free electrons changes very little between 

0° and 2500". , » 

8.7 The Quantum of Action. It is tlesirable to show why the avail- 

iible kinetic-energy levels within a metal are separated by finite 

aiiKumts of energy and can each accommodate only a limited number 


of free electrons. 

Electric, charge occurs only i\s integral multiples of ge, miiss 
also as integral multiples of minute units. Similarly another physical 
(luantity called “action” occurs (for periodic motions of ultimate 
particles) only as integral multiples of a definite small amount. 
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The action of a particle in periodic motion is the line integral of the 
momentum taken over one cycle of movement. Thus the action asso¬ 
ciated with the periodicity of a particle of mass m moving with uniform' 
velocity u in a circular path of radius a is >J k.i 2 c 

27ra 

mvds = 2Trmav (8-2) 

The symbol h will, in accordance with universal practice, be used to 
represent the indivisible unit of action, h = 6.624 X 10“^'* joule- 

second, h is called “Planck's constant," or sometimes “Planck’s quan¬ 
tum of action." 

Action is described in joule-second units because its dimensional 
formula {ML T *), happens to be obtainable by multiplying that for 
energy {ML^T~^) by a time factor T. It is, however, more often 
desirable to think of action as the product of momentum by distance 
traveled in the direction of the momentum, rather than as the product 
of energy by time. 

The requirement that the action of a circularly moving particle must 
be an integral multiple of h is expressed by the relation 

2Trmav = nh (8-3) 

n being any whole number. 

An entirely different type of periodic motion in which the action 
must be “quantized" is that of a particle shuttling back and forth 
between two parallel-faced walls of an enclosing rectangular box, from 
whose inside surfaces the particle rebounds without loss of energy. For 
the sake of simplicity the box may be supposed to be a hollow cube. 
The particle might be one of the free electrons within, and the walls 
the work-function barrier around, a piece of metal or a metallic crystal. 
Such a particle’s velocity component parallel to one edge of the cube 
is constant in magnitude but reverses periodically. The action limita¬ 
tion requires that the momentum times cyclic length of path must be 
an integral multiple of h, thus 

mu-2a = nji (8-4) 

where m is the velocity parallel to one edge of the cube, m is the mass 
of the particle, a the length of one edge of the cube, and n^, any whole 
number. 
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With a cube of given size this limits the velocities to integral multiples 
of hj2ma. There are of course three relations like (8-4), expressible 
as follows: 


h 


U = Uu - 

2ma 

(8-5a) 

h 

V = ny - 

2ma 

(8-55) 

h 

■IV = /lu,- 

2 ma 

(8-5c) 


V and w being velocities in the two directions normal to the u motion 
and to each other. Thus three distinct quantum numbers, n^, n^, Uy,,. 
are required to specify any particular type of motion within the cube. 
The total or resultant velocity c of course satisfies the relation 

( 8 - 6 ) 


This suggests the use of a quantity n, here called the resultant quantum 
number, related as follows: 


and 


h 


c — n - 

(8-7) 

2ma 

71^ = + nj^ 

(8-8) 


The total translational kinetic energy is of course \mc^] this can 
also be expressed as follows in terms of n^: 



87/^2 



Total translational kinetic 
energy of the particle 


[joules] 


(8-9) 


Since n^, Ui^ must be whole numbers, n,/, nj^, nj^, and their sum 
must also be whole numbers. One or more sets of values of n^, n„, 
71,0 can be found to fit most whole-number values of 7i^. Free electrons 
within a metal may therefore possess kinetic-energy values correspond¬ 
ing to almost any whole-number multiple of the quantity h^/^Tna^; 
this amount of energy expressed in electron volts is the “finite though 
small” difference, referred to in (a), Section 8.5, between the heights 
of adjacent kinetic-energy levels of Fig. 8.2. 

8.8 The Exclusion Principle. It was stated in Section 8.5 that each 
kinetic-energy level can accommodate only a limited number of elec¬ 
trons. It has just been pointed out that the movements of the particles 
in the cube, or of electrons in the metal, must be “quantized,” so indi- 
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eating discrete, separate values of translational kinetic energy. In 

addition, the “exclusion principle” must be accepted; k.ta.b. so. e.0.0,6 

this requires that no two 'particles within the cube can have an identical 

set of quantum numbers. The exclusion principle and the limitation of 

cyclic action to whole-number multiples of h are adopted, not as out- 

growths of any abstruse philosophical concepts of matter, but because 

if consistently used they give solutions, that are verifiable by experiment, 

to an immense number of complicated problems in remotely scattered fields 
of scientific work. 

The energy corresponding to any given type of motion depends on 
n , according to (8-9); and the number of different particles that can 



Fig. 8.3 Quantum-number lattice. 

be accommodated in a given kinetic-energy level depends, accortling 
to the exclusion principle just stated, only on the number of different 
ways in which /!«, n^, can combine to give a particular value of 

n^, as listed in the column entitled “number of possible arrangements” 
in Table VIII. For example, = 2 can correspond to (a) = 1, 
Uy = 1, Mu, = 0, (6) Mu = 1, My = 0, Mu, = 1, and (c) iiu = 0, My = 1, 
Uy, — 1. Thus the kinetic-energy level corresponding to = 2 can 
accommodate just three different kinds of translational motion simul¬ 
taneously. 

Figure 8.3 is a three-dimensional diagram of the various possible 
quantum-number combinations. There is a scale of Mu values along the 
forward axis, of My values along the horizontal axis to the right, and of 
Mu, values upward along the vertical axis. The octant bounded by the 
positive portions of these three axes contains a set of many points, one 
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point being located at each possible combination of values of riu, Uy,. 
These quantum numbers have all possible whole-number values, and 
the points represent a “cubical lattice.” Each point corresponds to a 
particular kind of motion; the energy for each kind is measured by the 
square of the resultant quantum number n, which is the radius vector 
from the origin to the lattice point that identifies that particular mo¬ 
tion; see (8-8) and (8-9). The sixth column in Table VIII states how 
many lattice points are located at the radius n given in the fifth column. 

The exclusion principle is a statement of this fundamental fact of 
nature: It is as impossible for any two of these particles in a box to 
have simultaneously^ identical velocities as for them to have identical 
positions. Human sense perceptions make the positional restriction 
obvious enough but do not permit a ready, off-hand grasp of the veloc¬ 
ity restriction. 

8,9 Electron Spin. As indicated by the last column in Table VIII, 
there can in fact be two electrons in the cube, not just one, having each 
possible type of translational motion. Each electron has four types of 
periodic motion, as follows: (a) x-directed shuttling, (6) ^-directed 
shuttling, (c) 2 -directed shuttling, and (d) an electron 
similar to the spin of the earth on its o\^^l polar axis. Only two kinds 
of spin motion are possible; each electron may spin clockwise, or it 
may spin counterclockwise. The angular velocity of either type of 
spin is such that a change to the other results in a change of one action 
unit h. The spin quantum number is always f, thus 

clockwise + = hh counterclockwise 

and (8-10) 

\h counterclockwise h = \h clockwise 

Since there are two possible spin quantum numbers, J clockwise, and 
^ counterclockwise, two electrons, one with each kind of spin, can have 
each possible type of translational motion without violating the re¬ 
quirement that no two particles can have an identical set of quantum 
numbers. The number of electrons that can be accommodated in each 
kinetic-energy level is therefore just twice the number of lattice points 
at the corresponding radius in Fig. 8.3. 

It is probable that the mental picture of a box full of shuttling, spin¬ 
ning particles is as remote from the true mechanism inside a metal or 
metallic crystal as is the picture of individual flux lines threading 
through a coil from the true nature of a magnetic field. Yet both con¬ 
cepts are useful because, if properly employed, they point the way to 
correct solutions of scientific and engineering problems. 
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8.10 The Fermi-Level Energy in a Metallic Conductor. 

Because the lattice points of Fig. 8.3 are everywhere spaced 

one n unit apart, each one is located at the center of a cube whose 

volume IS one cubical n unit; hence the number of lattice points witliin 

any restricted part of the figure is the volume of that region in cubical 
n units. 

Invariably the values of n considered in any specific problem are 
tremendously large, and the energy-unit spacing h^/8ma^ between 
individual kinetic-energy levels extremely small, relative to the total 
range of energy values. Therefore it is convenient and permissible to 
Ignore the discontinuity between levels in a mathematical analysis. 

The symbol Ep will be used to describe the Fermi energy in electron 
volts, and np to describe the corresponding resultant quantum num¬ 
ber; they are related in accordance with (8-9), that is: 




Smed' 


= Epq, 


( 8 - 11 ) 


This expression is made valid for any values of E and n by dropiiing the 
subscripts. 

np is invariably a tremendously large number. The absolute zero 
or “normal” condition of the free electrons within a metal conductor 
is that at which all kinetic-energy levels below the Fermi level are 
completely filled. As applied to the lattice-point picture, Fig. 8.3, 
this means that all the lattice points, out to a very large radius np, 
are “occupied” by their full quota of electrons, that is, two for each 
lattice point. The number of points within the n-space octant that is 

thus completely filled is one-eighth of the volume, in cubical n units, 
of a sphere of radius np. 

Let N symbolize the number of free electrons per cubic meter of 
real volume of the metal; the real volume of the cubical piece of metal 
or metallic crystal being considered is a^. Hence the total number of 
electrons to be accommodated below the Fermi level, so within the 
n-space spherical octant of radius np, is Na^. Therefore 



( 8 - 12 ) 


The electron spin accounts for the factor 2. 
stated as 



This relation may also be 


(8-13) 
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If this expression for np is introduced into (8-11), a solution for the 
Fermi-level energy Ep is obtained, as follows: 




= 5.73 X 10“^® 



(8-14) 


The factor 2 under the N represents the effect of electron spin. 

Thus the Fermi-level energy is found to depend only on N, the 
number of free electrons per cubic meter, aside from the universal con¬ 
stants h, Qc, Wc, TT. For tungsten, Ep is 9.17 electron volts, assuming 
that tungsten has two outer-shell, therefore free, electrons per atom 
(see Table II). For cesium, with one free electron per atom, Ep is 
1.51 volts. The number of atoms per cubic meter is found by dividing 
the density, in kilograms per cubic meter, by the mass per atom, as 
determined from the atomic weight. See Chapter V in Fundamentals 
of Physical Electronics for a discussion of magnitudes of Ep and Ew 
for the alkali metals. 

8.11 Normal-State Fermi Energy Distribution. Figure 8.4a illus¬ 
trates the distribution of energy among the various levels in the normal 



(a) Normal state distribution, 0® K. (b) 25CM)® K. 

Fig. 8.4 Energy distribution curves for the electrons within a metal. 

(absolute zero) To determine the shape of this 

curve, first imagine in the quantum-number lattice space of Fig. 8.3 a 
hollow spherical shell of thickness dn at radius n. This shell contains 
dJVs electrons, dA^s being the number per unit volume whose resultant 
quantum numbers lie between n and n dn. In the normal state, 
dNs is tmee the number of lattice points in one octant (twice be¬ 
cause of electron spin); thus 

I ^ _ 

dNg = 2 X - X dn = TrU'ti dn = - v dn^ (8-15a) 

8 2 
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The energy is measured by and tlie differential increment of energy- 
by dn ; the equation of the distribution curve of Fig. 8.4a is therefore 


dN 


TT 


dn"^ 2a^ 



n 


(8-156) 


This describes a parabola with a horizontal a.\is, \ ertex at the origin. 
This energy distribution curve drops abruptly to zero at = a/, for 
the shells beyond = np are all vacant. 

A curve of distribution of velocities describes the variation, with 
velocity, of the ratio of the number of electrons in a shell to the corre¬ 
sponding differential increment of velocity. The eipiation for a 

velocity distribution curve, using n as the measure of total velocity, 
js obtainable from (8-15a); it is 


dN 


8 


irn 


2 


dn 


a 


li 


( 8 - 10 ) 


The unit of measurement along the horizontal axis is in this case r.; 
the distribution curve is a parabola with vertex at the origin, but with 
the axis vertical; that is, at right angles to the velocity scale. 

Ihe eneigy distribution curve, Fig. 8.4a, can be charted in terms of 
dN JdE and E. To do this, eliminate in (8-156) in favor of E by 
using the foim of (8-11) obtained by dropping the subscripts from E 
and n. The resulting expression is 


dNs ATr{2nicq„) E 
dE 


(8-17) 


Note that the volume has disappeared from the expression; this 
distribution of energy is thus independent of the volume. 

dNa may be thought of as the number of electrons within a shell 
whose energies lie between E nud E dE. The energy content in any 
shell is therefore E dNa electron volts. The average energy is then 

_ Sum of the energies in all the shells 

Sum of the number of electrons in all the shells 


This is stated mathematically as 



E = Ef 



EdN 


dNa 

E=Q 


9 


(8-18a) 
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where E is the average energy. Ep is employed as the upper limit 
beeause shells at energies greater than Ef contribute nothing either to 
the lota! energy or to the total electron content, at the absolute zero 
condition being considered. With dN^ expressed as in (8-17), this 


reduces t o 





3 Ef^^ 
5 ^ 



(8-185) 


Thus the normal-state average energy is % of the Fermi-level energy. 

For temperatures greater than absolute zero the shells below the 
Fermi level are not completely filled, nor are those above the Fermi 
level completely vacant. The fractional occupancy for any shell is 
given by the Fermi distribution a function 

of particle energy whose specific form depends on density of particles 
and on temperature. For the very high particle density represented 
by the electrons in a metal or semiconductor, at all temperatures attain¬ 
able in engineering devices, the form of the function is as follows, 
applying to a shell of thickness dn at radius n, energy E, energy incre¬ 
ment dE : 


Ratio of: The number of occupied lattice points in the shell 
to: The total number of lattice points in the shell 


1 

I + exp [(E — Ef)/Et] 


' The Fermi 
distribution 
-function 


(8-19) 


Thus the energy distribution curve at temperatures above absolute 
zero, as illustrated in Fig. 8.46 for 2500° K, is the product of (8-17) by 


(8-19), 

(IN, _ 4ir(2»i,?,) _ 

dE Ie\p[{E — EF)/Er] 


The distribution of en¬ 
ergies for the electrons in 
a metal, at the tempera- 
.ture corresponding to Et 


(8-20a) 

that is 



Ve 

= G.82 X 10-^- 

1 + exp [(£^ — Ei.’)/Et] 


[ units are reciprocal 1 
of (volts X volume) J 

(8-206) 
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At 0° K the exponential term in the denominator is either zero or in¬ 
finity, depending on ivhether E < E, or E > E,. Tlius (8-20) reduces 
to Fig. 8.4a at absolute zero temperature. Ep is given by (8-14). 

Equation (8 19) may be said to express the probability that any 
given set of quantum numbers (including the spin) for which the total 
translational energy is E will correspond to some one electron’s mo- 
tion, when the temperature is as specified by Et. 

Note that when the temperature has a value other than absolute 

zero the Fwmi distribution function has the value K at the Fermi 
level (E = Ep). 

8.12 Semiconductor Energy Levels.®A.D.E.F.G.r.j.b.e.i Figure 8 5 is 
a typical energy-level diagram for a semiconductor. Representative 
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Eneri^-level diagram for a semiconductor. 


semiconductors * 

oxides of copper, of barium 
titanium dioxide. 


are germanium, silicon, selenium, the 
, and of strontium, and partially reduced 


Within a melal at ordinary room temperatures the electrons in all 
levels, as in Fig. 8.2, whether below or above the Fermi level, are able 
to move about freely; thus all the levels indicated may be called 
lunniiig levels. In an insulator almost all the electrons are firmly 
bound to individual atoms; there are extremely few free electrons, and 
thus extremely few electrons occupy “running levels.” 

In Fig. 8.5 the semiconductor’s “running levels” in the “running 
band” are in general similar in nature to the levels of Fig. 8.2. How¬ 
ever, for the most part the running levels of a semiconductor are very 
sparsely populated; they may in this respect be thought of as resem¬ 
bling the running levels above the Fermi level in a metal. The “filled 
levels” of Fig. 8.5 are populated by electrons that are more or less 
permanently attached to individual atoms, as in an insulator. The 
vertical lines in the filled-level area symbolize the lack of freedom of 
movement of electrons in these levels. Because these electrons are not 
free to move, they do not provide electron-borne conduction current 
in the ordinary sense. However, by giving a few electron volts of 
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f'liorgy to un electron in the filled band, it may be shifted up into the 
running-level band. Thus external effects, as heat or light, can cause 
such a shift and increase the electrical conductivity, by increasing the 
population of the running levels. In a completely pure semiconductor 
there can be no electrons possessing energies corresponding to the for¬ 
bidden band, which lies above the top of the filled band but below the 
bottom of the running band, because no levels exist in the forbidden 

band. 

Thus the forbidden band may be thought of as ordering an absence 
of levels ^vithin a certain energy range. As always, the Fermi distribu¬ 
tion function, (8-19), describes, as a function of temperature, the 
fractional occupancy among the levels that do exist. The Fermi level 
is located at an intermediate height within the forbidden band. At 
ordinary temperatures some few electrons will lie in the running band, 
and there will be an equal number of vacancies in the “filled” band, 
in proportions ordered by the Fermi distribution function. 

If a few electrons have been moved from the filled levels up into the 
running levels, there exist “holes” among the filled levels. A hole is 
merely a normal semiconductor atom that has been “ionized,” in that 
it has lost one of its outer-shell electrons. Because of the low density 
of holes and free electrons, “recombination” to fill the hole is unlikely; 
even if recombination were to occur, the requirement of thermal equi¬ 
librium would demand an off-setting reappearance of a new hole and 
electron pair elsewhere. But it appears relatively easy in some sub¬ 
stances for any hole to transfer from one atom to an adjacent one, 
giving rise to “hole conductivity.” This implies merely a strictly 
local, atom-to-adjacent-atom transfer of an individual electron, thus 
shifting the electron deficiency without mo\dng an electron into a 
running level. Experimentally, hole conductivity exhibits all the 
attributes of conductivity due to the drift of positive charges. The 
transfer of holes may be moderately rapid and occur in a steady direc¬ 
tion under the influence of an electric gradient; the hole conductivity 
is usually less than, but of the same order of magnitude as, the electron 
conductivity. There exist methods of measurement which distinguish 
experimentally between electron conductivity and hole conductivity. 

To explain certain properties of semiconductors it is usually assumed 
that the presence of extremely small proportions of impurities may 
provitle a few relatively widely spaced levels vrithin the forbidden band. 
If these are above the Fermi level they resemble running levels in 
some respects; the term “acceptor” is applied, as these levels can 
accept electrons, thus producing conductivity due to motion of elec¬ 
trons, If these impurity levels lie below the Fermi level, the term 
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donor is applied for such levels are normally filled and can donate 

electrons leaving holes^ Donor impurity levels produce hole conduc- 

tivity m the forbidden band. Thus impurity levels may provide either 
or both kinds of conductivity. 

Thus four distinct kinds of electrical conductivity may exist within 
a semiconductor, as follows: 


(1) Electron conductivity due to electrons in the running hand. 

(2) Hole conductivity due to vacancies in the filled band 

typf inductivity due to forbiddon-baud impurity levels of the acceptor 

(4) Hole conductivity due to forbidden-band impurity levels of the donor type. 

The difference in energy between the uppermost of the filled levels 
and the lowest running level may be thought of as a sort of within-the- 
solid-state ionizing potential for the semiconductor; it describes the 
minimum energy necessary to detach an electron from an atom, so 
creating a hole and electron pair, both being reasonably free to move 

about. Within a metallic conductor zero energy is roejuired to detacli 
the outermost electron from an atom. 

8.13 Semiconductor Electron Devices: * Crystal Rectifiers, Tran¬ 
sistors, Thermistors, Varistors, Metal Plate Rectifiers, Photosensitive 
Devices. Semiconductors form the important substances in crystal 
rectifiers used in ladio and radar detectors. A typical crystal rectifier 
consists of an extremely fine tungsten wire (“cat-whisker”) who.se 
point bears on a polished and specially treated surface of a semi¬ 
conductor (silicon and germanium are used).®*^ -'-‘ In an n-iype 
rectifiei the low-resistance direction of current flow corresponds to 
emission of holes by the cat-whisker into the semiconductor, whereas 
a high resistance is offered to flow in the reverse direction. Tlius an 
n-type crystal rectifier has the same polarity behavior as a high- 
vacuum diode; the anode easily collects electrons but refuses to emit 
them. A p-type crystal rectifier has polarity properties opposite to 
those of the n type. 

The point contact transistor ,used as a semiconductor amplifier 
3,c.d.e jg similar to a crystal rectifier in general form, except that two 
(n-type) rectifying elements, employing two cat-whiskers, are used 
instead of one, the spacing between the two active (welded-on) tung¬ 
sten tips being one or two thousandths of an inch. The crystal mate¬ 
rial is germanium. In this type of device the inverse-voltage resist¬ 
ance of one of the tips is markedly modified by the strength of the 
forward-voltage cuirent in the other one. This produces a set of 

* See bibliographical references 8A, C, D, E, F, G, I, J, 86 through 8i, 14a, h, i, j. 
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characteristic curves resembling in general form the plate characteris¬ 
tic curA^es of a triode, therefore permitting use as an amplifier. 

A junction transistor of the n-p-n type consists of an 7i-type crystal 
of germanium within which there is produced a very thin transversely 
oriented p-type layer, forming, so to speak, a p-type door across an 
i" 0 gion. A p-n-p junction transistor has conversely a thin 
/i-type laj'er transverse to the length of a p-type crystal. The three 
points of electrical connection to a junction transistor are respectively 
to the thin la>'er and to the two portions of the crystal separated from 
each other by the layer. 

Transistor semiconductor amplifiers respond to changes in “input” 
cxiVTcni rather than “input” volta.Q€. They are members of the general 
family of low-impedance circuit devices. In contrast, space-charge- 
control tubes belong to the family of high-impedance circuit devices. 
Thus, optimum circuits for transistor amplifier use will differ greatly 
from optimum triode amplifier circuits as to accessory components, 
d-c elements, etc. The comparative analysis may sometimes involve 
a shift in mental concept from Th^venin's theorem to Norton’s theo¬ 
rem; see Sections 9.11 and 9.12. 

In the point contact transistor the input element acts as an emitter 
of holes into the semiconductor, whereas the output electrode acts as 
a collector of holes. The sensitive region is that in the immediate 
neighborhood of the output electrode, that is, the hole collector. 

Point contact and junction transistors should be thought of as the 
forerunners of a vei*y large and important family of semiconductor 
amplifying devices. It appears reasonably certain that stable, repro¬ 
ducible, and relatively noise-free members of this family ultimately 
will be developed and will become extremely useful for engineering 


purposes. 

Thermistors are thermally sensitive resistors made of suitably 
pi’ocessed semiconductor materials, and used extensively for control 
and instrumentation purposes. 

Varistors are nonlinear resistors, that is, resistors in which the 
current does not vary linearly with applied voltage, also useful for 

control and instrumentation purposes. 

Section 14.17 introduces briefly some of the properties of conductor- 
to-semiconductor flat surface boundaries that are useful both for 
preparing metal plate rectifier units, and in semiconductor photo¬ 
cells.*^^ Photoconducting cells, of semiconductor materials, are dis 
cussed in Section 14.18.*^*-^ 

8.14 The Image Force. The atoms of a metal will in this section 
be referred to as ions, for each one has contributed one or more elec- 



the image force 236 

irons to the make-up of the gas of free electrons. The structural 

properties of a metal are due to attachments between the ions, which 

are arranged according to some regular crystalline pattern. The hot- 

tom energy level m Fig. 8.2 is made horizontal in order to indicate the 

equipotential nature of the interior, as far as the gross potential struc- 
ture IS concerned. 

On its way out from the interior of a metal an e.scaping eha-tron 
passes through three more or less 

distinct regions, distinguished by 

the nature of the predominant force 

action in each, as follows: 

(a) It must pass between the adjacent 
members of a last layer of ions. While 
passing through this layer, and for a very 
short distance beyond it, the important 
forces are those due to the near-by 
ions. 

(b) At a distance from the last layer 
that is not much greater than the spacing 
between the ions of the metal, the forces 
due to individual particles become in¬ 
distinguishable; the metal takes on the 
aspect of an equipotential surface. The 
electric field between an equipotential 
surface and an electron at a distance x 
in front of it is, as illustrated in Fig. 

8.6, exactly the same as that in the front 
half of the region between an electron 
in free space and an equal and opposite 
image charge distant 2x from the elec¬ 
tron. For this reason the retarding force 

on the outward-moving electron is often called the image force. It has the value 



(a) True field 


r 


2x 


/Image^- i 






- V. 


(b) Image field 

Fia. 8.6 The electric field around an 
escaping electron. 


Image force on the elec- \ qe 

tron, in newtons 1 ~ ~ 47 r€ 0 ' 4 x^ (^^“^1) 

within this second region in which the electron reacts to the metal as to an equi¬ 
potential surface. The negative sign indicates that the force tends toward a 
decrease in x. 

(c) There may be an external electric field aiding escape, that is, tending to 
draw electrons away from the metal to other electrodes (anodes). Such a field, of 
strength F volts per meter, exerts an outwardly directed force qeF newtons. At a 
definite value of x, which will be called this withdrawal force is equal and 
opposite to the restraining force, the net force being zero. Therefore if F is uniform, 
the “escape distance” Xm is determinable from the force equation: 



16 t€ox,„- 



( 8 - 22 ) 
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Any electron whose kinetic energy of outwardly directed motion vanishes before 
it reaches the distance Xm from the surface must fall back into it. Any electron 
that still possesses some outwardly directed velocity after coming that far enters 
the third region, in which the external field force predominates, and is accelerated 
toward a more positive electrode. If the external field force is zero or negative, 
electrons that escape do so without passing through such a third region. 



Fia. 8.7 Force relations during electron escape from a metal. 


(a) Retarding force / on an escaping electron. 

(h) Potential energy barrier at a metal surface, given by (8-23) in joules per 
electron. 

Note that the force curve is shown as becoming zero at a very few atomic layers 
within the crystal lattice of the metal. 

Figure 8.7a illustrates the relation between the retarding force in 
newtons and the distance from the surface, in the absence of an exter¬ 
nal field (no third region present). 

It has been experimentally demonstrated that the force curve fol¬ 
lows the image-force law within the second region; see Section 8.22. 
The shape of the force curve in the first region near the surface, where 
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force actions of individual ions predominate, can only be esti.nated; 
see, however the analysis given by Langmuir, - and the treatment in 
Chapter V of Fundamentals of Physical Electronics. 

8.16 Potential-Energy Curves and Force Curves. Figure 8.7b is 
a diagram very similar to Fig. 8.2; however, it indicates measurement 
of energy in joules lather than in electron volts. In both figures the 
gross work function is measured by the difference in height between the 
inside (left) and outside (right) levels of the potential-energy curve 
The gross work function in joules is the total work done against the 
retarding force of the previous section, during an electron’s escape. 
This IS the total aiea, considered positive, between the rctardiiiK-forco 
curve, Fig. 8.7o, and the .r axis. Tiierefore 


r 


fdr {S Zi) 


Total change in joules of poten¬ 
tial energy during escape 

this integral is the area between the force curve and the x axis, if the 
force is in newtons. 

Since the force and the ordinates of the force curve are negative the 
integral and the corresponding area are also negative. The minus sign 
in (8-23) thus indicates that the change in potential energy is positive. 
Because ordinates of the potential-energy curve represent, negati^'c].^^ 
aieas undei the force curve, ordinates of the force curve must con¬ 
versely represent, also negatively, shpes along the potential-energ\- 
curve. 


The symbol (escape distance) was used in the preceding section 
to describe the distance at which the external field exerts a force equal 
and opposite to the image force, so that at the actual force on an 
escaping electron is zero. The force being zero, the slope of the poten- 
tial-eneigy curve is also zero; therefore the escape distance describes 
the position of a maximum in the potential-energy curve. Two 
potential-energy curves that have such maxima are illustrated in 
Fig. 8.10. Any electron that starts outward but comes to a stop 
before reaching the crest must fall back into the metal surface. An\' 
electron that reaches the crest with ever so little velocity passes o\-er 
it and “falls” down the other side of the hill to the opposite electrode. 
The other side of the hill is the third type of region described in Sec¬ 
tion 8.14. 

8.16 Potential-Energy vs. Potential Distribution Diagrams. The 
relation described above between potential energy and restraining 
force is exactly the same as that between electric potential and elec¬ 
tric field intensity. Up to this point the only apparent difference 
between potential distribution diagrams, and potential-energy dia- 
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granis that employ the electron volt as the unit of energy, is that of 
being upside down relative to one another. That is, as an electron 
moves to the right, in a region like that of Fig. 1.7 or Fig. 5.3, its poten¬ 
tial rises, yet its potential energy becomes smaller, for it moves in the 
direction of the electric force. The reason for this reversal is that 
electric potential is defined in terms of positive charges, whereas the 
particles for which the potential-energy diagrams are needed (elec¬ 
trons) carry negative charges. 

There exists a temptation to jump to the false conclusion that 
graphical in\'ersion is the only distinction of consequence between 



Fig. 8.8 Contrast between the dashed-line curve of electric force and the solid¬ 
line curve of electric field strength due to the image charge, in the continually 
changing field set up by an escaping electron. 


potential distribution curves and potential-energy curves in energy- 
level diagrams. The nature of a much more fundamental distinction 
can be clarified by a study of conditions in the image-force region of 
Fig. 8.7, as detailed in Fig. 8.8. 

Imagine the electron to be momentarily at some specified distance 
.ri from the metal surface. The solid line in Fig. 8.8 is a curve of the 
negative of the electric field intensity due to the image charge, which is, 
for the particular moment represented, located at —.ri. The equation 
for the solid line is, in volts per meter, 



*> 

47r€o(.Ti -b 


(8-24) 


The dotted line in Fig. 8.8 is the retarding-force curve, wliich near Xi 
follows the image-force law, equation (8-21). The contrast is appai- 
ent. The two curves must have a common value at x = Xi, for the 
image force is always just that due to the electric field; but ike electric 
field is continually changing as a result of the electron's motion. 
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Th© sitiio-tion IS vGrv clilToroni in i • i 

8.U. Here the important fon’i out 

j 1 • 1 ^ csc^ipinjT electron fl,ro tlio^p rlup 

ir'Sx" r, r““'‘" “ 

region, as m 1 ig. the movement of the electron does not affect the 
locations of the charges that produce the field, and a singlfeTectric 
intensity curve satisfactorily describes both the field and the rett^ 

When well out in the third (eseane) mrinn thn „i . 
from the metal that the image-force field i I’emote 

electric field is as ordered by elec od titen fr f 
equation. Therefore, in this re^:; as'hl pt 

and poten«al curves a^ identical o.xcept for a^hical i^ve'^ir’'"" 

8.17 Valve Action When Current Is Space-Charge-Limited. Bush¬ 
man s equation (7-2) describes the maximum electron current dens y 
that can ordinarily flow from a 

heated thermionic cathode at a 
given temperature; multiplication 
by the cathode surface area gives 
the temperature-limited current. 

When electrode geometry and 
potentials limit the actual current 
density to a space-charge-limited 
value less than the temperature- 
limited value, some meclianism 
must exist for turning back into the 
cathode the electrons representing 
the excess of temperature-limited 
over space-charge-limited current. 

This mechanism is illustrated in 
Fig. 8.9, which represents an evac- 



Temperature 
Limited 



Fig. 8.9 Potuntial distribution 
curves illustrating valve action at 
emitter surface when current is space- 
clmrge-limited. 


uated region between two parallel-plane electrodes, the catliode being 
an emitter obej'ing I3ushman s etiuation. The four curves represent 
different potential distributions that may exist between the electrodes, 
all corresponding to the same cathode temperature but to different 
plate potentials. 

Cuiwes 1 and 2 represent potential distributions when the plate 
potential is high enough for the possible space-charge-limited current to 
be greater than the temperature-limited current of the cathode at the 
existing temperature; the actual current flowing has, therefore, the tem¬ 
perature-limited value. All electrons emitted enter an electric field that 
causes acceleration toward the anode, for the slope of the potential line 
at a: = 0 is definitely positive. All of them of course reach the plate. 
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C/urv'os 3 and 4 represent a much more usual type of potential distri¬ 
bution, corresponding to plate potential (or grid sheet potential in a 
triode) low enough so that the space-charge-limited current allowed to 
flow is less than the available thermionic current. Under these condi¬ 
tions electrons are emitted from the cathode more rapidly than geom¬ 
etry and potentials permit their passage to the anode, so that negative 
space charge accumulates just outside the cathode. This produces a 
“negative dip’' in the potential line as it leaves the cathode, with conse- 
(pient negative electric gradient at the cathode surface. All the elec¬ 
trons emitted thermionically under these typical conditions enter a 
held that tends to send them back into the cathode. Only those escape 
whose a-directed kinetic energies after overcoming the work-function 
harrier are sufficient to permit them to overcome the additional obstacle 

presented by the negative dip of Em 

Equilibrium exists when the negative dip is just low enough to send 
back to the cathode all the electrons that represent the excess of the 
temperature-limited over the space-charge-limited current that is 
permitted by geometry and potentials. If the negative dip is momen¬ 
tarily too low, more than the proper fraction of emitted electrons are 
sent back to the cathode, so that the space charge causing the negative 
dip becomes less, and the bottom of the dip rises. If it rises too high, 
more electrons emerge from the cathode than can pass to the anode, 
more space charge accumulates, and the bottom of the dip drops back 
down again. Thus a local mechanism exists which automatically 

maintains the equilibrium condition. 

8.18 Conditions in a Triode near Cut-Off.The potential 
distribution curves of Fig. 8.9 take no account of work-function details 
at the cathode surface. Figure 8.10 illustrates the two potential- 
energy curves, similar to that of Fig. 8.7h, that correspond to curves 
1 and 3 of Fig. 8.9. 

The extreme right-hand part of Fig. 8.10 is, in accordance with the 
principles outlined in Section 8.16, simply a large-scale potential dis¬ 
tribution diagram inverted. Although electrons move rapidly through 
the interelectrode region, the average space-charge density in each 
locality remains constant; consequently the flow of electrons does not 
rc.sult in changes in the distribution of potential. 

4'he left-hand part of Fig. 8.10 resembles Figs. 8.2 and 8.76, in that 
it represents variations in the potential energ>^ of each individual elec¬ 
tron on the way out from the metal. The distance scale at the left of 
I'ig. 8.10 is greatly exaggerated relative to that at the right. The zero 


Sre ul«o Scrtioiis 8.20, 8.21, ami tho dotailrd lumlysiH in Chapter VI of Fumh- 


mentoh of Fht/sicnl Klcctronics. 
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level Eq in Fig. 8.10 is tlie top of the gross-work-functioii barrier and 
corresponds to the horizontal cathode-potential line in Fig. 8.9. 

At the crest or escape point on temperature-limited curve 1, Fig. 
8.10, the image force and the electric force due to the external field 
giadient are equal and opposite, as discussed in Sections 8.14 and 8.15. 
The escape distance under such conditions is very small indeed, as can 
be determined by a numerical solution of (8-22) for .r,„, using for F 
any leasonable value of electric gradient. Just as curve 1, Fig. 8.9, 



Fig. 8.10 Valve action at an emitter surface. Potential energy curves 1 aiui 3 
correspond to potential distribution curves 1 and 3 in Fig. 8.9. The di.stance scale 
at the left is greatly exaggerated relative to that at the rigid. 

reaches but does not drop below cathode potential, so curve 1, Fig. 
8.10, may for all ordinary external gradients be assumed to reach but 
not rise above the zero level. Only when the external gradient is 
extremely large does the crest of such a curve drop appi eciably below 
the zero level, as described later in Section 8.22. 

Just as the accumulation of space charge outside the cathode drops 
the bottom point on potential curve 3, Fig. 8.9, to volts below cath¬ 
ode potential, so it raises the crest of the corresponding potential- 
energy cuiwe 3, Fig. 8.10, to Em. electron volts above the zero level. 
Thus the crest of the potential-energy curve with current space-charge- 

limited is E,n electron volts higher than it is with current temperature- 
limited. 

The effect of this rise in the crest on the rate of escape of electrons 
is exactly the same that would result from an increase of work function 
by the amount Em- Hence Dushman’s equation can be used to express 
Jat the actual space-charge-limited current density, by using E\y + Em 
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instead of Ew ii^ the exponent, as follows. 

exp ^-^ (8-25a) 

- (“■> ^r) 

or, calling the temperature-limited current density as in (7-2), 

Ja= Jth exp —(8-26) 

Et 

This should be thought of as an equation for the determination of 
Ejny because Jth is determined by cathode material and temperature, 
Et by cathode temperature, and Ja by electrode geometry and poten¬ 
tials (because it is space-charge-limited). 

A negative dip of less than a volt is sufficient to reduce the plate 

current to a small fiaction of the thermionic emission, because the ex¬ 
ponential factor shrinks very rapidly as E,^ grows. For example, with 
a filament temperature of 2500° K, customary for tungsten filaments, 
a negative dip of H volt makes the plate current about 10 per cent, 
and of 1 volt about 1 per cent, of the emission. At 1000° K, which is 
in the temperature range used for coated filaments, the corresponding 
negative-dip voltages are 0.2 and 0.4. The distance to the bottom of 
the negative dip is usually a minute fraction of a millimeter. Thus in 
most useful devices at normal operating plate currents and .t,„ are 

very small; see Sections 8.20 and 8.21. 

The normal power dependence of plate current on equivalent 

grid sheet potential Cg would indicate that plate cuiient should go to 
zero (cut-off) when c* goes to zero. However, as the plate current 
approaches zero, Ja becomes very much less than Jih- From (8—26) and 
the principles outlined in the preceding section, a decrease in Ja/Jth 
1 ‘equires that and more particularly .t,„, increase substantially. 
Eventually .r„, becomes about equal to the grid-cathode spacing and 
will never exceed that value, because of the field beyond the grid estab¬ 
lished by the plate potential. As soon as is about the same as the 
cathode-to-grid spacing, can be approximately identified with the 
grid sheet potential so that there sets in an exponential dependence 
of plate current on c,. The general form of this dependence is indicated 

by using c, in place of E,n in (8-26).'®* ®''” 

Thus, in the neighborhood of cut-off, the dependence of current on 

eciuivalent grid slieet potential is exponential in nature. 



UPPER LIMIT TO TRANSCONDUCTANCE PER AMPERE 243 

8.19 An Upper Limit to Transconductance per Ampere; Elec¬ 
trometer Tubes. Equation (8-20) permits the statement of a theo- 
letically determined upper limit to the transconductance per ampere 
of a space-charge-control tube. 

Referring to Fig. 8.9, imagine the anode to be replaced by the 
equivalent grid sheet of a triode (Fig. 5.3); the potential curves of 
Pig. 8.9 then represent potential variations between cathode and grid 
sheet. Thus the right-hand terminations of these curves are now 
thought of as values of e,. Obviously, in a shift from curve 3 to curve 
, ^ lange in E„^ is less than that in e,. If the potential minimum 
had been farther from the cathode and closer to the grid, the change 
in E„ would have more nearly approached that in e.. Thus the condi¬ 
tion for maximum response of E,„ to changes in e, is //ia( the potential 

nnnimum occur at the grid location, for then the change in E,„ equals 
the change in 

The most nearly perfect grid imaginable would be one having grid 
wires infinitely close together and infinitely small. Equation (4-63) 
shows that for such a grid C, in Fig. 4.10c would be infinite, and the 
gild sheet potential Cg would equal the grid potential Cc- 
Thus the theoretical condition for the maximum effect of grid poten¬ 
tial on the potential minimum value therefore also from (8-26) 
the maximum effect on J^, is one for which 


= Cg = -E„, 


rfor maximum transcon-1 
Lductance per ampere J 


(8-27) 


Note that e, will be numerically negative in this condition. Trans- 
conductance is of course 

Qm = Cathode area X (8-28) 


SCc 


On substituting Cc 
Qm becomes 


— —Em in (8-26), and using the result in (8-28), 


Qm = Cathode area X J 


that is, 



(8-29) 


Qm = Cathode area X 


J. 


Et 


(8-30) 


The total cathode current is cathode area X so that this 
becomes 


Qm 

1 

this is the theoretical maximum' 

J 

max Et 

transconductance per ampere, 

i a-l 

-in mhos per ampere 


(8-31) 
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As nuiTiGrica.1 illustration, consider a cathode temperature of 
1160° K, near the usual range of oxide-coated cathode operation and 
corresponding to Et = 0.1 electron volt. The theoretical maximum is 

then 


(J 


m 


/j 


^ 10 X 10'* 


mux 


theoretical maximum, in 
micromhos per ampere, 
-cathode at 1160° K 


(8-32) 


Corresponding values for commercial tubes in their normal working 
ranges are included in the following table: 



Rated 

Trans- 

conduc¬ 


Plate 

tance 


Current 

(micro¬ 


(amperes) 

mhos) 

Tube Type 

h 

ffm 

GAC7 

0.01 

9,000 

6AK5 

0.0077 

5,100 

2C43 (lighthouse 

tube *'») 

0.02 

8,000 

416A (Western 

Electric 

0.033 

50,000 


Theoretical maxi¬ 
mum at 1160° K 



Input 

Figure of 

Trans- 

Capaci¬ 

conduc¬ 

tance 

Merit 

tance 

(micro- 

( micromhos 

per 

micro¬ 

Vmicromicrofarads 

Ampere 

farads) 

9m 

9mlh 

C 

"c 

900,000 

11 

800 

660,000 

4.0 

1,300 

400,000 

4.5 

1,800 

1,500,000 

7.5 

6,700 

10,000,000 




For all these tubes an important design objective was to obtain a 
maximum “figure of merit” (ratio of transconductance to input capaci¬ 
tance, see Section 5.13) in order to aid operation at very high fre¬ 
quencies. The last three are useful at ultra-high frequencies. To 
make Cs differ as little as possible from Cc, fine-meshed grids were 

employed, giving a large value of Cg. 

Xote that these commercially available triodes approach reasonably 
closely the theoretical upper limit of transconductance per ampere, 
for available cathode temperatures. Therefore it is not to be expected 
that future research discoveries will lead to spectacular improvements 
in the transcontiuctance per ampere of space-charge-control tubes, 
unlc.ss distinctly new principles are introduced. 

Electrometer tubes, usually tetrodes,*' are designed to amplify 
miiuite currents, of the order of 10 *“ ampere. An electrometer tube 
of (‘on\'entional planar iHodc design would achieve maximum trans- 
conductance per ampere by being operatetl very close to cut-off, where 
the potential minimum automatically approximates the grid location. 
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8.20 Effects of Initial Velocities on Space-Charge-Limited Current, 
Planar Geometry.'-'^'* The derivation, in Section 5.4, of the funda¬ 
mental space-chargp-lirnited current equations was based on the 
assumptions that the potential gradient into which the electrons 
emerge is zero at the cathode surface, and that the electrons emerge 
with negligible initial velocities. Actually the point of zero potential 
giadient is at the bottom of a negative dip, illustrated in Fig. 8.9, and 
the electrons that succeed in passing the bottom of the dip do so wdth 
velocities distributed in accordance wdth the Maxw'ellian velocity dis¬ 
tributions presented in Chapter XII. 

Ihe bottom of the negative dip may be thouglit of as a virtual 
cathode, located at a distance from the true cathode, and below 
the potential of the true cathode by E„, as in curve 4, Fig. 8.9. Lang¬ 
muir and Frye developed a complete planar-geometry mathemati¬ 
cal solution for the potential distribution and space-charge-limited 
current as affected by this dip and the initial electron velocities; this 
solution appears in Chapter VI of Fundamentals of Physical Electronics. 
In addition, Langmuir has given the following approximate ecpia- 
tion for space-charge-limited current in planar geometry, which has 
the merit of indicating the nature of the effects of the initial velocities: 



(8-33) 


This is reasonably valid if E, and s are substantially larger numerically 
than E„, and x,n respectively. 


In these and the Allowing equations, Ja, Jth, and Et have the same 
meanings as in Section 8.18; .t and E are distance and potential meas¬ 
ured from the cathode. In Langmuir’s equations, and here, is 
numerically negative. Thus Em in (8-33) is the negative of the Em in 
Section 8.18; the change is only in the meaning of the symbol. In 
(8-33), s is the distance betw'een cathode and equivalent grid sheet of 
a triode, or betw'een cathode and plate of a diode. E, is the e(iuivalent 

grid sheet potential for a triode, or the plate potential for a diode, all 
for planar geometry. 

A comparison of (8-33) with the earlier corresponding equation, 
(5-12), suggests the three distinct effects that initial electron velocities 
have on the space-charge-limited current density, all tending to make 
the actual current larger than (5-12) predicts, as follows; 


(a) The virtual cathode is closer to the plate than is the true cathode; corre- 
.spondingly ($ — in the denominator of (8-33) is numerically less than s- 
occurring similarly in (5-12). 
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(?)) The potential difference between virtual cathode and pl^e is greater than 
that between true cathode and plate; correspondingly {E, — Em) in the numerator 
of (8-33) is numerically greater than Es'" occurring similarly in the earlier equation, 
for Em is negative as used here. 

(c) The electrons that pass the virtual cathode do so with velocities whose 

average is proportional to f defined by (7—4), so to '\/Et> The expression for 
current density should therefore include an additive term containing the factor 

V Et. Equation (8-33) has such a term. 

The form of (8-33) shows that all three effects become progressively 
less important as the plate potential and spacing distance are increased 
relative to E,n and x,n. 

Equation (8-33) is not satisfactory for numerical computation 
because values of Em and must be determined before the expression 
can be used; the complete solution in Chapter VI, in FitudaTneniols of 
Physical Electronics leads to results reasonably convenient for numeri¬ 
cal use. 

8.21 Effects of Initial Velocities on Space-Charge-Limited Current 
Flow from a Cylindrical Cathode.^®^ No complete mathematical 
analysis has been made of the effect of initial velocities on the space- 
charge-limited current from a cylindrical cathode. Exact analysis is 
difficult because of the nonradial motions due to sideways components 
of initial velocities. The urge to obtain an exact solution is lessened 
by the fact that the initial velocities are relatively less effective in 

cylindrical than in parallel-plane geometry. 

The electrons that pass the virtual cathode do so with average 
energies proportional to the temperature. The average energy due to 
initial radial motion is Et \ that due to initial sideways motion, perpen¬ 
dicular to a radius and to the axis, is Et/‘2.. Both radial and sideways 
motion cany an electron nearer to a receiving electrode. Energy due 
to motion parallel to tlie axis has no effect on the current, because it 
does not affect the rate of travel towai'd an outer point. Hence, in his 
analysis of this problem, Langmuir considers only the radial and 
lateral energies, totaling ^Ej. 

Thus Langmuir considers that an electron at radius r, potential E 
relative to the true cathode, has on the average a radial energy com¬ 
ponent E - Em wEr electron volts. He then uses this average 
radial energy in place of E in the denominator radical of (5-54). An 
approximate solution, valid only when iEr ^ Eg — E,ny is then ob¬ 
tained by the genera! method of Section 5.16. The result is 

L 1 r 3 / 2E,\^y^ 

- = 27r X 2.33 X 10“'’ —\Es-Em-\-~ET (-—) 

I L 8 V Z\Et/ J 


(8-34) 
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Here depends on according to Fig. 5.6. I a/I is cathode current 
per unit length, and is potential (relative to the cathode) at radius 
Tg. X is a numerical constant whose value probably lies between 1 and 
2 and cannot be definitely determined except by experiment. This 
treatment is not valid near cut-off in a triode, for then Eg is very small, 
and in some cases negative. 

Comparison of the earlier (5-61) with (8-34) indicates that (8-34), 
like (8-33), takes the three modifying effects of initial velocities into 
account separately, as follows: 

(а) The effect of the outward shift of the cathode from the true to the virtual 
position appears in the value of This is more a formal than a real accounting, 
because the condition that must be small relative to E, — E^ is usually satis¬ 
fied only when rg is so large relative to both r* and that /3~ is nearly constant 
at a value near 1. 

(б) The use of E, — E^ rather than E, takes account of the dip to virtual 
cathode potential. 

(c) The term containing Et accounts for the cfTects of the random energies 
possessed by the electrons as they pass the virtual cathode. 

Even without knowing definitely the proper value to use for X, it is 
possible to estimate how much larger the current specified by (8-34) is 
than that given by (5-61). Langmuir’s calculations show that the 
percentage of increase is in general only about one-fourth or one-fifth 
of that in the corresponding plane cathode comparison. 

In contrast with (8-33), equation (8-34) can be used rather easily 
for numerical calculations, although a trial-and-error process is neces¬ 
sary. Suppose that Ith/l, Et, Eg, r^, and are all given, and that 1 is 
to be used for (3^ and for X. Equation (8-26) takes the form 



(8-35) 


and permits determination of E,n (negative) corresponding to an 
arbitrarily chosen preliminary value of la/L This value of E,a used in 
(8-34) either will or will not give the assumed value of la/l. If it 
does, the preliminary choice is the correct one; if not, another trial 
must be made. This handling is possible because the radius of the 
virtual cathode does not appear in (8-34). 

8.22 Reduction of Work Function by Strong External Fields.’^ ®- 
8H.P. 16 a cathode supplying temperature-limited current is exposed 
to a positive external field, as in curves 1 and 2, Fig. 8.9. In an ordi¬ 
nary electron tube any such field is so small that its effect on the height 
of the crest of the potential-energy curve is negligible, as for curve 1, 
Fig. 8.10, provided the cathode surface is a homogeneous one, like 
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that of a tungsten filament. However, very large but experimentally 
obtainable fields lower the crest enough to affect the current meas¬ 
urably. 

Figure 8.11 is a detail of the potential-energy curve in the presence 
of a very strong external field. The curve is, at every point, below its 
usual (dotted) position by just the amount of encouragement to 
escape contributed by the external field. This is the product of field 



Fig. 8.11 Reduction in work fun ction due to presence of strong external field; 
the amount of change is \/g<F/4irtol homogeneous metal surface. 


force by distance traveled, that is, joules or Fx electron volts. 
Hence the potential energy is represented at remote points by a 
straight line with slope —F. 

The solid-line curt e of potential energy, in the presence of the field 
F, has a maximum at the escape distance .r„„ where the image force 
and external force are equal. Solution of (8-22) for .r„, gives 




(8-3(i) 


The mugnitiule t>f I lie reiiuction in work function due to the external 
field is the amount by which the crest lies below the zero level; the 
zero level is the escape level in the absence of the field. 

It is apparent fi'om Fig. 8.11 that there are two contributions to the 
ilistanco downward fiom the zero level to the crest. 

(a) The normal polmitial-energ^^ curve is, at the distance .r,„, below 
the zero level by an anuiunt obtained by integration of the imago 
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force, (8-21), from x = to infinity, as follows: 

dx = - [joules] (8-37) 

167r€o^m 

By substituting for x^ from (8-36), and dividing by qe to convert to 
electron volts, this contribution to the reduction in work function is 
found to be 

(b) Ihe crest is below the normal potential-energy curve at x^ by an 
additional amount Fx„,. Again substituting for .r„, from (8-36), this 
second contribution is found to be exactly the same as the first. 

Thus the total change AEj^r in work function due to the external 
field is, in electron volts. 



= 2 



QeF 

16 x€o 




(8-38) 


This can be checked experimentally by varying F to very large values 
and measuring the resultant thermionic current; in general, using 
Dushman’s equation in logarithmic form: 





exp 


-Ew 
Ex 


+ 



Qe 




4ir€o Ex 


(8-39) 


A plot of \TiJth against '\/f should then give a straight “Sohottky" 
line of slope 


3.78 X 10-^ 

- - -= Slope of Schottky line (8-40) 

Jb'p 

This expectation has been confirmed experimentally,^®'®^’thus 
demonstrating the validity of the image-force law for points not too 
close to the surface. Figure 8.12 illustrates the type of cuiwe obtained 
from such experiments. The experimental points taken at low field 
strengths depart markedly from the Schottky line, because of space- 
charge limitation of current. 

It was stated in Section 7.14 that cathodes made of composite 
surfaces do not exhibit the definite temperature-limited “saturation’^ 
of homogeneous metal surfaces. This corresponds to a change in the 
nature of the experimental curve in the Schottky-line region. The 
curved solid line in Fig. 8.13 is the same kind of curve for an oxide- 
coated surface that the straight slant line in Fig. 8.12 is for a homoge¬ 
neous one.^®’At values of field strength toward the low end of 
the temperature-limited range the available emission current is im- 
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mensely more sensitive to variations in the field strength than is to be 
expected from the analysis presented above, as indicated by the steep¬ 
ness of the solid line in Fig. 8.13 to the right of point A. At very large 



Fig. 8.12 Variation of thermionic emission due to external field, homogeneous 
metal surface, showing the Schottky line. Below A the shape of the experimental 
(solid-line) curve is governed by space-charge limitations. “Zero field emission’* 
is at the intercept of the dashed extrapolation of the Schottky line. The slope of the 
Schottky line is given by (8-40). 



Fig. 8.13 Variation of thermionic emission due to an external field, oxide- 
coated and other composite surfaces. Below A the shape of the experimental 
(solid-line) curve is governed by space-charge limitations. “Zero field emission” 
is the intercept of the dashed extrapolation from A. To the right of B the experi¬ 
mental curve follows a Schottky line, with slope given by (8—40). Note the radical 
departure from the Schottky line in the portion of the temperature-limited rangi^ 
that lies between A and B. 

field strengths, as beyond the emission approaches a Schottky line, 
the dotted line with slope given by (S^IO). 

For comparing different surfaces and the results of different experi¬ 
menters it is customary to use the values of Aq and E\v corresponding 
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to zero field emission. This is the emission current corresponding to 
the vertical-axis intercept obtained by extrapolation toward the axis 
from Figs. 8.12 and 8.13. The purpose of the extrapolation is to 
eliminate the elTect of space charge in interpreting the data. 

The reason.s for the marked variations of the emission from com¬ 
posite surfaces caused by small and moderate values of off-cathode 
giadient are not well understood. There is frequently an important 
time dependence of temperature-limited current in relation to field 
strength; the available emission for 1-microsecond pulses may be many 
times that for pulses of a thousand microseconds’ duration. Also, the 
d-c temperature-limited current freqviently shows slow time variations 
(it may either rise or fall), having time constants measured in minutes. 

8.23 Field Emission.^ It has been experimentally shown 
that when extreme fields of the order of 10**^ volts per meter are applied 
to a metal surface, an electron emission occurs which is essentially 
independent of temperature but varies rapidly with electric field 
stiength F, according to a relation similar to Dushman’s equation but 
with F replacing temperature; thus field emission current density 
J 6eid is given by 

-Fq 

•Afield = KF) exp —~ (8-41) 

r 


where the function/(F) of F is mathematically analogous to the AqT^ 
factor, and Fo to the work function, of Dushman's equation (7—2) for 
thermionic emission. 

To explain field emis-sion in terms of Fig. 8.11 it is desirable to modify 
the representation to indicate a greater external field strength, as sug¬ 
gested by the steepness of the potential distribution line external to 
the metal in Fig. 8.14. Note that the rapid descent of this potential 
distribution line at the right results in there being a relatively thin 
potential barrier at the Fermi level. According to quantum-mechanical 
theory ' there is an appreciable probability of the passage 

of an electron through such a potential barrier, if the barrier is suffi¬ 
ciently thin. This concept of a small but finite probability of “passage 
through” implies that a small percentage of the electrons that arrive 
at the barrier from the inside with energies at or less than the Fermi-level 
energy may move from the left of the barrier to the right of it. Thus 
there may be some “field emission” even though the metal is cold 
enough so that no electrons escape over the top of the barrier (i.e., 
there is no thermionic emission). 

At and for many levels below the Fermi level the electron population 
per level within the metal is extremely large, and even a very small 
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probability of transmission through the barrier can provide substantial 
current. The theory predicts that such field emission current should 
have an inverse exponential type of dependence on barrier thickness 
and therefore on field strength; this agrees with the experimental rela^ 
tionship (8-^1). Also, this implies that most of the field emission cur¬ 
rent will come from levels only moderately below the Fermi level, be¬ 
cause the inverse exponential dependence on barrier thickness will 
rapidly reduce the contributions from progressively lower levels. 

Zero field escape level _ 





Fig. 8.14 Energj’-Ievel diagram for a metal from which “field emission” of elec¬ 
trons is occurring because of the very strong external electric field at the surface. 
A small percentage of the electrons reaching the potential barrier from the inside, 
and possessing kinetic energies at or a little below the Fermi level, will pass through 
the barrier because it is thin, and are thereafter drawn away by the external field; 
see {8—41). 

Such through-the-hump emission should not depend on temperature, 
because the electron population in levels at and below the Fermi level 
is essentially independent of temperature, as indicated by the very 
little change, for such energy values, of the distribution curves, Fig. 8.4, 
between the very wide range of temperatures encompassed by the two 
curves in that figure. 

Field emission theory plays an important part in the explanations 
sometimes advanced for the very large emission current densities ob¬ 
served at the cathode spot of an electric arc between metallic electrodes 
at atmospheric pressure. 

8.24 Contact Difference of Potential.*^'^'*’'*^ * The sig¬ 

nificance of the term “contact difference of potential” may be under¬ 
stood by reference to Fig. 8.15. If pieces of two different metals are 
moderately close to one another but not touching, both being electri- 
(uilly uneliargcd, there is, of course, no electric field between them. 
I'lie |)otontiul-eucrgy curve between them is, as illustrated in Fig. S.lSa, 
horizontal except very near each surface. 
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If these two pieces of metal are brought very close together, still, 
howevei', not touching, the two image-force regions ovei lap. Calcuhi- 
tion of the force in the narrow gap between the surfaces would requii(' 
imaging in both conductors, and there would in general be some force 



(a) Uomoto unlike surfaces both uncharged. 



(6) Same surfaces approacliing closely, but not touching. No charge inter¬ 
change; no shift of bottom levels. 



(c) Electrical contact just made, trans- (d) Complete electrical contact; 
ferring electrons to the left; En, Ep, Eq all Fermi levels coincide. Contact 
raised; Eb', Ep', Eq all lowered. difference of potential is = 

Ew — E\v'. 

Fia. 8.15 Potential energy diagrams, relative to contact difference of potential. 
Note that the low-work function metal has in (d) acejuired a potential higher than 
the other metal, because its zero of potential energy is lower than for the other 
metal. As these are energy diagrams, not potential diagrams, electrons “fall” 
toward lower levels. 

each way. The crest of the potential-energy curve through the gap is 
then below the zero level, as illustrated in Fig. 8.156. As yet there has 
been no charge transfer; both pieces of metal are uncharged. A poten¬ 
tial-energy line drawn between two nonadjaceni (perhaps backside) 
boundaries of these two metals must still be flat-topped, and the verti¬ 
cal positions of the top and bottom energy levels are unchanged. 
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As soon as the potential-energy barrier in the narrowing gap becomes 
thin enough so that a substantial number of electrons can penetrate it, 
01 ’ as soon as the crest of the barrier drops low enough so that electrons 
can spill over it, there will be electron flow from the low-work-function 
metal to the high-work-function metal. Thus electrons move away 
from the right-hand piece, giving it a positive charge and the left-hand 
piece a negative charge. Therefore the right-hand one acquires a more 
positive potential and the left-hand one a more negative potential 
than before: the two zero levels shift relative to one another, the right- 
hand one moving downward, the left-hand one upward, as illustrated 
in Fig. 8.I0C. This shift continues until the two Fermi levels line up 
horizontally, as in Fig. S.lod. Then there is no further tendency for 
electrons to flow either way, because no electron in either metal can by 
crossing the boundary find a vacant level lower than its present one. 
This is an equilibrium condition. 

The two zero le\'els are now displaced vertically by just the dif¬ 
ference between the two work functions. This displacement is meas¬ 
urable and is called the contact difference of potential; thus the contact 
difference of potential between two metals is the difference between their 
tvork fnnetions.^^- Low-work-function metals are called electro- 

positi\'C because they become positively charged, and therefore acquire 
positive potentials, when in contact with high-work-function metals. 

Two pieces of metal are in contact only along one surface of each, 
and there are other sides to both. A potential or potential-energy 
curve between noncontacting sides must, of course, have a slope, to 
accommodate the change in height in passing from one zero level to 
the other, and this slope corresponds to an external electric field. 
Measurements of contact differences of potential are basically measure¬ 
ments of this electric field and are alwaj-^s made by electrostatic voltage¬ 
measuring devices. 

Ordinary electromagnetic meters respond only to continuous current 
flow. The vertical shift of energy levels that sets up the external field 
between metals in contact establishes an equilibrium in which there is 
no tendency toward transfer of electrons from one metal to another; 
therefore electromagnetic meters cannot be used to measure contact 
differences of potential. Also, all the contact differences of potential 
around a closed completely metallic circuit must add up to zero, as 
consideration of their origin will make CA'ident; this again indicates 
that no current flow can result from them in such a circuit. 

8.26 Effect of Contact Differences of Potential on Triode Plate 
Current. The various electrodes of a triode. tetrode, pentode, etc., 
arc connected to one another through external circuits and may be of 
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unhke metals, so that the electrodes expose within the tube just such 
^ncontacting surfaces as are referred to in the previous paragraph. 
Hence the space-charge-free potential gradients within such tubes 
must include contributions due to contact differences of potential. 
Heating the cathode so that electrons are emitted does not change the 
situation in principle; it merely adds space charge to the list of items 
controlling the potential distribution. 

In determinations of equivalent grid sheet potential values, as for 

example by means of (5-22), contact differences of potential may be 

taken into account by adding with proper algebraic sign, and to plate 

an gri voltages respectively, the corresponding contact dilTei ■ences of 
potential relative to the cathode. 

As the cathode-to-grid and cathode-to-plate contact differences of 
potential, E” and Eiy^\ are within any given tube independent of the 
vo tages applied, it is possible to combine them into a constant term 



(8-42) 


If as usual the work function of the cathode is ]e.ss than that of either 

^7/*^ numerically negative, as will 

E . The constant term E” can be incorporated into (4-71), (5-22), 

(5-23), and similar expressions. Thus for a triode E,, to be used iii 
finding space-charge-limited current, becomes 



E" + E, + 




1 1 Ck' 

1 — 
M Cn 


(8-43) 


If it^is found experimentally that heating the cathode affects the value 

of E" (possibly by changing the cathode work function), of course the 
hot value of E" must be used. 


PROBLEMS 

1. For how many free electrons within a rectangular enclosure can rr have the 
value 7? the value 8? (See Table VIII.) 

2. Aluminum has a specific gravity of 2.70, atomic weight as in Table II. 
Find Ep (kinetic energy at the Fermi level). (The shell distribution of electrons, 
Table II, suggests how many free electrons per atom may be expected.) 

3. A rectangular enclosure, volume cubic meter, contains an electron gas 
having 30 electrons. Find the Fermi-level energy (a) by use of Table VIII and 
equation (8—11), also (6) by use of equation (8-14). ^\Tiich answer is correct 
and why? (c) Find the least possible average energy, in electron volts. 



2r>() 


i:ij:ctkons in 


METALS AND SEMICONDUCTORS 


4. (a) Find tl»(> Fcrmi-levcl energy (electron volts) for argon at 0® C and 760-mm 
pn ssurc, luul (h) for helium at 10 atmospheres pressure and 10° K, assuming the 

helium still monatoniir. 

6. Derive an expression for the gross work function of a homogeneous metal 
surface, if the retarding-foree curve starts as a straight line through zero force at 
the surface, intersecting the image force at distance b from the surface. If the 

gross work function is 12 volts, what value has fr? 

6. Consider a cathode surface capable of thermionically emitting 200 ma per 
sq cm at 1160° K. Find the voltage equivalent of temperature, the work function 
(assuming lo in Dushman’s equation is 60 X 10^). the value of t (the electron 
velocity ciiaractcristic of this temperature). If the potential dip (Fig. 8.9) drops 
to volts below the cathode, what is the space-charge-limited current density? 
How far below the cathode does the potential dip drop when the space-charge- 
limited current is 0.1 per cent of the temperature-limited value? 

7. Consider a cathode whose temperature-limited current is 50 ma at 1700® K, 
0.5 ma at 1400® K. Find the work function, using Dushman’s equation. 

8. The Prob. 7 cathode has a circular cross section, 0.008-cm radius, and is 2 
cm long. An outer concentric anode has a 0.032-cm radius. Cathode temperature 
1700® IC. Neglecting contact potential difference, find the current when Eb is 
(a) 30 volts, (6) 5 volts. In (6), how many volts below the cathode potential is 

tlie bottom of the potential dip? 

9. Electrodes as in Probs. 7 and 8, temperature 1400® K, current therefore so 
small that the effect of space charge on potential distribution can be neglected. Eb 
= 1200 volts. What is the temperature-limited current? (See Section 8.22.) 

10. Solve (6), Prob. 8, by the method outlined in Section 8.21, using X = 1, 
then X = 2. Comparison with the solution of Section 5.14 will illustrate the effects 


of initial velocities. ^ ^ 

11. The work function of a surface might conceivably depend on the temperature. 

Find what function must be of Et and of a constant Ew' to convert Dushman’s 

equation into the following: Jih = AqT exp (— Ew /Et)- 

12. Cylindrical diode: a- = 3 mm, = 5 mm, length 80 mm. Plate potential 
zero (same as cathode). Cathode at 1040® K. Potential minimum between cathode 
and plate at -0.08 volt. Plate current h - 0.85 amp. (a) Find /tfc, thermionic 

niirr/>nt. frrtni cathode. (6) If An = 60 X lOMn Dushman’s 


^ KO.1 mm 



equation, find cathode w'ork function, (c) Find the anode 
dissipation. 

13 . A piece of tantalum and a piece of gold are shaped 
and placed in contact along one surface, as in Fig. 8.16. 
(fl) What is the electrostatic potential gradient in the 
slot between their adjacent noncontacting surfaces? 
(5) Toward which metal would an electron in this slot 

be accelerated? 


Fig 8 Hi Tantalum 14. In a certain triode, the work function of the ca- 
and gold in contact. thode surface is 2 volts; the grid is nickel, the plate 

graphite (a form of carbon). Write an expression for the 

tHiuivalent grid sheet potential, accounting for contact differences of potential 
between the various electrodes, assuming that fx, Cp, and Ck are known. 

16. To what value must the work function of a tungsten surface be reduced, by 
an exteinal field, to make the current density 20,000 amp per sq cm at 2500® K? 
How strong must the field be? How near must the adjacent plane anode be if its 
potential is 10 volts above that of the tungsten? 



CHAPTER IX 

AMPLIFIER CIRCUIT PRINCIPLES * 



9.1 Plate Resistance, Transconductance, Amplification Factor. 

le cuiient \ oltage lelationships for high-vacuum thermionic tubes 

are easily measureable and reproducible. They can be satisfactorily 

represented by families of characteristic curves as discussed in Chapter 
VI. 1 he most important families 

of curves are sets of mutual char¬ 
acteristics and plate characteristics, 
illustrated by Figs. 6.2a and 
6.26. 

Any thermionic vacuum tube 
is an example of a nonlinear 
circuit element. An ordinary 
resistance which follows Ohm’s 
law is called a linear circuit ele¬ 
ment, because the current is 
directly proportional to the volt¬ 
age. Figure 9.1 contrasts the cur¬ 
rent-voltage relationship for an 

ordinary linear resistance (the straight line through the origin) with 
that for an illustrative nonlinear circuit element. 

The teim resistance,” as applied to a nonlinear circuit element, 
maj'’ have a variety of meanings, e/i (volts divided by amperes) may 
have one value, wattsA'^ another, and de/di still another, although for 
an ordinary resistance all three have the same value. In many non¬ 
linear circuit elements, and especially in vacuum tubes, the currents 
and voltages are usually pulsating, consisting of a-c components super¬ 
posed on d-c ones. When the a-c components of voltage and current 
are relatively small, the ratio between them is de/di, which can there¬ 
fore be called the a-c resistance of the element. 

In triodes, tetrodes, pentodes, etc., the a-c resistance to flow of 
plate current, relating the a-c components of plate current and plate 

* See bibliography references 9A through 90 for more extensive treatments. 
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Fig. 9.1 Contrast between linear and 
nonlinear circuit elements. 
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volttigC) is C£i11gc1 tliG 'pldtB TcsistO/tiCB Tp. As discussed in Section 5.7j 
it is defined mathematically as 



dei, 

dh 


that 


_ /deA 


constant 


(9-1) 


where 4, and Cc signify respectively plate voltage, plate current, 
and grid voltage. 

It is evident that Vp is the reciprocal of the slope of a plate character¬ 
istic curve. As this slope is by no means the same for all values of 



Fig. 9.2 Plate voltage-grid voltage curves corresponding to Fig. 6.2. Slope of 
these curves is the amplification factor n. 


plate and grid voltages, the value of Vp is markedly dependent on the 
circuit in which the tube is used. 


The equation 

.1 .■ _ 

Q>n ~~ - » that IS, (Jtn \ j j 

dCc \(l€c /constant 


(9-2) 


defines the grid-plate transcondiictance g,ny which is obviously the slope 
of a mutual characteristic curve and, like rp, varies with circuit volt¬ 
ages. Transconductance is usually stated in viicromlws. 

The amplification factor m is defined as 


^<’6 , 

fi — -, that IS, M = 

dCc 



constant 


(9-3) 


ju is therefore the slope of the various parallel straight slant lines in 
Fig. 9.2, for along each straight line the plate current is constant. The 
relationships of m, fp, and gm to geometry and potentials are discussed 
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proofthat°"’“® 


M = QmTp (9-4) 

The plate characteristic curves of Fig. 6.26 are essentially parallel 
to one another that is, each one is like its neighbor e.xcept for a hori¬ 
zontal shift. This means that any change Ac, in grid voltage can be 
compensated for by a change Acj in plate voltage, provided that 
AC, -i- (Act/^; - 0, y. being assumed constant, that is, independent of 

the magnitude of Ac Under these circumstances h is some function 
of the quantity e, -|- (cj/^). 

Adjacent curves are not parallel to one another in families of tetrode 
an pentode plate characteristics, for in such devices the plate current 
IS not even approximately a function of c, -f (c,/m); see Figs. 0.7 and 

A r 1 ? ''\°°“nection with multigrid tubes the quantity y, 
as defined by (9-3), loses the simple significance relative to interelec- 
trode geometiy that it has in connection with triodc characteristics. 

t becomes, and simply a quantitative measure of a certain 

decidedly variable property of a family of curves 

9.2 Evaluation of Tube “Constants.” The quantities m, r„ and 
are sometimes called “tube constants” in spite of the fact that only one 
of them, M, IS constant, and that one so only for triodes. The values 
of these constants” can be obtained by direct measurement, using a 
vacuum-tube bridge, or grajAically from the characteristic curves. 

The value of at any point on a set of plate characteristics can be 
obtained by measuring the slope at that point. It can be obtained 
from a set of mutual characteristics by determining from the graph 

the increments and Aii along a line of constant grid voltage 
(vertical in this case). Then 


" - © 


ec constant 


(9-5) 


The quantity is similarly obtainable as the slope of a mutual 
characteristic curve, or as A4 /Aec in a vertical section of a set of plate 
characteristic curves. 

M is the slope in a set of cur\^es like Fig. 9.2, or it is Acb/Aec along a 

horizontal (constant 4) section of mutual or plate characteristic 
curves. 

9.3 Simple Amplifier Circuits; the Load Line. Triodes and pen¬ 
todes are used extensively in amplifier circuits. The time variations 
of the voltage between the output terminals of a perfect amplifiei- 
follow the pattern set by the input voltage, but are of greater magni¬ 
tude by a constant factor called the voltage amplification or voltage gain 
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of the amplifier. Most actual amplifiers introduce some distortion of 
tlie \-oltage pattern, and the kind and magnitude of the distortion is 
a controlling factor in the selection of the type of amplifier to be used 
fo]* a particular purpose. 

There is in general use a classification of electron tube amplifiers 
into Class A, Class B, and Class C types, the distinction between them 
having to do with the bias voltage, as stated in the last paragraph of 
Section 9.5. Class B and C amplifiers are easily understood, once the 
essentials oi Class A operation are grasped. A discussion of Class B 
;uni)lifiers appears in Sections 9.22, 9.23, and 9.24. Class C amplifier 
operation is di.sciissed briefly in Section 11.3, and in detail in various 
texts (le^’oted primarily to electronic circuit studies. 

Figure 9.3a is a diagram of a simple Class A amplifier circuit. The 
cathode of the tube is heated by current from a filament transformer, 



(rt) Actual circuit diagram. (?>) Equivalent a-c circuit dia¬ 

gram of the voltage generator type. 


Fig. 9.3 Amplifier circuit with resistance load. 


or from a battery (called the A battery). The plate and grid circuits 
contain rc.spectivcly a B battery, or rectifier power supply, of voltage 
Eti, and a C bias battoiy of voltage Ecc- The plate circuit contains 
also an oulput resistance or load resislayicc Rl- The a-c input voltage, 
of rms value E^, instantaneous value Cg, is introduced into the grid 
circuit in series with the bias battery. The useful output voltage, of 
rms value Ep, instantaneous value ep, is the a-c component of the volt¬ 
age across Rl- The voltage amplification or voltage gain of this 

amplifier is the ratio 

— = Voltage gain (9-6) 

Ec 


The input voltage is sometimes called the exciiation voltage. 

* See especially Terman,*^* Argimbau,*^ and the books by the staffs of Cruft 
Laboratory at Harvard and of the Electrical Engineering Department at 
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In accord with standards established by the Institute ot Radio 
Engineers “ the following symbolism will be used, potentials usually 
(but not always) being measured relative to a zero value at the cathode. 




E,, E,, I 







Ep, Eg, Ip, Ig 



symbolize respectively instantaneous values 
of plate and grid voltages and of plate and 

grid currents. 

symbolize similarly the d-c values of plate 

and grid voltages and of plate and grid 
currents. 

symbolize the instantaneous values of the 

\'arying (or a-c) components of plate and 

giid voltages and of plate and grid cur¬ 
rents. 

symbolize the rms values of the a-c compo¬ 
nents of plate and grid voltages and of 
plate and grid currents. 

symbolize the battery voltages in the plate 
and grid circuits. In a great many circuits 

Ec = i?cc. 


Also, in this text: 


(\)-7a) 


(0-7/>) 


(9-7c) 


(9-7dj 


(9-7c) 


ta, ik symbolize respectively the instantaneous total value, 
and the instantaneous value of the varying com¬ 
ponent, of the cathode current. 
laj Ik symbolize respectively the d-c value, and the rms 

value of the varying component, of the cathode 
current. 


(9-8a) 

(9-86) 


In the circuit anal 3 ’'sis of this and the following chapter the cathode 
potential Avill be considered to be zero. 

It is evident from the above definitions that. 


e.b ~ Eb Cp 

(9-9a) 

*6 = A + ip 

(9-96) 

Eq Pg 

(9-9c) 

tc — Ic ig 

(9~9d) 


The grid potential is usually negative relative to the cathode, so that 
eci Ec, and Ecc usuallj'^ have negative numerical values. 

In a circuit like that of Fig. 9.3a the instantaneous plate voltage et, 
is less than the plate battery voltage E^b by the voltage droj) in Rl, 
that is 


eb ~ Ebb ~ hRl 


(9-10) 
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This equation describes the plate voltage in terms of the circuit ex¬ 
ternal to the tube. Its graphical representation on a set of e^, co¬ 
ordinates is called the load line and is drawn, on Fig. 9.4, for Rl = 2500 
ohms and E^b = 400 volts. The location of the load line for a given 
external circuit is entirely independent of the kind of tube used. To 
emphasize this fact no plate characteristic curves are shown in Fig. 
9.4. Actual placement of the load line for a given set of circuit con¬ 
stants is most easily accomplished by locating the two extreme points. 



Fig. 9.4 Load line, for the circuit of Fig. 9.3, when Ebb — 400, Rl — 2500. 

Thus in this figure, when ib = 0, €b = Ebb = 400 volts; when = 0, 
^ Ebb/Ri = 160 milliamperes. The load line describes graphically 
the concept that the plate voltage must fall as the plate current rises, 

and vice versa. 

9.4 Point Q of Zero Excitation; Current-Voltage Locus, Dy¬ 
namic Characteristic. Figure 9.5 represents the load line of Fig. 9.4 
combined with a particular set of plate characteristic curves. Suppose 
that the input voltage Eg for the moment is zero. Then Cc = Ecc] 
both Cb and ib are constant at values corresponding to the intersection 
of the Cc = Ecc plate characteristic curve with the load line. This 
intersection will be called the “point of zero excitation and identified 
by the letter Q (“quiescence”). Corresponding plate current and plate 
voltage values for this point are symbolized as Ib and the grid 
voltage at Q is of course Ecc> 

Suppose that there is introduced into the grid circuit, in series witli 
the grid bias voltage Eccy an a-c voltage of instantaneous value Cg, 

Then 


Cc = Ecc + 


( 9 - 11 ) 
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If eg varies sinusoidally, with rms value Eg and frequency /, this 
becomes 

= Ecc + y /2 Eg cos 2Trft (9-12) 

Each successive momentary value of grid voltage now corresponds 
to a new plate characteristic curve, with a new intersection point on 
the load line. The point describing instantaneous values of and 4 
oscillates along the load line with the frequency /. The range of the 


The heavy porlion 
of the dynamic 
characteristic is 


the current 


voltage locus 



250 


250 


Plate current, 
milliamperes. 


200 


200 




The heavy portion 
of the load line 
is the current- 
voltage locus 


Load 

line 


150 150 

Current 
dllernating 
component, 
value 4, 

100 I 100 


/ 


Dynamic , 
characteristic 


-120 -100 -80 -60 -40 
Grid volts, f.\ ^ j- 

i I 

Alternating kr I 
input voltage.— PV I 
rins value Eg 






J0---I-0I 




/ T 


//-Cv 


0 100 ; 

H— E, -^ 

I Alternating ^ 

output voltage,"^ 
rms value £„ 


300, 400 500 

Plate volts, f.. 


(a) On mutual characteristics. (/,) On plate clmracteristics. 

Fig. 9.5 Current and voltage variation.s in a Cla.ss A. amplifier with re.sistanco 
load. At the point Q of zero excitation: Cc == = E^c, ei, = Eb, h = h. 


oscillation for a given value of Eg is illustrated in Fig. 9.5h by the heavy 
portion AB of the load line, extending from Cc = Ecc — '^^Eg to 

— BJee “b Eg. This portion of the load line is the current-voltage 
locus for this particular circuit and excitation voltage. 

According to Fig. 9.4 and equation (9-10), any variation in Cb must 
be accompanied by an equally large variation in the voltage ibRL 
across the load resistance, for Ebb cannot change. Hence, as indicated 
in Fig. 9.56, the peak value of the a-c output voltage (rms value Ep) 
is half the total extent of the variations of the locus. Similarly the 
peak value of the plate current’s a-c part (rms value Ip) is half the 
total extent of the 4 variations of the locus. 

Graphical representation of this behavior on a set of mutual char¬ 
acteristics is often more useful than that on the plate characteristic 
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graph. The load line can be transferred to the Cc, h graph by plotting 
t hereon tlie values of Cc and 4 that correspond to the intersections of 
the various plate characteristic curves with the load line. The curve 
resulting from such a process is called the dynamic characteristic; it is 
.shown in Fig. 9.5a. 

The dynamic characteristic differs from the load line in that the 
d^mamic characteristic is not in general straight and depends for its 
placement on properties both of the tube and the external circuit. Its 
flexion results from the flexion of the tube characteristic curves, as is 
evident fiom the manner of spotting points along it. If the tube 
characteristic curves are straight or nearly straight within a given 
range of plate currents, the dynamic characteristic is likewise straight 
or nearly so within the same current range. The load line and the 
dynamic characteristic represent the response of the circuit both to 
d-c and a-c variations in the grid voltage. 

The heavy portion of the dynamic characteristic in Fig. 9.5a is the 
current-voltage locus that corresponds to the similar heavy portion of 
the load line in Fig. 9.56. The value of Cc at the point Q of zero excita¬ 
tion is of course Ecc- Therefore Q lies half-way between the extreme 
points of the “swing” of the grid voltage on Fig. 9.5a. 

9.6 Relations between A-C and D-C Components of Voltage and 
Current. Suppose that, as in the preceding section, a sinusoidal excita¬ 
tion voltage of rms value is used in the circuit illustrated in Fig. 
9.3a. Equations (9-11) and (9-12) then describe the relations between 
the d-c and a-c components of grid voltage; see the (9-9) set and the 
<lefinitions preceding it. These grid voltage relations are illustrated 
graphically in Fig. 9.6, in which 2" is any point along the current- 
voltage locus. The following plate current relations correspond to 
(9-11) and (9-12); 

H, = Ih 4 ( 9 “ 13 ) 

ii = h+V2I„ cos 2irft (9-14) 

An inspection of Fig. 9.0 indicates that as the grid voltage swings in 
the positive direction (toward zero) the plate current increases (i.e., 
moves to the left and upward along the load line). Thus Cg and ip rise 
and fall togethei- and reach maximum positive values at the same 
instant. They may be said to be in phase with one another. The <’s 
in (9-12) and (9-14) are therefore identical; that is, they are measured 
from a common zero instant. In relation to plate voltage, the counter¬ 
part of (9-13) is, for Fig. 9.6, 


Cb — Eb + Cp 


(^ 15 ) 
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The total load voltage cbp (see Figs. 9.3a and 9.7) i.s of course (he 
voltage drop in due to the flow of plate currerd. Figure 9.7 illu.s- 
trates the fact that cap, measured from B to P, Fig. 9.3a, is negative; 
that is, the potential of P is below that of B. 



I‘iG. 9.0 Relations between d-c and a-c componentvS of plate voltage and plate 
current in a Class A amplifier with resistance load. At the point T on the figure: 

Bccy €c are negative, Cg positive, 
ffc, ib, ip are positive. 

Eb, eb, are positive, Cp negative. 

These (luantities are related as follows (see (9-9)): 

<^c = Ecc + Cg ib = Ib + ip 

eb = Eb + €p Cp = —ipRi 

Figure 9.7 also illustrates the fact that, as increases, cbp becomes 
less negative by an equal amount; that is, epp and Cp experience iden¬ 
tical positive increments simultaneously. Therefore Cp in (9-15) is 
the a-c component of load voltage as well as of plate voltage. Thus Cp is 
in fact the useful output voltage of the amplifier illustrated in Fig. 9.3a. 
The point T in Fig. 9.6 is chosen so as to make ep negative, whereas P 
in Fig. 9.7 corresponds to a positive value of Cp. 
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It is evident from Fig. 9.6 that: 

Slope of the load line = --— = — (9-16) 

eh — Eh ep 

But this slope is —1/Rl\ therefore 

ep = -ipRL (9-17) 

An inspection of Fig. 9.6 shows that along the load line ip increases in 

a positive sense as Cp swings negative, 
as is to be expected from (9-17). 

A relation similar to (9-17) exists 
between the corresponding rms values, 
that is 

Ep = -IpRL (9-18) 

The negative signs in (9-17) and 
(9-18) are of importance only when 
phase angles are being considered. 

The counterpart, for plate voltage 
variations, of (9-14) is 

Ch = Eh a/S Ep cos 2x/< (9-19) 

The effect of the negative sign in 
(9-18) is made evident by a compari¬ 
son between (9-14) and the follow¬ 
ing, obtained by using (9-18) in 
(9-19): 

et = V2 IpRL cos 27r/< (9-20) 

Thus as ib and ip increase, Cb and Cp 
decrease; ip and Cp are 180° out of phase vnth one another. 

In summary: 

Cg and ip rise and fall together (9-21a) 

Cp falls when ip rises (9-216) 

Therefore, necessarily, 

Cp falls when Cg rises (9-21c) 

This summarizes the reasons why Cp and Cg are said to be 180° out of 
phase with one another in an amplifier that has a purely resistive load. 

The distinctive feature of a Class A amplifier is that the current- 
voltage locus, Fig. 9.6, lies entirely above cut-off (does not extend to 


Potential at S, Fig. 9.3a 



Fig. 9.7 Voltage relations in 
the plate circuit of a Class A 
amplifier employing the Fig. 9.3a 
circuit. The plate potential is 
always lower than the plate bat¬ 
tery potential, because of the d-c 
voltage drop in the load resistance. 
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zero U) and entirely behw the plate characteristic cur\'e for which 

. us tie grid bias voltage Ecc for a Class A amplifier is very 

muc 1 less in value than would be necessary to produce cut-off along 

the load line. In contrast, a Class B amplifier (Section 9.22) is biased 

approximately to cut-off, and a Class C amplifier (Section 11.3) is 
biased to much below cut-off. 

ii i i* -• _ with Reactive Load. Often 

the load is reactive; for example, it may contain an inductance of L 

henrys, having reactance Xl olims, as illustrated in Fig. 9.8a. If the 


Li 


b. 
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(6) Equivalent a-c circuit* 


Fig. 9.8 Clas.s A amplifier ci rcuit with i mluctive load, having r(>.si.s(ance ffi, 
reactance Xi, impedance Zl = \/Ri} Xi}. 


plate current is a sine wave of a single frequency, uncomplicated by the 
presence of harmonics, the corresponding current-voltage locus on a 
set of plate characteristics is a true ellipse, of the type illustrated in 
Fig. 9.96. Furthermore, the shape of the ellipse is, for sine wave ip, 
not at all dependent on the shapes of the tube characteristic curves. 
The plate battery voltage is fixed when the battery is chosen, and the 
voltage drop between the plate battery and the plate depends onl}^ on 
the amplitude of the sine-wave current variation and on the Ri, Xf^ 
of the load. 

Current and voltage variations in the plate circuit of Fig. 9.8a must 
obey the following circuit equation: 

_ dif, 

et = Ebb ~~ ibRb ~ L — (9-22) 

dt 

Certain general features of the ellipse in Fig. 9.96 can be determined 
by a study of this equation. 

The upper and lower extremes of the ellipse, points A and B, corre¬ 
spond to the positive and negative peak values of the a-c component 
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ip. At both points tlae rate of change of ip, so also of 4, is zero. There¬ 
fore, L{dih/dt) is zero in (9-22), and the expression for plate voltage 
reduces to = Ehh - But according to (9-10) any point whose 

coordinates are 4 and Ei,h ~ hEl lies on a load line drawn for load 
resistance Rl and plate battery voltage Ebb- Therefore the upper and 



(a) On mutual character- (^) f)n plate characteristics, 

istics. 


Fig. 0.9 Curieut and voltage variations in a Class A amplifier having an induc¬ 
tive load, sine-wave plate current variation. 


lower extremes of the ellipse must lie on such a load line. This is 
equivalent to saying that the ellipse must hare horizontal tangents at both 

intersections with the load line. 

Introduce (9-13) into (9-22). and then recognize that dib/dt = 0 
and Ebb - h^L = E,,: the following expression results: 



(9-23) 


The two points C and /). at which the current is /&, correspond to 
passage of ip througli zero. When ip is zero, dtp dt in (9—23) is a 
maximum. The inductive voltage in the load is therefore at its maxi¬ 
mum value, which is "V^ /pA"/,. At this moment ipRi, is zero. Thus 

at C and /) tlie plate voltage is respectively just V^2 IpXt volts less 
and greater tlian /i’b. Tliese two points are of course horizontally in 

line with Q. 
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Comparison of (9-15) and (9-23) shows that in this circuit (Fig. 
9.8a) 


= - ('■ 


,Rl -}- L 


di 


dt 


(9-2-1) 


If ip is sinusoidal it can be expressed as 

ip = Ip cos 2TrJt 


(9-25) 


ihis may be introduced into (9-24) and the resulting expression handled 

as m elementary a-c circuit theory. Such treatment leads to a s 
oidal expression for Cp of the form 


sinus- 


*^2 Ip^s/lijJ- -b Xi '} cos (27r// + B) (9-26) 

Ep is the rms value of so that 



-Ip'^Ri} -f X/? 



The angle B is that between Ep and Ip\ obviously 


cos B = 


_ Rl 

VRl^ + X/.2 


(9-27) 


(9-28) 


The extreme right and left points, E and F in Fig. 9.95, correspond 
to peak values of the a-c component of load voltage, so that they must 

be V 2 Ep volts to the riglit and left respecti\'ely of Q, and above and 
below it by an amount depending on the value of B. 

Ihe paiametric equations for the ellipse can be written by using 
(9-25) in (9-13), and (9-26) in (9-15). They are 

= Ib \/2 Ip cos 2Trff (9 29) 

Cb = Eb - \/2 IpZt cos (2Trft + B) (9-30) 

By assuming arbitrary values for 2TrJt (in radians or degrees), corre¬ 
sponding values of ib and Cf, can be determined from these parametric 
equations, if Eb, Ib, Rl, -V^, and Ip are known. Points around the 
ellipse can then be spotted. 

The elliptical current-voltage locus of Fig. 9.96 transfers to a siniilai- 
figure on the mutual characteristic graph, Fig. 9.9a, in exactly the way 
that the load line of Fig. 9.56 transfers to the dynamic characteristic 
of Fig. 9.5a. If the plate characteristic curves are parallel, straight, 
and uniformly spaced within the area enclosed by the ellipse on Fig. 
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9.9b, the locus of Fig. 9.9a derived from it is also a true ellipse, and the 
grid excitation necessary to produce a sine-wave current is itself sinus¬ 
oidal. 

The vector diagram of Fig. 9.10 applies to the situation just described. 



Fig. 0.10 ^>ctor diagram for equivalent circuit of an ampUiier having an induc¬ 
tive load. Figs. 0.8 and 0.9. Dotted vectors indicate components of Ep. Note that 
Eg is oppo.site in phase to —and that = “fp- 

9.7 The Voltage Generator A-C Equivalent Circuit. It is con- 
^•enient to be able to express the gain of an amplifier quickly and easily 
in terms of tube constants ev'aluated at Q. This is accomplished by the 
aid of an imaginaiy equivalent a-c circuit. For example, the equiva¬ 
lent circuit shown in Fig. 9.36 is one that may be used in predicting 
the behavior of the actual circuit diagrammed in Fig. 9.3a. This 
equivalent circuit consists in general of the load in series with an 
imaginary resistance of value fp and an imaginary a-c voltage generator 
generating a voltage —The negative sign in Is a reminder 

of the phase shift introduced by an amplifier, besides being mathe¬ 
matically correct. 

The instantaneous and rms values of current in the equivalent circuit 
are iz and Is, where 

= —ip (9-31a) 

^ -Ip (9-316) 

ip and Ip have the meanings assigned in (9-7). The quantities m and 
Tp have the ^*lllucs that exist at Q in the actual circuit. The use of this 
voltage generator equivalent circuit is justified in the following paia- 

graphs. 

Horizontal distances in Fig. 9.G can be measured in both plate voltage 
and grid voltage units. Tlic conversion ratio betw^een results of the 
two kinds of measurement is -ju; see (9-3). For example, the difference 
betw’ecn the plate voltage at C and that at Q is fx times the corre¬ 
sponding difference in grid voltage. 
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Ihe grid voltage, therefore also Cg, is obviously the same at T as 
I ■ sing this fact, and measuring distances in plate voltage units: 





MQ = 


(positive at C, for CQ is a positive distance; 
furtliermore m, also Cg at T, is positive) 

(for Tp is the reciprocal of the slope of the plate 
characteristic curve) 


But of course 
Therefore 


CQ = CM + MQ 


= ipVp 4 - ipRi^ 

ihe following form of this is also useful: 


(9-32a) 

(9-326) 

(9-32c) 

(9-33), 

(9-34) 


r* 






g 


(9-35) 


As e, and rise and fall together, tliat is, are in phase with one anotlier, 
no negative signs appear in (9-34) or (9-35). 

The most useiul relation involving the a-c components is that 
between Cp and Cg, obtained by multiplying (9-35) through by 
then using (9-1/), with the following result: 


Cp = —nCg 


Hl 


Voltages m^a senes resistive circuit divide in proportion to the 

resistances. Therefore in the equivalent circuit, Fig. 9.36, the relation 

between Ep and is in accordance with (9-36). That is, according 

to both the real and equivalent circuits, the voltage gain of the amplifier 
is 


Ul 

TT = - 

^'p “h El 


(9-37) 


It is not convenient in equivalent circuit calculations to deal with a 
current Ip that is negatively related to Ep, as in (9-18). It is con¬ 
venient instead to define and use a current of rms value I„ such that, 
with a resistive load. 


Ep = /,/? 


zRl Cp — iz^L 

It is evident that = —Ip as stated earlier, in (9-31). 


(9-38) 
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On using —ig instead of ip in (9-35), it appears that 

• _ 

“ r, + Rl 

also that 

j - 

I'p "h Rl 

'rhcse expressions are of course in agreement with the equivalent 
circuit, P'ig. 9.36. 

If the load contains an inductance, the point used (in the way 
Fig. 9.(>, has been used) for graphical analysis of instantaneous rela¬ 
tions, will lie along an elliptical locus, of the type illustrated in Fig. 
9.9. It will therefore in general lie to the right or left of the load line 
by an amount L{dip/dt), as indicated by (9-23). Then for a point M 
that is still, as in Fig. 9.0, directly below F, 


_ ^ 

MQ — tpRh -\- f' 

dl 

(9-40) 

Riving 

dip 


HCg - Ip{Rl + ^'p) + ^ 

(9-41) 

Use of the relation ip = — ig converts to 


dig 


— y-eg = iz{^'p + ^l) 

(9-42) 


This is the circuit equation for an equivalent circuit having an in¬ 
ductance L in series with the load resistance (Fig. 9.86). The method 
used in obtaining it can be generalized to satisfy any complicated 
assembly of resistances and reactanc;es in the load. The general vector 

relation 

-mF;, = Igrp®[/AL 

involving a generalized load impedance follows directly, once the 
instantaneous relation is established. Figure 9.10 illustrates this 
vector relation. 

Analysis of amplitier circuit behavior by means of the equivalent 
circuit is justifiable only if both ju and Vp are reasonably constant 
throughout the range of the current-voltage locus; see Section 9.13. 
Values of /i and r,, at Q are used because such values are presumably 
most nearly representative of true values throughout the range of the 
locus. 


(9-39a) 

(9-396) 
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9.8 Demonstration of the Equivalent Circuit by Expansion of the 
Plate Current Equation. Equation (9-42) can be derivo<l entirely 
analytically, as applied to any portion of a plate charaeteristio eur\'p 
set in which the “curves” are parallel, straight, equally spaced lines. 
Within such a range the dependence of current on Cc + (("/.V) is linmr, 
and M is a constant. Therefore one may write 


ffc — /q + 9>n H-^ 


( 9 - 44 ) 


Here /o is an einpii ical constant. To substantiate this iis(‘ of <f,„, apply 
(9-2) to (9-44). 

At the point Q, (9-44) becomes 





Subtraction of this from 
and (9-1.5), leads to 


(9-44), with subsecpient use of (9-11), 



(9-13), 


(9-49) 


Use of M - UrnTp from (9-4) and rearrangement, after letting ip = — 
gives 

— lie^ = i^Tp -b ep (9-47) 

But of course with the R and L load 


diz 

ep = izRh -VL— (9-48) 

at 

Combination with (9-47) gives (9—42), with subsequent generalization 
to (9-4.3). Thus the validity of an equivalent circuit chosen to obey 
(9-43) has been verified ^Hthout recourse to graphical study. 

This method can, in principle, be extended to large-signal and thei e- 
fore nonlinear siUiations, as for example when 


ii, = 0\^ec + -J (9-49) 

by use of the “plate circuit e.xpansion theorem,” employing a Mac- 
Laurin series.*'^- 

9.9 The Current Generator Equivalent Circuit. Figure 9.116 is a 
diagi'am of an equivalent circuit employing a current generator^ which 
is in every detail rigorously applicable wherever the voltage generator 
circuit, Fig. 9.11a, is valid. 
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A current generator is a device that (a) orders a specified current to 
flow through the external circuit, and (6) stands ready to produce 
whatever voltage is necessaiy to compel that current to flow. Usually 
a current generator incorporates an internal shunt resistance, just as 
a voltage generator usually incorporates an internal series resistance. 
rp plays both parts, in Fig. 9.11. The voltage across a current generator 
is zero at short circuit, just as the current in a voltage generator is 
zero at open circuit. The voltage across a physically i*eal current 



Fig. 9.11 Contrasting equivalent circuits. 

(а) Voltage generator equivalent circuit, based on Th^venin s theorem. 

(б) Current generator equivalent circuit, based on Norton s theorem. 


generator may become destructively high at open circuit, if the internal 
shunt impedance is veiy large. Similarly the current in a voltage 
generator may become destructivel 5 '' large at short circuit, if the 

internal series impedance is very small. 

To demonstrate the mutual equivalence of Figs. 9.11a and 9.116, 
use M = gm^p in (9-47), then divide through by rp. This gives 


( 9 - 50 ) 

This is obviously the circuit equation for Fig. 9.116, for the current in 
Tp is Cp/rp. In vector form 

-gn,E, = (^ © ( 9 - 51 ) 

For a simple resistive load circuit, as Fig. 9.3a, the gain equation is 
found by letting Zf^ = Rl in (9-51) and rearranging to give 




— Qm 


( 9 - 52 ) 
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that is 




TpUb 
rp + Hl 


(0-53) 


By using this is made identical with (9-37), the gain equation 

for the voltage generator equivalent circuit with resistive load. 

The generalized form of (9-53) is of course 



for the current 


generator circuit, corresponding to 


(9-54) 


rp 0 


(9-55) 


for the voltage generator circuit. 

The equivalent circuit concepts apply just as well for the pentode 
amplifier circuit, Fig. 6.145, as for the triode circuit, Fig. 9.3. How¬ 
ever, for a pentode, tube characteristics as in Fig. 0.15, m and Vp are 
likely to be indeterminately large, so that (9-55) becomes meaningless. 
The voltage generator equivalent circuit is then a useless concept. 
However, always has a magnitude easy to work with, and in (9-54) 
uncertainties in magnitude of a large are not important, because 
l/vp is then insignificant relative to 1/Zt. Therefore (9-54), based on 
the current generator equivalent circuit, is somewhat more generally 
applicable than (9-55), based on the voltage generator circuit. 

A very commonly used and often e.xcellent first approximation to 
the voltage gain of a pentode amplifier is obtained by assuming that 
rp —» 00 in (9-54). Then for a resistive load, Zj, = R^, so that 


An approximate gain expression 
for pentode amplifiers with 
resistive loads 





(9-56) 


It is left as an exercise for the reader to devise the graphical demon¬ 
stration for the current generator equivalent circuit paralleling in 
principle the demonstration in Section 9.7; it is actually a little simpler 
than the voltage generator demonstration. A useful first step is to 
draw a diagram similar to Fig. 9.6 but enlarged to encompass the high- 
up intersection, of the plate characteristic curve through C and T, with 
a vertical line through Q (see Fig. 9.15). The process is one of adding 
currents along the vertical line through Q, rather than adding voltages 
along a horizontal line through Q as in (9-33). 
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9.10 Slope of the D 3 mamic Characteristic. The slope of the dy¬ 
namic characteristic is of course uniform within the range of parallel, 
straight-line, equally spaced characteristic curves. Its value is dih/dec, 
therefore also dip/deg. Thus, differentiating (9-35): 


Slope of the dynamic! 
characteristic at Qj 


di 


de 


g 


r« 4- R 


= 9 


m 


1 + 


Rl 


(9-57) 


As Q can be chosen, quite arbitrarily, to lie at any point along the 
dynamic characteristic, this relation expresses the slope at any point 
along a curved dynamic characteristic, in terms of the values of m, r^, 
and Qm, at that point. 

Note that dip/dcg differs markedly from dip!deg, which is the slope 
of a mutual characteristic curve. 

9.11 Use of Thevenin’s Theorem in Amplifier Circuit Analysis. It 
is frequently desirable to employ Th^venin’s theorem (see Argimbau 

in amplifier circuit studies. Figure 9.12 shows how the voltage across 
any load resistance, applied to a given amplifier circuit, may be ob¬ 
tained by means of Th^venin’s theorem; the figure is in effect an 
illustrative statement, in circuit diagram form, of Th^venin s theorem. 
Any combination of linear resistances and reactances may be used 
inside the dotted box. The application of the usual a-c circuit tech¬ 
niques in the obtaining of Eth and Zth is straightforward. 

Th^venin’s theorem may also be used in case the source within the 
box is a current generator with a shunting rather than a voltage 
generator. In that case the current generator is replaced by an open 
circuit in step c; the end form still contains the Et^ voltage generator. 

Note that the elementary voltage generator equivalent circuit of 
Fig. 9.11a is already in Th^venin’s theorem form; Eth would be —nEg^ 
and Z(h would be Vp. 

9.12 Use of Norton’s Theorem in Amplifier Circuit Analysis, 
h'igure 9.13 is a diagrammatic representation of the employment of 
Norton’s theorem to determine the voltage across a given amplifier’s 
load when the current generator equivalent circuit is employed. In 
the particular example illustrated, it turns out that Ino is just Ig, be¬ 
cause the various impedance elements all appear in parallel branches. 
Hecause this situation exists in many amplifiers, the Norton theorem 
method of study is often extremely useful. 

Note that the elementary current generator equivalent circuit of 
Kig. 9.1 \h is in Norton’s theorem form: wo\dd be —and Z„o 

would be I'p, 
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X'orton’s theorem may also be applied wlien the soiiire is a vol(aK<‘ 
p;eiierat()r with a series resistance; in that ease the voltage generator is 
replaced by a short circuit, in step c. 

9,13 Limitations of the A-C Equivalent Circuits; Harmonic and 
Frequency Distortion. It is apparent from the preceding sections that 
the equivalent circuits must be thought of in terms of a-c quantifies 
exclusively. The current in and voltage across the load are /j. and Ep, 
respectively the negative of the a-c part of the actual plate cunx'iil 
and the a-c part of the plate voltage. Batteries oi- power supplies arc 
d-c devices and therefore do not appear in the equivalent circuil, 
except that their internal resistances should be included, if appreciable. 

For a Class A amplifier with resistive load. Fig. 9.3a, the equivalent 
circuits give 



(9-58) 







rp + /? 





(9 59) 


These expressions and other similar ones for more complex loads are 
valid to the extent that the plate characteristic curves are straight, par¬ 
allel, equally spaced lines throughout the area encompassed by the current- 
voltage locus. Of course, strictly speaking, the characteristic cui ves 
satisfy this requirement only for infinitesimal current variations. 
Practically, however, it is reasonably well satisfied within the operating 
range of many useful amplifiers including nearly all Class A amplifiers. 

The usual practical criterion, for resistive loads, of the range within 
which the equivalent circuit calculations are valid is the uniformity of 
slope of the dynamic characteristics (see Section 9.10). The dynamic 
characteristic is often nearly straight over a consi<lerably wider laiige 
than are the mutual characteristic curves. 

If the tube characteristic curves are not straight, parallel, ^(jtuilly 
spaced lines throughout the extent of the current-voltage locus, 
harmonics appear in the load circuit. Harmonics are a-c currents ancl 
voltages whose frequencies are twice, three times, four times, etc., 
that of the fundamental or excitation voltage frequencjo Operation 
under such conditions is said to result in harmonic distortion. The 
magnitudes of the various harmonic voltages and currents depend 
partly on the flexion of the tube characteristics, and partly on any re¬ 
active properties of the load circuit. 





Fi<a. 0.12 Use of Th^venin's theorem to determine the oxitpiit voltnjro Ej ncross nn ompUfier's 
load resistance Rj. usinR a voltaic cenerator equivalent circuit. The (u) representation is converted 
to tlie tdl representation, from which Ej is determined. 

(a) Tills Is tlie voltage cenerntor amplifier equivalent circuit, with terminals at A and B, load Rj, 
to which Tli6veiiin’8 tlieorein is to he applied. 

(b) The load resistance Rj is replaced by an open circuit, and the voltage between A and B deter¬ 
mined; tins voltage is Eit,. 

(c) The generator Et is replaced by a short circuit, and the impcdanco looking into tlio circuit at 
its terminals A and B is determined. This impedance is Zj*. 

(d) The circuit in the dashed-line hox is replaced by ZtK in series with and the load resistance 
Rj again connect'd between .4 and W. The voltage acrosw Rj is now Ej, just ns in (a); ns far as 
Rj is concerned, to) and td) arc comjiletcly equivalent. 
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uF.\°rJ:!Lr.yp of Norton’s theorem to determine the output voltage Ej across an atnplifier’s 
In %«orrent .generator equivalent circuit. The (a) representation is converted 

to the (u) representation, frorn which Ej is determined. 

current-generator amplifier equivalent circuit, with terminals at A and B, load R,. 
to winch Norton s theorem is to be applied. ' 

(b) The load resistance is replaced by a short circuit, and the current between A and B determined- 
this current IS /no. (Note that, with this purely parallel-branch network in the dashed-line box, no 
series circuit elements between rp and AB, I„o is equal to /*.) 

(c) The generator Ig is replaced by an open circuit, and the impedance looking into the circuit 
at its terminals A, B, is determined. This impedance is Z^o. 

(d) The circuit in the dashed-line box is replaced by Z„o in parallel with I„o. and the load resist¬ 
ance again connected between A and B. The voltage across «/ is now Ei, just as in (a) The 
environment provided by (d) looks to /?, just the same as that provided by (a) 
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Harmonic distortion is described quantitatively by stating percent¬ 
ages. Thus there may be a 15 per cent second harmonic and an 8 per 
cent third harmonic; the rms second- and third-harmonic voltages in 
the output are then respectively 15 per cent and 8 per cent of the funda¬ 
mental-frequency voltage. The total harmonic distortion in such a 

case would be VlS^ -f- 8^ = 17 per cent. See Sections 9.19, 9.20, and 

9.21 for further discussions of harmonic distortion. 

The a-c equivalent circuits are especially useful in the study of 
frequency distortion, that is, nonuniformity of gain at different excita¬ 
tion frequencies. In many cases the gain will be reasonably constant 
o\'er a definite range of frequencies but will drop off rapidly outside 
that range. This is illustrated in Fig. 10.8. Speech or music contains 
many frequencies. If some lie within the range of uniform gain of an 
amplifier used for voice reproduction, and some outside it, not all are 

amplified alike; frequency distortion then exists. 

9.14 Choice of Tube and Load Resistance. There are voltage 
amplifiers, designed to increase the signal voltage level without regaid 



Fig. ‘J.14 Di'pciuitMicr ot voltage gain on tlie ratio of load resistance to plate 
r<“sistMnc«‘ /•,, in a tiiode amplifier. 


to powtM*. which is then very small, and power amplifiers^ for which the 
ot)t:iining of useful power output at the signal frequency is the prime 
ol)j('eliv(‘. (lie voltage gain being modest. There may also be current 
amplifiers. 1\) achieve satisfactory performance for any of such design 
olijeetivos, it is important that tube and load resistances be properly 
(‘ho.sen relative to one aiiotlier. 

(leneral principles for this selection cun be illustrated by reference 
to the triode amplifier circuit of Fig. 9.3. First, note that according 
to (9-59) the greatest possible voltage gain for such an amplifier is g. 

That value cannot be approached closely except by making Rl ex- 
Iremely huge, whieli is undesirable becatise it would require an ex- 
Iromely higli plate battery voUage, to supply the d-e part of the plate 
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current. Practically, a compromise must be reached between the 
desirability of high voltage gain and the equipment expense and powei’ 
waste inherent in using a high plate battery voltage. Figure 9.14 
illustrates the fact that the gain increases rapidly with rising load 
resistance until Ri, is several times rp, but that a continued increa.so 
to tens or hundreds of times Vp gives very little further improvement. 
Hence there arises a general working principle, for a Class A triode 
amplifier, that Ri, should be large enough to make the gain between 
two-thirds and nine-tenths of /x, if the primary function of the amplifier 
is to provide voltage amplification. 

In a pentode voltage amplifier^,,, in (9-59) is the controlling quantity; 

often both m and Vp are indeterminately large; in general, Rl is chosen 

as large as is possible Avithout requiring an excessive plate battery 
voltage. 

In a power amplifier triode the proper ratio of tube to load resistance 

depends on which one of the three following sets of circumstances 
exists: 


(a) The excitation voltage is small, and it is desired to choose a loud resistance 
that will make power delivered to the load as great as possible for a specified tube, 
n this case ^ and rp are fixed. This problem is identical with that of determining 
the load resistance into which a separately excited generator delivers maximum 

power. The power delivered to the load of the equivalent circuit, Fig. 0.3^, is of 
course using (9-58), 


A-c power delivered to load = (uEg)^ 


Rl 

(rp + Rty^ 


(9-00) 


The value of Rl needed to maximize this power is obtained by differentiating the 

expression with respect to Ri and equating the result to zero. The rcfjuirerl con¬ 
dition is met when 



(9-61) 


(6) The excitation voltage is small, and it is desired to deliver maximum power 
to a load of fixed resistance Rl. The power delivered to the load is as before given 
by (9-60), but now rp is the variable. It is apparent from an inspection of this 
relation that with all other quantities fixed the power is greatest when rp is ]ea.sl . 
However, very little can be gained by reduction of rp below one-fourth or orio-fifth 
of Rl. This requirement is therefore satisfied in a practical sense when rp is a 
moderately small fraction of Rl. This analysis explains the occasional n<‘(*d for 
tubes of very low plate resistance. 

(c) The excitation voltage may be made as large as desired, but the tube and 
its properties are specified. It is desired to choose a load resi.stance that will give 
maximum undistorted power output. A graphical study of this problem, carried 
out in the next section, shows that the stated requirement is met when 


Rl = 2rp (9-62) 

9.15 Maximum Undistorted Power Output. Figure 9.15 is a dia¬ 
gram of the plate characteristic curves of a tube that is to be used for 



282 


AMPLIFIER CIRCUIT PRINCIPLES 


power amplification in a circuit like that of Fig. 9.3a. Preliminary 
estimates and manufacturers’ data suggest that the operating point Q 
might well lie along a vertical line at Ef, plate volts. It is desired to 
select the values of load resistance and excitation voltage that will 
result in maximum undistorted power output. 

In order to avoid distortion, (a) the current-voltage locus must 
remain above a horizontal line FTj Fig. 9.15, placed so that above it 
the plate characteristic curves are practically straight, and (6) the 
current-voltage locus must remain below the Cc = 0 plate characteristic 
curve. If the grid swings positive, grid current flows (usually through 
a grid resistor) during part of each cycle, \vith resulting distortion of 
the excitation voltage w^ave form, and so of the output. 

In order to make maximum use of the region Available, the current- 
voltage locus should extend from some point B on the line FT to some 
point A on FG, the Cc = 0 plate characteristic. Furthermore, points 
A and B must lie equally to the right and left of the vertical line for 
which eij = E^, in order to locate Q properly. They must also lie 
equally above and below Q. 

Let h max, h min, max, and Ffc symbolize the respective maximum 
and minumum values of plate current and plate voltage. These are 
evidently related to rms a-c values as follows: 





- Et 


mm 


2\/2 
6mnx “ 

2V2 


The a-c power Pl in the load is 


Pl = Epiz = ^(^6 


max 


min) (-^6 


max 


- I 


b min 


) 


(9-63) 

(9-64) 

(9-65) 


Graphically, in Fig. 9.15, 


also 

Therefore 

Also 


AH — 2(^6 max -^6 min) 

Ih 

— = Tp 

HG 



max 


- E 


b min 


2rp-HG 



max 



6 min 


SH 


(9-66) 

(9-137) 


(9-68) 


(9-69) 


Therefore power can be expressed as 

Pl = (^ 70 ) 
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As Tp is c o nst ant above FT^ power must be a maximum when the 

product HG-SH in this equation is greatest. Now the lines FG, FT, 
and GS, and hence the intersection G and S, are located b}' imposed 

conditions, so that the value of SII HG is fixed. Thus for maximum 
power: 

(a) SH + HG must be constant (9-71a) 


(6) SH-HG must be a maximum (9-716) 

It is left as an exercise for the reader to show that these conditions 
are satisfied only when 

^ =liG (9-72) 

If Sn and I/G are equal, Q niust be located at one-fourth of the distance 

from S to G. Now R,^ = AH/QH, but QH = \SH = ^HG-, there- 
fore, using (9-G7), 



(9-73) 


This result is independent of Ei,. Therefore/or maximum undisiorted 
power output = 2rpfor any value of Eb. The excitation voltage and 
giid bias required do depend on the choice of operating voltage and 



Plate volts, e^, 

Fig. 9.15 Current-voltage locus for maximum undistorted power output, in a 
Class A triode amplifier. Rl = 2rp. 
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can be read directly from a diagram like Fig. 9.15, drawn for the tube 
used. 

9.16 Plate Circuit Efficiency and Plate Dissipation. Figure 9.16 
illustrates graphically the various power relationships associated with 
the operation of a circuit like that of Fig. 9.3a. Two sets of conditions 
will be contrasted: (o) that w'hen the excitation voltage is zero, and 



Plate volts, t't, 


Fig. 9.U» Powcm' relationships iu a Class A amplifier with resistance load. 

(6) that when there is an excitation voltage, but the current-voltage 
locus -1/^ docs not extend beyond the range in which the plate char- 
acteristi(’ cur\’cs arc straight or nearly so. With this limitation the 
effect of harmonics need not be considered. Thus: 

(a) Wiicn the excitation voltage is zero, the plate current is Ib, plate 
voltage Eb, and plate battery voltage Ebby ah perfectly steady. Area.s 
in Fig. 9.1(i measure power in watts, as follows: 

OCDG = Power introduced into the circuit by the plate 

battery. (9-74) 

IIQDG — Pow'er dissipated as lieat in the load resistance, 

owing to the passage of the direct current Ib- (9-/5) 

OCQIl = Power brought to the plate of the tube by the ruining 

on it of electrons wliich have been accelerated 
tlirough the plate voltage field. This power must 
be removed from the plate (by heat radiation) and 
is called the p/afe disisipation, (t)-76) 
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(b) When there is an excitation voltage, giving rise to the current- 
voltage locus AB, the tube and the load resistance carry both direct 
cunent and alternating current. The average value of plate current is 
still Ii, and the average value of the voltage across the load resistance 
is still E},}j — Eb- As before, 


(9-77) 


OCDG — Power introduced into the circuit by the plate 

battery. 

HQDG = Power introduced into the load resistance ou'ing fo 

the passage of direct current. (9-78) 

However, there is an additional input of power to the load resist ance 

because of the a-c component of current. As pointed out in the 

previous section, its value is - £^6 min)(/Mnax - Ibuuu). This 

quantity is one-eighth of the area ASBR and can be conveniently 
indicated by the area QMN. Thus 


QMN Power introduced into the load resistance by the 

passage of alternating current. (9-7t)) 

Plate dissipation is the remainder, that is, 


OC^fIS[H = Plate dissipation (9-80) 

Ihe interesting feature of this comparison is the indication that the 
plate dissipation decreases to just the extent that the power output 
increases. The greater the useful output, the less severe is the dis¬ 
sipation burden on the plate of the tube. 

The plate circuit efficiency is of course 

_ A-c power in the load QMN 

Power input from the plate battery ~ OCDG 

It is apparent that ordinary Class A power amplifiers are not highly 

efficient devices. They are nevertheless satisfactoiy for many purposes, 

because of compensating merits of simplicity and freedom from dis¬ 
tortion. 

It is desirable to know how much heat power must be dissipated in 
the load resistance itself, in order to determine what its rating in watts 
must be. In Rl of Fig. 9.3a there are two currents, Ib and /^, one of 
zero frequency, the other of excitation voltage frequency. Therefore 

RMS value of total current in load resistance = -f (9-82) 

Therefore also 


Total power in 
load resistance 


(V + 7,2 -I- (9_83) 
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9.17 Use of a Choke and a Condenser to Provide “Parallel Feed” 

of D-C Power to the Plate. The discussion in the preceding section 
in{licates a low efficiency for the type of amplifier illustrated in Fig. 
9.3a. The efficiency can be somewhat increased, and the investment in 
batteries or equivalent power source reduced, by introducing in the 
plate circuit a hlo king condenser and a large inductance, called a 
choke. This circuit arrangement is indicated in Fig. 9.17a. 

It is helpful to think of the choke as primarily a device that “chokes 
off” a-c current but offers no obstruction to d-c current. Conversely 
the condenser blocks the passage of d-c current but offers little or no 
obstruction to the passage of a-c current. The inductance of the 
choke and the capacitance of the blocking condenser must be chosen 
large enough to prevent and permit, respectively, passage of currents 
of the frequency range within which the excitation voltage is to lie. 

The complete equivalent circuit for a parallel-feed amplifier is 
shovTi in Fig. 9.176. However, within the frequency range for which 
the choke and condenser are designed their reactances approach re¬ 
spectively infinity and zero, so that they may be omitted from the 
equivalent circuit diagram. It then becomes identical with that of a 
“series-feed” amplifier, Fig. 9.36. This section contains a discussion 
of conditions existing when the excitation frequency is within this range. 

In the actual circuit the d-c part of the plate current passes through 
the choke, with negligible voltage drop, so that the plate battery voltage 
Ebb need only be the desired operating-point voltage, Eb- The power 
introduced by the plate battery becomes Eth, indicated by the area 
OCQH in Fig. 9.16. The power required to operate the amplifier is 
therefore less than for the similar series-feed circuit, Fig. 9.3a, by the 
amount of the area QDGH. This area represents the power loss in the 
load resistor due to the passage of direct current; no such power loss 
takes place in a parallel-feed amplifier. 

The a-c part of the plate current passes through the resistance- 
condenser path. The reactance of the condenser is made small enough 
so that the IzXq across it is insignificant. Therefore Ej = Ep. That 
is, the a-c voltage across the resistance-condenser path as a whole is 
just the load voltage Ej. This same a-c voltage must of course exist 
across the parallel choke-and-battery path. The choke permits this 
a-c voltage to be established by an extremely small a-c current. Thus 
the total instantaneous plate voltage is the algebraic sum of the steady plate 
battery voltage and the instantaneous a-c load voltage, the latter appearing 
across the choke. 

It has just been pointed out that the a-c component of voltage 
appears across the load resistance in one path and across the choke in 
the other. Similarly the d-c potential difference established by the 
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batter}'' in one path exists across the condenser in the other path. The 
overall voltage for both paths is the algebraic sum of £'t(= Et,f,) and 
the a-c load voltage. 

As in the series-feed circuit, an increase of plate current above 
results in a decrease of plate voltage below Et,. Therefore the summation 
of a-c and d-c plate circuit quantities is properly described by (9-14) 
and (9-20), for the parallel-feed as well as for the series-feed circuit. 

This shows that the load line for a parallel-feed amplifier is the same 
as that for a st?ndar series-feed amplifier, provided the point Q of zero 
excitation and the load resistance are the same. The a-c component of 
the plate current passes through the load resistance in both cases, and 
in both cases the a-c voltage so produced is algebraically added to the 
d-c part, Eb, of plate voltage. 

Note that the zero current and zero voltage intercepts of the load 
line of a parallel-teed amplifier have no particular significance. The 
load line is located by passing a line of slope - 1/Rl through Q. And of 
course E^b = Eb. 

9.18 Frequency Limitations of Parallel-Feed Amplifiers. The fre¬ 
quency of the excitation voltage of a parallel-feed amplifier may fall 
below the range for which the choke and condenser are designed. The 
variation of voltage across the output resistance must then be calcu¬ 
lated by means of a complete equivalent circuit, Fig. 9.176. For very 
small frequencies the reactance of the inductance is so small as practi¬ 
cally to short-circuit the condenser-resistance circuit, so that as the fre- 
quenc}'' approaches zero the gain vanishes. A series-feed amplifier is 
not subject to this limitation; its output voltage follows the pattern of 
the excitation voltage faithfully no matter how low the frequency. 

Xl and A c are the reactances of choke and condenser respectively 
in Fig. 9.17. In order to make the circuit separate the d-c from the 
a-c curient effectively, the ratios r^/Xi, and Xc/Rl, must be small. 
Hence the lower the frequency at which effective action is desired, the 
larger must be the physical dimensions and hence cost of both choke 
and condenser. Equations (9-88) and (9-89) below show that chokes 
and condensers large enough to result in satisfactory response as far 
as the magnitude of the output voltage is concerned may yet be small 
enough to introduce considerable deviation from the 180° phase shift 
of the series feed circuit. This is important in television circuits. 

Figure 9.17c is a vector diagram for the complete voltage generator 
parallel-feed amplifier equivalent circuit. The current h divides into 
II in the choke and /c in the resistance-condenser path. These two 
paths are in parallel; therefore 


IlXl = Ic ^Rl^ + Xc" 


(9-84) 
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In th(‘ vector diagram: 


//.//(part of II in phase with Ic) = Ic 


Xc 


(9-85) 


/Li (part of II at right angles with Ic) = Ic 


= ( Ici^L + /c0» ~ /‘^^i 


-) 


-{- ( IqXc + Ic^'i 


Xl 

xj 


(9-86) 


(9-87) 


'I'his i-eairaiiges into the following expression for gain: 


Gain = 






+ (!k + lL. 

\Rl Xl 




(9-88) 


This reduces to (9-59) when Vp/Xi, and Xc/Rl vanish. 



(a) Actual circuit tliagiain. (6) Complete voltage generator a-c 

circuit diagram. 




2TrfL 


27r^C 

(c) Vector diagram for the complete equivalent circuit. Within normal fre- 
(luency ranges the vectors Ep, Ej, —fiEg, Eg all He along a continuous line, and 
Ej = Ep. Then 4> = 180". 

Fio. 0.17 Parallel-feed Class A amplifier with resistance load. 
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The phase angle <t> between the output voltage Ej and the input 

yo tage Eg can be calculated from its sine, which is expressible as 
follows: 


.Y, 


sin 4> = sin (180° — 0 ) = 


+ 


r, 


Rl Xl 



1 + 




R 


A”/. RjJ 


+ 


X, 


R 


+ 


r 


2 




L 


Xi. 


(9-89) 

The ratios Vp/Xl and Xc/Rl need be only moderately small in order 
u appioach closely to the high-frequency value given 

y (9 59). For example, if both ratios are 0.2, and Rl = 2 r„, the 
actual gam IS 0 . 661 m, as compared with a value O.G 67 m if both ratios 
are zero. This is a difference of three-fourths of 1 per cent. There is 

rTy vo' ^ T angle 

of 164.7° with Eg. 

It is left as an exercise for the reader to draw the current generator 

equivalent circuit corresponding to Fig. 9.17fc and construct the cone- 

spending vector diagram permitting determination of the ~g,nE, 

vector, thereby leading to a gain equation similar to (9-88) but with 
M eliminated in favor of 

9.19 Straightness of the Dynamic Characteristic a Criterion of 

Freedom from Harmonic Distortion. Harmonic distortion was briefly 

mentioned in Section 9.13. The requirements for freedom from it are 
illustrated in Fig. 9.18. 

The grid swing in Fig. 9.18 does not extend beyond the straight-line 

portion of the dynamic characteristic. The graphical construction 

used shows that, becau.se the dynamic characteristic is straight, the 

sine-wave excitation voltage produces a true sine-wave plate current. 

As the dynamic characteristic is straight, its slope, (9-57), must be 

uniform; therefore, introduction of the sine-wave relation Cg = \/2 Eg 

cos 2Trft into (9-35) leads to a single-frequency sine-wave expression 

for ip. Thus an amplifier is free from harmonic distortion if the current- 

voltage locus remains on and within the straight portion of the dynamic 
characteristic. 

The manner in which harmonics are introduced into the output by 
flexion of the dynamic characteristic is illustrated in Figs. 9.19 and 9.20. 
and described in associated discussions. For the present the important 
fact is that such flexion does produce harmonics. 

The mutual characteristic curves in Fig. 9.5a are by no means free 
from flexion within the range of plate current swing. Yet the dynamic 
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characteristic is nearly straight within that range, and the harmonic 
distortion is correspondingly small. Straightness of the dynamic 
characteristic is evidently a better criterion of freedom from harmonic 
distortion than is straightness of the tube characteristics. 

To see why this is true, note that the slope of the dynamic character¬ 
istic is + Rl)\ that of a mutual characteristic is In a 



Fig. 9.18 Freedom from harmonic distortion with a straight-line dynamic 
characteristic. A sine-wave excitation voltage produces a true single-frequency 
sine-wave plate current variation. 

triode m is practically constant, but changes, as indicated by the 
changing slopes of the tube characteristic curves. If, as is usually 
true, Rl is considerably larger than rp, the latter may change sub¬ 
stantially without producing a marked change in the slope of the 
dynamic characteristic. Thus in circuits employing triodes harmonic 
distortion can be minimized by the use of a load resistance large 
relative to fp. 

If an amplifier’s load circuit contains an inductance, the current- 
voltage locus opens up into a loop, as illustrated in Fig. 9.9. Perfect 
freedom from harmonic distortion would require the mutual character¬ 
istics to be parallel, straight, equally spaced lines throughout the extent 
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of the loop. This would correspond to uniformity of both fj. and rp 
throughout the loop. However, just as when there is no loop, a reason¬ 
ably valid criterion of freedom from distortion is the degree of uni¬ 
formity of the quantity n(rp -f within the locus. 

9.20 Curved Dynamic Characteristic Introduces a Second Har¬ 
monic. Figure 9.19 illustrates the response to sinusoidal excitation 


Dynamic 

characteristic 


6 min 



6 max 


Total current 


y I uioi cu 


Tangent 
at Q 



Average of 
total current, /j, 


Second 
harmonic 

—Fundamental 


Time 


I Sine-wave 
excitation 
voltage 

I 
1 

IiG. 9.19 Production of second harmonic, and upward shift in average current, 

when the dynamic characteristic is adequately approximated by a parabola. The 

no-signal value (at Q) of average current is h; the average current in the preseme 
of the signal is 


when the dynamic characteristic is to some modest extent convex 
downward, and the load purely resistive. This is the usual condition 
in a Class A amplifier circuit employing a triode. 

A curve of this type can be represented with reasonable accuracy 
over a considerable range by a parabola (second-degree curve). If 

the point Q is taken as the origin of reference, the equation of the 
parabola is 

ip — Agg + Beg ^ 


(9-90) 
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The slope of this parabola at Q is 



(9-91) 


lint the parabola is the d 3 Tiamic characteristic, 
to (9-57), 


rp + Rl 


Therefore, according 

(9-92) 


in which /i and Vp are evaluated at Q. Thus the first term in (9-90) 
corresponds exactly to the equivalent circuit prediction as stated by 
(9-35). 

The second term in (9-90) is proportional to B. Differentiation 
shows that the flexion dHp/dcg^ of the parabolic characteristic is con¬ 
stant and equal to 2B. This gives graphical significance to B. 

To determine the pattern of the total current when both terms are 
taken into account, the excitation voltage must be expressed as 

eg = y/2 Eg cos (at (9-93) 


Here, as usual, at frequency /, 


(j) = 27r/ 


(9-94) 


On entering the sinusoidal expression for Cg into (9-90), the following 
equation for ip is obtained: 


ip = AEg cos (at + 2BEg^ cos^ (at 


(9-95) 


If now the relation 

cos^ (at ~ 2 "k J (9-96) 

is used, the cosine-squared term in (9-95) expands into a constant (d-c) 
term plus a second-harmonic (double-frequency) cosine term. The 
quantity A can be expressed in terms of tube and circuit constants. 
These operations convert (9-95) to: 


jp 

ip = - - — cos (at + BEg^ + BEg^ cos 2a)/ (9-97) 

I'p + Rl 

Thus the overall results of the use of a sinusoidal excitation voltage 
with a parabolic dynamic characteristic are: 

(a) To produce in the load a fundamental-frequency current that is exactly in 
accordance with the prediction of the equivalent circuit. 
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{(.) To increase the d-c current in tube and load from h to h + BE.K This is 
of coume the new average value of the total current, called h.. 

snle .Th,? a-c Current whose cresl value is just the 

same as the inciease in the direct current, that is, BE^ 

The various current components are shown in correct pliase relation- 

s lip in Fig. 9.19. The dotted curve represents tlie total current. The 
zero axis for all components is at 4 = I^. 

Let h .n„x and h reiiresent the maximum and minimum instan¬ 
taneous values of total plate current. Those can be determiner! 
graphically from a diagram like Fig. 9.19. Let /' and I" represent the 

amplitudes (crest values) of the funrlamental and second-harmonic 
currents respectively. Then, from the figure 


6 max 


b zniii 


= h + I' + I" + I 
= h - r + I" + I 


// 


// 


(9-98} 

(9-99) 


r' occurs once for the second harmonic and once for the d-c incl ement 
m each equation. Subtraction of these equations gives 


r = 


^6max -^6111111 


Addition of them gives 


(9-100) 


I" = 


^6max “h ^bmin — 2/ 


(9-101) 


The percentage of second-harmonic distortion is of course 100 X 
^ ) • 

9.21 Third Harmonic Introduced by Dynamic Characteristic of 
Cubic Form. When a power amplifier pentode is used in a Class A 
amplifier, the dynamic characteristic may have a point of inflection in 
the working range. It cannot then be represented, even approxi¬ 
mately, by a parabola. In such a case the true shape can often be 
reasonably well approximated by a cubic equation; see Fig. 9.20. The 

equation of a dynamic characteristic of this type, with the origin taken 
at Q. is 


ip = Aeg Be^ -f- Cc. 


(9-102) 


As with the second-degi-ee cuiwe, A is the slope at Q and is lelated to 
tube and circuit constants according to (9-92). A is acceptably evalu¬ 
ated in any particular case as the slope of a tangent, at Q, to the 
dynamic characteristic. 

When the sinusoidal expression for the excitation voltage is intro- 
fhiced, the first two terms of (9-102) produce exactly the thiee terms 
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that appear in (9-97). The term in e/ becomes 2^2 cos® o,t. 
I'his can be expanded by the relation 

cos^ = f cos u)t \ cos 3a)^ (9-103) 



Fig. 9.20 Production of second and third harmonics, also shift of average cur¬ 
rent, when the dynamic characteristic is of cubic form. 

/o' is amplitude of the equivalent circuit fundamental-frequency prediction. 
r is the actual fundamental-frequency amplitude. The average current shifts 
from a no-signal value h (at Q) to a larger value he when the signal is present. 


If, as in Fig. 9.20, C is negative, the third-degree term contributes a 
subtraction from the fundamental, also a third-harmonic term, thus: 

cos 3(0^ (9-104) 

Thus tlie overall results of the use of a sinusoidal excitation voltage 
with a dynamic characteristic of cubic form, with C negative, are; 

(а) To produce a fundamental-frequency current in the load that is less than that 

predicted by the equivalent circuit, by three times the value of the third hanv.o.iic- 
see (0-104), Therefore * 

RMS value of fundamental-frequency component ] 3 « 

of loud current } ^ + 2 

(б) To increase the-d-c current from h to a new value h -f BF/, culled h,. 


Term in contributes | ~= CEg^ cos wt + 
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samI ^“tre incre'ie inTe‘‘ k"? "T'" 

component, both harmonic components, 

illustrated in Fig 9 2^'The z^o"* M 

. r , V . ■ • ^ zero axis for all components is at u = A 

iniment ZTr 7," '■'"' H» di 

.eg.”vrio"if *" '■«”«»« 



max 


/& 4- /' 4- I" 4- I" - r" 


(9-106) 


At the minimum value of plate 
tive, the d-c increment and both 


current only the fundamental is ncga- 
harmonics being positive, so that 


Amin = A — 4- I” + I” -f, 

Addition of these two equations leads to 


(9-107) 



^femax 4“ /6niin — 2/^ 


(9-108) 


Thus the second harmonic 
as in the previous section. 


and the d-c increment are evaluated exactly 
Subtraction of the same eriuations gives 


A max Amin = 27' — 21 


nt 


This rearranges into 


j, ^fcrnax 7i,min 

/ =-^^ j,„ 


(9-109) 

(9-110) 


This last equation shows that the fundamental-frequency component 
of the load current has an amplitude differing from half the plate 
current swing by just the amplitude of the third harmonic 

The third harmonic can be evaluated, and the time crest value of the 
fundamental then obtained, by use of a tangent dra^vn to the dynamic 
characteristic at Q. At the point H in Fig. 9.20 this tangent reaches 
the e.xtreme positive value of grid voltage. The current /o', mcasurahk 
graphically, is the crest value of the fundamental that is predicted by 
the equivalent circuit. That is, /„' = ^2 AE,. From (9-10.5), the 
actual fundamental is less than the equivalent circuit prediction, by 
three times the third-harmonic amplitude. Therefore 



(9-111) 
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2‘)(i 


This can be introduced into (9-109), and a solution for 
in the form 




max 


^ 6min) 



obtained 

(9-112) 


On using this in (9-110), it appears that 

3(/traax -^tmio) + 

8 


(9-113) 


It has just Ijeen shown how to determine, entirely by graphical 
means, the amplitudes of the fundamental, the d-c increment, and the 
second and third harmonics for a dynamic characteristic that is best 
approximated by a cubic curve. Ordinarily the existence of the third 
harmonic is of more consequence than the modification in value of 
fundamental that goes along with it. Considerable reverse curvature 
is required to produce an appreciable third harmonic; thus the very 
pronounced inflection in the curve of Fig. 9.20 produces only a 6}^ per 
cent third harmonic. 

It is sometimes useful to express the combined effects of the various 
liaimonics as follows: 


Per cent total har¬ 
monic distortion 


---X 100 (9-114) 


Ordinarily harmonics higher than the second and third are so small 
as to escape attention, except in frequency muUiphjing devices, which 
are designed to maximize certain harmonics. 

9.22 Class B Amplifiers. Up to this point in the text attention has 
been confined to Class A amplifier operation. As pointed out in 
Section 9.10, this type of operation results in low plate circuit efficiency, 
whereas a Class B amplifier can be designed to operate at a reasonably 
higli plate circuit efficiency. The essential distinguishing feature of 
a Class B amplifier is that it is biased io cuf-off, or approximately so. 
The meaning of this phrase is illustrated by Fig. 9.21. The grid bias 
Ecc in this figure extends approximately to the lower end or cut-off 
point of the dynamic characteristic. 

In typical Class B operation, illustrated by Fig. 9.21: 

(a) Tho plate current consi.'Jts of half-wave impulses. To the extent that the 
dynamic characteristic approaches a straight line with a sharp turn at cut-off, the 
l)lato current impulses approach true half sine waves, sometimes called sine loops. 

(/>) (hid current is to be expected during a part of each positive grid swing. For 
this reason the source of giid excitation must have an internal impedance low 
relative to that between cathode and positive grid. If the source of excitation 
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voltage drop'\vhich natters\he*"pos^ curreni causes an internal 

disto"ion of exdtatti v:uig: f 

(c) The crest values alsrfthA ^PPears in the output. 

loops are proportional to the current 

straight line. Because of this Ih , , dynamic characteristic is a 

tlu. plate eunent, sueh an amplifier L""omT' excitation voltage ami 

pillar 16 sometimes called a linear Class B amplifier 



I'lO, <1.21. Cla-ss n amplifier operation. The grid is bia.sed to cut-off. 

(d) The variations in plate current are much larger in proportion to its average 

^he of t .“''“'■“se current measures the plate circuit power demand 

the plate circuit elhcieney ,s much higher than for Class .\ ainpliHei-s. Furthermore 

the existence of a large a-e component of plate current tends to reduce the plate 
dissipation (see Section O.lfi). ^ 

tlm 1 - ‘•'■e- ‘''“HBli possessing 

the merit of linearity, are not directly serviceable because they are very far fron, 

being full-siije-«.ave variations. The sine-loop type of plate current contains very 
pronounced harmonics. 


Ihese sine-loop impulses can be made useful either (a) by employing 
a push-pull circuit which matches each half sine wave with its mate of 
opposite polarity, thus producing a full sine wave reasonably free from 
harmonics, or {h) by using a tuned plate circuit which eliminates the 
harmonics. The push-pull type is usually employed with audio- 
fiequency excitation, the tuned type with modulated radio-frequency 
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excitation. The push-pull type is discussed in the next section. Dis¬ 
cussions of Class B tuned (“linear”) amplifiers are given in various 
texts. * 

9.23 Class B Push-Pull Amplifiers. Figure 9.22 is a circuit dia¬ 
gram and Fig. 9.23 a plate current-grid voltage diagram for a push- 


M 


Exciting 

transformer 



'•p\ 



E 

il + 




rp/ 





Output 

transformer 


Fig. 9.22 Push-pull amplifier circuit. 



I'lo. 9.23 Dynamic characteristics for Class B push-pull amplifier operation. 


pull Class B amplifier. The plate circuits are coupled to the load by 
means of a transformer. An analysis of transformer-coupling principles 
appears later, in Sections 10.5 and 10.6. For the present it is necessary 
only to bear in mind that a transformer's voltage ratio is the same as 
its turns ratio, and that primary ampere turns must equal secondaiy 
ampere turns. 
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loJmer To ttaSnif T " a center-tapped tran.s- 

the right, those for tlie other positively toward the left so that a 
common sine wave can be used fnr nn.cf.o*- • i ^ 

plate current coordinate directions are sim'^^^'^ excitations. The 
bias is the same for the two uTes 

The pronounced fillets in the dynamic characteristics near cut-off 

the ^ tube cu.ents opp^ ^ S’r TlrlX: 

<ly..n,lc p,.,. e”X/L“lXl' 

consists of the arrniahf 1 . ^ composite characteristic 

isticT plus a short dott individual character¬ 

istics, plus a shoit dotted extension across the gap between them If 

the composite c^ynamic characteristic is a straight line, the cuiriit in 

the load IS free from harmonics. ^‘^uucni m 

In Figs. 9.18, 9 19, and 9.20 the zero reference axis for the various 
a-c components of load current is a horizontal line through Q The 
origin of the equations used for approximating the shapes of tlie 
dynamic characteristics in these figures was taken at Q. Fig 9 23 
the reference axis IS the common zero-plate-current axis. The oi^n 
of an approx,inayng equation is therefore taken along this axis, at a 
point midway between Q. and Q, The composite dynamic charkctei- 
istic whether stiaight or curved, is necessarily symmetrical about that 
point. Therefore it can be approximated by a cubic equation that has 
no second-degree term and so introduces no second-harmonic current 
term. Thus the output of a symmetrical push-pull amplifier is free 
rom second-harmonic distortion; all even harmonics are eliminated by 
such a circuit. Only odd harmonics can appear. 

9.24 Dynamic Characteristics and Equivalent Circuits for Push- 

PuU Amplifiers.A. c.D.n.„.L,„ xhe push-pull circuit illustrated in 
^ig. 9.22 can be used for either Class A or Class B operation, or for 
intermediate Class AB operation. For each type of operation even 
harmonics are eliminated, and the steady components of plate current 

oppose each other magnetically in the transformer core, eliminating 
any tendency toward core saturation. 


A plate current-grid voltage diagram for a Class A push-pull amplifier 
appears in Fig. 9.24. Class A operation is indicated in that the tubes 
are not biased to cut-off, and the grids do not swing positive. The 
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composite dynamic characteristic represents, as before, the algebraic 
sum of the two plate currents for a given grid voltage, and its sym¬ 
metry permits only odd harmonics. In this case the individual-tube 
plate current \'}iriations do not extend downward to the zero current 

axis. 

Class A push-pull amplifier operation can be analyzed by means of 
the equi-\ aleiit circuit diagram in Fig. 9.25a. The load resistance Ri, is 



Fig. 0.24 Dynamic characteristics for Class A push-pull amplifier operation. 


just that used in the actual circuit. However, the two tubes feed 
through a common transformer core into a common load resistance, 
so that a little study is necessary to determine what value of load 
resistance should be used in (9-57) to determine the slope of the 
dynamic characteristics at the Q’s.^** 

In a Class A push-pull amplifier neither tube’s current-voltage locus 
extends appreciably beyond the region in which the tube characteristic 
curves are approximately straight. Therefore the plate resistances of 
the two tubes are equal and approximately uniform throughout each 
cycle. The primary circuit in Fig. 9.25a therefore has identical values 
of Tp in its upper and lower halves. 

The middle connection in this diagram is shoAvn dotted because the 

tubes produce equal and opposite fundamental-frequency currents 

through it; hence its net fundamental-frequency current is zero. It 

may therefore be omitted in the analysis of fundamental-frequency 
Class A operation. 



equivalent circuits for push-pull amplifiers : 




AVith the middle (dotted-line) connection omitted, and the two 
excitation voltages, as well as values of m and rp, alike, it is evident tliat 

-2nEg = 21 ^Vp + 2Ep (9-115) 

ihe usual simple transformer relations require that 


2nx 

2Ep = —L 


and 


] f. 


(9 IKi) 


~nEg (/-s-' 







E S 

rii P 


-nEglr^ 




(a) Class A operation. (/,) class H 

tiG. 9.25 Equivalent circuit (liafrranis for push-pull operation. 

is easily derived by using those in 
(J-llo). To determine how the load afTects tube operation, equa¬ 
tions (9-1 l(i) are combined to give an expression for Ep, as follows: 






The use of tliis eiiuation converts (9-115) to 


— 2FzKp -\- / 


/2/q 
\ n-> 


El. 


After substituting ~fp lor /^, this can be written 


(9-117) 


(9 1IH) 


I'p -j- 2RL{ni/n2) 


(9-119) 


Since both dynamic characteristics are straight or nearly so within the 

range of grid swing, their slopes are uniform and equal to ije., so to 
IpFE,. Therefore 


dc,. r,, -f 2 /?rXni/« 2 )“ 


[at the QV) 


(9-120) 
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Comparison with (9-57) shows that the dynamic characteristics 
must have at the Q’s the same slope as though each tube were in a 
sinf je-tube Class A amplifier, with a load resistance of 
ohms. Thus in push-pull C/ass A operation each tube may be said to 
be “working into” a resistance of the magnitude just stated, whereas 
the “plate-to-plate” resistance is twice this value, that is, ^RL{ni/n^‘^ 
ohms. 

In a Class B push-pull amplifier the current flows through the two 
tubes alternately, each one being an open circuit while the other carries 
current. The two circuit halves in Fig. 9.25a then carry current in 
alternate half-cycles, the middle dotted connection completing the 
circuit for both. Because the two halves are identical and work 
alternately, they can be satisfactorily represented by either one working 
alone continuously, as in the Class B push-pull equivalent circuit 
diagram of Fig. 9.255. Calculations based on this circuit can be used 
to predict the gain. 

The use in connection with Fig. 9.256 of relations similar to (9-116) 
shows that in Class B operation each tube is “working into” a resistance 
of RL{fH/n 2 Y ohms, half the value found for Class A operation. The 
“plate-to-plate” resistance is still ‘^Rl{'^\/^ 2 )^• 

The major (straight-slant) parts of the individual dynamic character¬ 
istics in Fig. 9.23 have slopes that are described by using RL{nx/n 2 Y 
for the load resistance in (9-57). Neither the load lines nor the dynamic 
characteristics are, over these major straight portions, directly in line 
with the points Q on their respective diagrams.* 

Figure 9.24 may be thought of as a detail, to an enlarged scale, of a 
small portion of Fig. 9.23; thus in the immediate neighborhood of the 
Q’s the two diagrams are identical in nature. 


PROBLEMS 

In order to work properly many of the problems for Chapters IX and X, it is 
desirable to have reproduced for class use sets of plate characteristic curves of the 
following standard tubes: 6C5G, CSN7, 6SJ7, 6L6. 

1. A GC5G triode is used in the Fig. 9.3 circuit. Grid bias Ec is —8 volts, plate 
battery voltage 350, Ri ~ 20,000. 

* Tlie load lino in Thompson’s useful method of graphical analysis of push-pull 
operation is drawn with a slope corresponding to the resistance that 

each tube works into in Class B operation. His curve descriptive of effective 
operating conditions for one tube has the slope 1 / 2 /?l(«i/h 2 )’ at passage through 
Ike Class A operating point and is asymptotic to the straight Class B load line of 
slope l//?/,(niAi 2 )^. 
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it pil nl?t f™- 

sheet plot the corresponding dynamic characterise. ^ 

characterSc! fVr\?tcHa\tn eaTors^" pT 

tion of the current-voltage loci determine voltage gain by inspec- 

cnr.es; then 

\^/ the mutuftl char&ctori^tin i* 

contains the dynamic characteristic * M ^ ^ yoltage as at Q, on the graph that 

S-O. nearly this chcchs tl^?::! ^ Z’;" 1 ^ 1 .;: !: 

indu^tiV^relrtance in“scTle^^ '““'I “"' contains a 15, 000 -oh,n 

(a) On the plate characteristic set L; Th , . 
the elliptical c^, u current-voltage locus- th^u,m;."‘’“^y” 

ib, two points for which u has the <!«Tno i PP^'' a^d lower extreme values of 
the same value as at Q Also draw ve't^ ^ points for wliicli cb has 

ellipse must be tangenO SMd. ^ 01 ^ " 

17 X 10-‘k.TTr/SM'-’amr‘‘‘“ by the relation 4 = 

(a) Find 4 when e- = —15 — onn- fir^ 1 1 

~ ?^£H-5S 

(c) Determine voltage gain for conditions as in ( 6 ). 

4. Find approximate values of .. r « « 4 . *i 

V -7 C /• ( L values 01 Tp, at the point c>, = 180 c. = 12 t if- 

16 = 7.5 (ina) when Cb = 180. c., = -12 ,-.-. 71 ; n 

• — r>^ L > c 1 ^. 0 , i6 — 7.5 when ch — 160 p = _in- 

16 = 7.84 when Cb = 180, Cc = -12.3. * ’ 

6. A 6SN7 triodc is used in a Class A arnnlirmr-r _ o 

fn wf determine graphically ^ and at q!"" ^ 

efficiency.'"'® “’“PP‘ P°'™^' ‘‘"‘1 P'"‘c circuit 

R, - 25 nnn° ‘'‘"'’f “^ed in a series-feed Class A amplifier, Fig. 9.3. 

til — 25,000, Cc and Cb at Q are —8 and +250. ^ 

noinf m draw the load line. Locate the 

point of Q of zero excitation; state ib at Q, and Ebb 

(6) Grid excitation 5 volts rms. Find plate circuit efficiency, plate dissipation. 

(c) The circuit is changed to parallel feed, Fig. 9.17. The frequency is high 

enough so that all the alternating current may be assumed to pass through Hl. 

hat new plate battery voltage Ebb will produce operation along the same load 
line as in (a), grid bias unchanged? 

(d) Determine the new plate circuit efficiency and plate dissipation. 

7. Parallel-feed amplifier as in (c), Prob. 6. At 25 cycles, what values of L 
and C will make the gain 70.7 per cent of its high-frequency value, and also make 

.r 7 mput-to-output phase angle at 25 cycles, for these values 

of L and C. 
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8. A 6SJ7 tube (Fig. 6.15) is used in a Class A amplifier; series feed, as shown 
ill Fig. 6.145. Grid excitation 1 volt rms. 

(a) On a set of 6SJ7 plate characteristics, draw a load line intersecting the 
€c = 0 curve a little to the right of the knee, and going to cut-off (4 - 0) at 
€b = 300. Point Q is at ec = —1.5 volts. Mark on a circuit diagram d-c grid, 
plate, and screen voltages, and value of Rl- 

(c) Identify on the load line the extremes of the current-voltage locus. Find 
the voltage gain, by inspection of your diagram. 

id) Determine rp and gm graphically, at Q, from the plate characteristics; 
employ them in the current-generator gain equation to determine voltage gain. 
Note that a reasonably accurate gain determination is possible this way, even 
though only a rough approximation to rp can be obtained. 

(e) How much error would result here from use of the rather common pentode 

gain approximation: gain = gmRi^- 

9. A 6SN7 triode is used in a parallel-feed amplifier (the frequency being high 
enough to make Xl very large and Xc very small) under the following conditions, 
selected to minimize distortion and maximize power output, without excessive 
dissipation; 4 is not to fall below 1.5 ma; Ch is not to exceed 300 volts; Ri. — 21,600; 
Cc is not to swing above zero. (For a 2A3 triode, 4 and eh limits might be 15 ma 
and 300 volts, with Ri, — 1600.) 

(а) On a set of plate characteristic curves, draw the load line, identify the point 
Q of zero excitation, and state the grid bias voltage, plate battery voltage, and 
plate current under zero excitation conditions. 

(б) State the rms grid excitation voltage necessary for maximum power output, 

subject to the limitations stated above. 

(c) State rms values of load resistance current and voltage, with the (6) exci¬ 
tation. 

id) State the power output and plate dissipation. 

(c) Determine the per cent second harmonic distortion. 

10 . A 6L6 beam power tube (a tetrode) is operated wdth the point Q of zero 

excitation at Be = —10, Eh = +300, Rl = 6000, parallel feed. ^6max = 400, 
£■6 min = 200. (a) Draw the circuit diagram, showing connections between the 

various electrodes and other circuit components, (fe) Draw' the load line, on a set 
of 6L6 plate characteristics, (c) State the plate battery voltage, (d) Determine 
by simple graphical means the grid excitation voltage, (e) State power output, 
l)late dissipation, and plate circuit efficiency. (/) Determine the harmonic dis¬ 
tortion, quantitatively. 

11 . Derive an equation, using Th4vcnin’s theorem, for the ratio of the output 
voltage Ej to the generator voltage Eg, for the Fig. 9.26 circuit. 



Fio. 9.20 
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12. Same as Prob. 11, but using Norton’s theorem. 


13. The voltage generator equivalent circuit of an amplifier is as in Fig. 9.27. 

(a) Draw the vector diagram showing the relations between -E., E;, E„ /•> 

, and I,. * ' " 


(6) Derive from this diagram expressions for voltage gain (Ej/Eg) and for phase 
angle between Ej, Eg, in terms of m, rp, Rj, Xi, and Xz. 

(c) Draw the corresponding current generator equivalent circuit; identify on it 
rp, Xi, A 2 , Rj; indicate where current /* flows, and where Ep exists. 



Fig. 9.27 


14. A tuned amplifier has a current generator equivalent circuit as in Fig. 9.28. 
(o) Draw tlie vector diagram relating Ep, and Eg (showing all contribu¬ 

tory vectors) for the nonresonant condition, that is, Xl Xc- To make the 
ihagram convenient to study, make Xl. about twice Xc- 

(6) Using this current generator vector diagram, derive the equations for voltage 

gam and for phase angle between input and output voltages. Output voltage is 
that acrosis the capacitance. 


‘‘^‘sonant-frequency gain equations by letting Xi = Xc. 
W) For A'/, = Xc, express, in terms of R, L, and C only, the ratio Ic/Irl. 

(c) State the input-to-output phase angle for the frequency that makes tin* 
algebraic .sum of Ij, and Ic numerically equal to the sum of Iri, and Irv 



Fig. 9.28 


16. The load circuit of a certain tuned amplifier is a capacitance C in i)arallel 
with a series combination of inductance L and resistance R. Output voltage is 
that across the capacitance. Using the current generator equivalent circuit; 

(a), (6), (c), (d); As in Prob. 14, except in (c) add the requirement that A''£,". 
(c) If, in (c), Xl, = Xc = 1000, and R = 100, what is the impedance of the 
L, R, C combination (the “tank circuit”), considered as a unit? 

16. Work parts (a), (6), and (c) of Prob. 15, except that the output voltage 

(^o) is now that across the resistance R, use Eo as the reference vector in the (a) 
diagram. 
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17. A GC5G tube is used in a Class A amplifier circuit; the point of zero excitation 

is at /ft = 5 ma, Ec = —6; Rl = 30,000. 

(а) What rms value of excitation will just cause grid current to flow? What 
value will just cause h to become zero at one point in each cycle? 

(б) The excitation exceeds the last-stated value by 3 volts. Sketch, approxi¬ 
mately to scale, the plate current wave form, assuming a large grid resistor. 

18. The dynamic characteristic of a Class A amplifier is represented satisfactorily 
within the operating range by a parabola whose vertex is at it = 2 ma, Cc = —18 
volts, and passes through ib — 10 ma, ec = 0. Grid bias is “9. 

(а) Write the equation of this parabola, using the point Q of zero excitation as 
the origin of the ip, Cp, coordinates. 

(б) An excitation voltage = 4 volts (rms) is used. Find the per cent second- 
harmonic distortion, the steady component of current in the plate circuit, and the 
rms value of the fundamental-frequency component of plate current. 

19. A 2A3 triode is to be used with a 2000-ohm resistance load. Plate battery 

voltage 360. 

(а) What bias voltage will make the quiescent current 62 ma? 

(б) Operation as in (a); grid excitation is sinusoidal, at 21.2 volts rms. Find 

max fi^d /ft miD* 

(c) Determine voltage gain, a-c power output, plate dissipation, plate circuit 
efficiency. 

(d) Determine I', P', P” (harmonic components). 

20. Two tubes, characteristics as in Fig. 9.5, are used in a circuit like Fig. 9.22. 
Ebh = 400, Ecc = -95, Rl = 400, na/ni == 0.4; Eg = 60 volts rms. 

(a) Does this choice of magnitudes result in Class A, B, or C operation? 

{b) Draw the equivalent circuit, labeling magnitudes of the circuit elements. 

(c) Draw the composite dynamic characteristic, and determine from it the per 
cent second harmonic distortion, also the per cent third harmonic distortion. 

(d) Determine voltage gain, plate circuit efficiency, plate dissipation. 

21. Same as Prob, 20, except that Ecc = -40, Eg = 10 (rms). 

22. Figure 9.29 illustrates an amplitade^modulaled a-c voltage. It alternates 
sinusoidally at a high frequency /i, the earner frequency, but peak values of the 
alternation vary as follows: 

£^max = Ea-V Eb COS 27r/2( 

Here /2 is the modulation frequency and is very much less than/i. 



Fig. 9.29 Audio modulation of carrier wave. 

(o) Express mathematically the time variation of the instantaneous value of the 
modulated voltage as illustrated in Fig. 9.29. 
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(6) Expand this tiigonometrically into three cosine terms, which will be; (1) 
a (ai rior-frequency term in cos 2wfit, (2) a lower sideband term in cos 27 r(/i — /g)/, 
and (3) an upper sideband term in cos 27r(/i -f- / 2 )t. 

(c) A modulated voltage, Ea = 16, E^ = 10,/ = 1500, excites a Class B ampli- 
hor used as a detector. The circuit is as in Fig. 9.3, the dynamic characteristic 
being practically a straight line, as in Fig. 9.21. Along this line, 

= —30 volts when ii = 0 
ib = 12 ma when Cc = 0 

Grid bias is —30 volts. Write the equation for an oscillographic trace of the plate 
current, if the oscillograph is only capable of following variations at frequencies 
less than 5000 cycles per second. (The oscillograph serves as a filter.) 



CHAPTER X 


AMPLIFIER COUPLING; OSCILLATORS 

10.1 Cascading of Amplifiers; Voltage Gain and Decibel Gain. It 
is frequently necessary to use more than one amplifier, or, according 
to the more common phraseology, more than one stage of amplifica¬ 
tion. In multistage amplifiers the output voltage of the first stage is 
the input voltage (excitation) of the second stage, the output of the 
second stage the input of the third, and so on. The overall voltage 
gain of a multistage amplifier is of course the product of the gains of 
the individual stages. 

The term “decibel gain,” abbreviated to “db gain,” is frequently 
used.^^^ *^ It is a measure of the logarithm of the gain, so that the 
overall db gain of a multistage amplifier is the sum of the db gains of 
the individual stages. The definition of the db gain of an amplifier is 

/output wattsX 

db gain = 10 logio ( -7-—) (10-1) 

\ input watts / 

Decibel gain is thus originally defined as a measure of power gain 
rather than of voltage gain. 

This seems a little strange, for one of the useful properties of many 
amplifiers is that no power is required to vary the grid potential. 
Thus the power input to the grid is zero; yet according to the defini¬ 
tion just stated the db gain of an amplifier measures the ratio of power 
output to power input. 

The explanation of this apparent contradiction is found in early and 
still current telephone engineering practice. Long-distance telephone 
circuits emjiloy amplifiers, called “repeaters,” located at appropriate 
distances. Each section of telephone transmission line is connected at 
its far end to (“terminates in”) a resistance. The line current flows 
through this resistance. The resulting voltage drop across the re¬ 
sistance is the excitation voltage for a repeater. This repeater’s load 
is the next section of transmission line, which terminates in the input 
resistance of another repeater, whose load is the next section of trans¬ 
mission line, and so on. 
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Ihis practice has given rise to the telephone engineer’s habit of 
specifying the input and output resistances Ri and R 2 (the latter here¬ 
tofore called Rl) for which any given amplifier is suited. The watts 
input and watts output in (10-1) refer to the power in these resistances, 
due to a-c input and output voltages E, (for E,) and E 2 (for Ej,). 

Ihus db gain can also be expressed as follows: 


n • (^ 2 V/? 2 ) E 2 Ri 


If Ri — 7^2, as is often true, this simplifies to 

db (voltage) gain = 20 logio 


El 

El 


(10-3) 


Only if the input and output resistances are equal does (10-3) give 
the db gain as defined by (10-1). Ecpiation (10-3) is, however, some¬ 
times used as a definition of the db voltage gain of an amplifier, with¬ 
out legard to the input or output resistances or the power in them. 

Note that (lO-l) and (10-3) may in general give different results as 

applied to a given amplifier, each result having a useful meaning if 

properly interpreted. One is a logarithmic measure of power gain, 
the other of voltage gain. 

10.2 B-C Amplifiers. Each stage of amplification must in general 
be treated as a distinct unit, with its own real and its own equivalent 
circuit. However, some provision must always be made for coupling 
the a-c output voltage of one stage into the grid circuit of the next. 
It is desirable to do this in a way that permits use of a common d-c 
source of plate current for all tubes, and of a common source of fila¬ 
ment heating current, usually a filament transformer; thus it is desir¬ 
able to have all cathodes at a common potential. 

Figure 10.1 illustrates a multistage amplifier circuit which satisfies 
these requirements formally. The a-c part of the ^'oltage across each 
load resistor is also the a-c component of the grid voltage for the suc¬ 
ceeding tube. This amplifier contains neither chokes nor condensers; 
only tubes, batteries, and resistors occur. It is consequently suitable 
in principle for amplifying d-c and transient, as well as a-c, input 
voltages. However, this circuit is almost never used for multistage 
amplification, because of the following practical shortcomings: 


(a) Each grid bias voltage is dependent on the steady plate current of the 
preceding stage, which depends in turn on the preceding grid bias, which depends 
on the preceding plate current, and so on. Readjustment of bias, plate voltage, or 
load resistance of any stage necessitates readjustments of grid battery voltages in 
all succeeding stages. 
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(h) Bias voltages invariably exhibit small-magnitude slow variations, because 
of various minor effects such as changes in temperatures of batteries, resistors, etc. 
This “drift” is never more than a very small fraction of the battery voltage, per¬ 
centagewise, but the “bucking-out” batteries in the grid circuits of Fig. 10.1 have 
voltages large enough so that a small percentage change may be an important 
fraction of the small d-c bias voltage required at the grid. Any such small bias 
drift in an early stage is amplified and appears as a serious shift from the normal 

bias in later stages. 



Fig. 10.1 Three-stage amplifier, without condensers or chokes such as are used 
in the circuits of Figs. 10.3 and 10.4. This circuit is suitable in principle for ampli¬ 
fying d-c, transient, or a-c voltages, but is practically inadequate; sec also Fig. 
10.2. Cathodes at a common potential, permitting the use of a common filament 

heater source. 

(c) The physical bulk of each bias battery introduces a relatively large stray 
capacitance to “ground,” and to bias batteries in other stages. This can provide 
an unwanted interstage coupling, as between fourth and second, or fifth and third 
stages, which may produce positive feedback (see Section 10.7) with resulting 
parasitic oscillations, usually of the “motor-boating” type that periodically damp 
out, then recur. 

id) The bias battery stray capacitance can make the gain fall off rapidly as the 
frequency rises into the upper audio-frequency range. Thus this circuit may 
respond inadequately to fast transients. 

Figure 10.2 is a diagram of a serviceable type of d-c amplifier, in 
which the price paid for freedom from the troubles just described is 
the sacrifice of about half the gain per stage, the use of regulated 
power supplies,” which hold Ebt, and Ecc constant within very close 
limits, and the use of high-quality stable precision resistors for Rgi 
and Rg 2 > Eee is of the same order of magnitude as Ebh\ correct bias is 
maintained by proper proportioning of Rg\ and Rg 2 ' Note the com¬ 
plete absence of capacitances, or of bulky circuit elements which 
miglit introduce stray capacitance; the upper-frequency limit results 

only from capacitances inherent in the tubes. 

The foregoing discussion has illustrated the general nature of the 
circuit design problem of determining the best way to obtain coupling, 
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yet maintain the proper grid bias at each stage. This problem is uni- 

vei sally difficult and expensive with d-c amplifiers but relatively easy 

with a-c amplifiers. The use of d-c amplifiers should be avoided when¬ 
ever possible. 


Positive bus 



Negative bus 


I- IG. 10.2 1 hrco-stago d-c amplifier of a useful type, employing both a positive 

and a negative bus. Ei\, and Ecc are regulated power supplies; Ecc is of the same 
order of magnitude as Ebb- Cathodes are at a common potential. 


10.3 Transformer and Condenser Coupling. The coupling problem 
becomes relatively simple with a-c excitation voltages. The output 
voltage from one stage can then be transmitted to the succeeding grid 
by means of a condenser or a transformer. Either device provides the 
necessary d-c insulation, so that “bucking-out” grid batteries are not 
required. Figure 10.3 illustrates the use of transformers, Fig. 10.4 
that of condensers, for coupling between stages. Filament supplies 
have been omitted from the diagrams. Both arrangements permit the 
use of common plate, grid, and filament voltage sources. 

Load resistors are not needed in the plate circuits of the first two 
stages in Fig. 10.3 because each transformer has a high a-c primary 
impedance, which serves the purpose of a load resistance. At normal 
frequencies these first two stages have the equivalent of infinite a-c 
load resistances; their load lines are horizontal lines through the 
operating points. 

When coupling is accomplished by means of condensers, as in 
Fig. 10.4, the resistances marked Ri^ may in some cases be replaced by 
chokes. Then the Rq's serve as load resistances. The circuit for each 
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stage is then identical with the parallel-feed amplifier arrangement 
illustrated in Fig. 9.17. 

In an actual multistage amplifier an open circuit exists between grid 
and filament in each tube. Each amplifier circuit is separated from 
those adjacent to it by these open circuits. This necessitates com¬ 
pletely separate handling of the successive equivalent circuits. The 



Fig. 10.3 Tluee-stage amplifier with transformer coupling, suitable for ampli¬ 
fying a-c signals. 



Fig. 10.4 Throe-stage amplifier using resistance-condenser coupling (sometimes 
callc'd RC coupling), suitable for amplifyiitg a-c signals. 

gain for each is calculated independently of the others, the total gain 
being the product of the individual gains. The total phase angle shift 

is the sum of the individual pltase shifts. 

At very high frequencies the grid-cathode impedance is not infinite 
because of interclcctrodc tube capacitances. Furthermore, the capaci¬ 
tances between the plate and other electrodes in a triode introduce dis¬ 
turbing capacitance coupling between adjacent stages. By the use of 
pentodes (or screcn-gritl tetrodes) aiul of electrostatic shielding be¬ 
tween circuits outside the tubes, the a-c electric fields of the various 
stages can be successfully separated from each other even at high 
frequencies. 
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All stages of a multistage amplifier except the final one serve as 
voltage amplifiers and are therefore designed for substantial voltage 
gain, as far as choice of load resistance is concerned. The load of 
the final stage is, however, some useful device, e.g., a speaker for a 
radio receiver, a relay, an oscillograph element, etc.; the final tube 
properties are chosen accordingly. Tlie voltage gain of the final stage 
niay be very modest, or even fractional. The type of coupling to the 
final stage may differ from that to earlier stages, because of the dif¬ 
ferent nature of the tube and its load. 

10.4 Resistance-Condenser Coupling. Figures 10.5a and 10.55 are 
diagrams of the actual and equivalent circuits of a stage of amplifica¬ 
tion coupled to the grid of the next stage by means of a condenser 
and resistances. The resistance Rq in the grid circuit of the succeed¬ 
ing stage is large relative to /?/,. It is therefore reasonable to assume 
that at all frequencies the a-c current through Rq and C is negligible 
relative to that through R^. Subject to this approximation, the fol¬ 
lowing familiar equation expresses the relation between Ep and Eg for 
any frequency: 



(10-4) 


The actual gain Ej/Eg is sharply affected by frequency, because the 
voltage Ep splits vectorially between the resistance and the condenser 
in proportion to their impedances. If this is taken into account, the 
overall gain is, approximately, if Rq » Rl 




(10-5) 


Figure 10.5c is the complete vector diagram for the equivalent cir¬ 
cuit. An exact expression for gain is obtainable from this vector 
diagram by a process that closely parallels the derivation of (9-88) 
for the parallel-feed amplifier. The final result is 



( 10 - 6 ) 


The two terms in the radical are proportional to the components of 
~yEg that are respectively in phase with and at right angles to Ep 
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This permits determination of the cosine of the angle (f> between Ep 
and Eg. 

It is left as an exercise for the reader to draw the current generator 
counterparts of Figs. lO.bb and 10.5c and to derive therefrom the current 
generator counterpart of (10-6), in which appears, but m does not. 


C 



(c) Vector diagram for equivalent circuit 
Fig. 10.5 Resistance-condenser (RC) coupling. 

10.6 Transformer Coupling, Infinite Output Resistance, Figure 
10.6a and the solid lines of Fig. 10.66 illustrate the actual and equiva¬ 
lent circuits of a stage of amplification which is coupled to the grid of 
the next tube by a transformer of turns ratio n(= n 2 /ni). The d-c 
part of the plate current passes through the primary \\dnding of the 
transformer, which has negligible d-c resistance. The grid bias voltage 
for the next stage is applied through the secondary winding. 

The secondary of the transformer is open-circuited, so that the 
primary winding affects the plate circuit behavior exactly as a simple 
inductance would. It is therefore represented in the equivalent circuit 
by the inductance Lp, having reactance Xp olims. Xp is the “primary 
reactance,” corresponding to the ratio 

Primary volts 


Magnetizing-current amperes 
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of an ordinary transformer; Xp must not be confused with the trans¬ 
former s leakage reactance, which is usually of minor importance in 
an amplifier. 

The statement ~ nEp in Fig. 10.G6 is an essential part of the 
equivalent circuit concept. The actual output voltage E^ is taken 


n,. 



Fig. lO.C Transformer-coupled amplifier with infinite load impedance. Trans¬ 
former turn.s ratio = n = nz/m. 


from tlie transformer secondary, whicli is omitted from the diagram 
foi the sake of simplicity. The gain expression is of course 


Ej iiEp n^iXp 

Ec E, “ 



(10-71 


If the frequency becomes large enough so that Vp/Xp « (, the gain 

approaches if the frequency approaches zero, Xp and the gain both 
vanish. 


This equation apparently indicates that the gain can be indefinitely 
magnified by increasing n; this indication is false, for reasons discussed 
below. It indicates, correctly, that to permit satisfactory operation 
at low musical frequencies (dowm toward 20 cycles per second) the 
primary inductance must be large. Primary inductance is related to 

the geometry and material of the transformer as indicated by the 
following equation: 


Lp = Tli^ 



( 10 - 8 ) 


Here d^/dnxib is the slope of the magnetization curve for the iron core 
of the transformer. The primary inductance can be made large either 
by making d^/dnii^ large, which requires bulk, weight, and cost in 
the iron core, or by using a large number of primary turns. 

However, the use of many primary turns necessitates the use of a 
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proportionately large number of secondary turns, and with many 
secondaiy turns the distributed capacitance of the secondary winding 
causes loss of amplification at the upper end of the frequency range. 
This distributed capacitance, which grows rapidly as n 2 increases, is 



Fig. 10.7 The heavy solid line illustrates the variation of voltage gain with fre¬ 
quency in a transformer-coupled amplifier with infinite load resistance, turns ratio 
n, no leakage reactance. The effects of changes in turns ratio on frequency response 
are illustrated as follows, all for the same iron core: 

Curve AAAA \ Turns ratio increased from n to n' by using fewer primary turns; 
jis a result the lower frequency limit is niised. 

Curve BBBB: Turns ratio increased from n to «' by using more secondary turns; 
as a result the upper frequency limit is lowered. 

Curve CCC: Turns ratio increased by both means; as a result the frequency range 
is narrowed to a resonant peak at the frequency for which Xp = A’c. 


represented in the equivalent circuit by a condenser Cl (dotted in 
Fig. lO.G^j) in parallel with Lp. At a sufficiently high frequency this 
condenser practically short-circuits the transformer secondary, caus¬ 
ing the gain to vanish. The gain equation including this capacitance 
effect is: 

Ej nju 

(10-9) 


E 





( 






transformer coupling 
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Xr, vanishes at low frequencies and Xc at high frequencies, so that 
the gain vanishes for both high and low frequencies. In the inter¬ 
mediate range, where Vp/Xp « 1 because Lp is large, and Vp/Xc « 1 
because C is small, the gain approximates nfx. This is illustrated by 
the solid curve in Fig. 10.7. The intermediate range must include all 
musical-tone frequencies in an amplifier that is to be used to reproduce 
music without frequency distortion. With the values of Vp, Lp, and C 
usually employed, (10-9) does not predict a resonant peak in the gain, 
despite the appearance of the denominator. 

Figure 10.8 illustrates the experimentally measured response to 
frequency variation in a circuit like that of Fig. lO.Gn. Such experi¬ 
mental results agree with the solid-line curve of Fig. 10.7, except for 



Fig. 10.8 Frequency response of a transfornu‘r-couple<i amplifi 
load re.si.stance. illustrating the effect of leakage reactance. 


er with infinite 


the sharp rise to a peak just before the high-frequency droi^. This 
peak is due to resonance between the distributed capacitance in the 
secondary and the leakage reactance of the transformer windings. 
Leakage leactance has not been indicated in any of the circuit dia¬ 
grams and has not been taken into account in any of the expressions 
foi gain, thus the simple circuit sho^^^l in Fig. 10.66 could never give 
a gain gieater than The effect of leakage reactance can be ac¬ 
counted for in the equivalent circuit analysis by introducing in Fig, 
10.66 a series reactance A'"/, between Vp and the point wliere the Cp 
circuit branches off. 


10.6 Transformer Coupling to a Finite Load Resistance. Figures 
10.9a and 10.96 illustrate the actual and equivalent circuits if a load 
resistance is coupled to the plate circuit through a transformer. The 
load resistance is represented in the equivalent circuit by the mag¬ 
nitude Rl/u^, rather than by its actual value Rp. (In the equiva¬ 
lent circuit diagram of a transformer all resistances and reactances of 
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the secondary' circuit may be treated as though in the primary, pro¬ 
vided they are divided by the square of the turns ratio.) The leakage 
reactances and the resistances of the primary and secondary windings 
are usually so small, relative appropriately to tp and RL/n^j that their 
omission introduces no appreciable error. Thus the output voltage 
Ej = nEp as before. 

Throughout the major part of the normal frequency range of the 
Fig. 10.9a amplifier the reactances Xp and Xc are both so large rela^ 
tive to RiJr? that they may safely be neglected. The circuit can then 



(a) Actual circuit diagram; 
n — ni/n 2 ; the output volt¬ 
age "Ej is that across Rl- 



(6) Voltage generator equiva¬ 
lent circuit diagram. The dashed 
portions represent the transformer 
distributed capacitance. 



(c) Dependence of gain on (d) Variation of voltage gain with 
turns ratio. frequency. 


Fig. 10.9 Transformer coupling to a finite load impedance. 


be analyzed as though Xp and Xc were removed entirely, correspond¬ 
ing to complete idealization of the transformer. The expression for 
gain can then be written 

Ej nEp nju 

E. Eg Tp 

* Id- — 

Rl/u^ 


( 10 - 10 ) 
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This shows that, although the transformer magnifies the gain by the 

factor n, it also shrinks the load bj*- the factor This latter effect 
tends to reduce the gain. 

If Tp and Rl are both fixed, the gain is roughly proportional to the 
turns ratio, for moderate ■\’alues of the turns ratio, whereas for very 
large turns ratios the gain vanishes, as illustrated in Fig. 10.9c. The 
solid line represents the gain for various values of n. The dotted line 
is a tangent to the solid line at the origin; its slope is n^i. The maximum 
voltage gain occurs at the value of n for which = Rt/n^, that is, at 
t ie turns ratio for which the resistances in the equivalent circuit are 
patched." The gain at this point is Ep being just half of 

nM.Gg._No advantage is to be gained by using a turns ratio greater 

than VRiJrp. If, as sometimes happens, Ri^ is less than Vp, it may be 

esira le to use a transformer having more primary than secondary 
turns, making n fractional. 

At low frequencies the effect of Xp, and at high frequencies that of 
c, is important. If, in the equivalent circuit of the parallel-feed 
amplifier, Fig. 9.176, the condenser is short-circuited (equivalent fo 
making Xc = 0), the circuit of Fig. 10.96 is obtained. It is therefore 
possible to obtain, for Fig. 10.9, the proper expressions for gain and 
phase shift in terms of frequency by making Xc = 0 in (9-88) and 

(9-89), and at the same time using Rl/u^ for Rl, rifi for m, and Xp 

for Xl. 

The resulting expressions can be adapted for use at frequencies high 
enough to involve the distributed capacitance by employing 




r 2 

in place of- 

Xp2 


( 10 - 11 ) 


Figure 10.9d illustrates the general nature of the frequency response 
so predicted. 

10.7 Positive and Negative Feedback; Regeneration. It is possible 

to couple the output of an amplifier back into the grid circuit, in such 
a Avay that the excitation voltage is the input voltage plus or minus 
some definite fraction of the similarly patterned output. Such an 
arrangement is said to proAude positive feedback (regeneration), or 
negative feedback. 

Negative feedback is employed as a means of reducing harmonic 
distortion, also as a means of proA'^iding impedance transformation, as 
in a cathode folloAver circuit, discussed in Section 10.9. 

In a stable regenerative amplifier, modest positive feedback is em¬ 
ployed to proAude an increase in the gain. If sufficiently strong posi- 
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tive feedback is employed, an initial voltage impulse anywhere in the 
circuit tends to be magnified without limit; such behavior is called 
unstable regenerative action. Most of the electronic circuits used to 
produce sustained electrical oscillations employ unstable regenera¬ 
tion; see Section 10.10. 

The interelectrode capacitances within any vacuum tube provide 
positive feedback at sufficiently high frequencies. As a result there 
is a tendency for simple vacuum-tube circuits to exhibit ‘^parasitic 
oscillations” at frequencies of many megacycles, the tube capacitances 
providing the feedback. 

10.8 Negative Feedback Equations. There are many ways of pro¬ 
viding negative feedback; one of the most common is to use a cathode 


^ ih 



(a) 



Fig. 10.10 A Class A (negative-grid) triode amplifier employing a cathode 
resistor to give negative feedback. Note that all potentials are measured relative 
to a zero value at the circuit point A. The sense convention chosen for is such as 
to agree with the actual direction of flow in Rk- 


resistor Rk, as illustrated in Fig. 10.10. In this circuit the input volt¬ 
age Ci is not applied between cathode and grid, but rather between the 
new circuit point D and grid, where D is the dividing point between 
the Rk portion and the Rl portion of the plate circuit loading. 

In Fig. 10.10 the grid and plate potentials, Cc and e^, are still referred 
to a zero value at the cathode, as is e^, the (numerically negative) 
potential of the point D. As to the further symbolism: 

ed, €/ are respectively the total instantaneous value, 

and the instantaneous value of the varying 
component, of the voltage across Rk (10-12a) 

Ed, Ef are respectively the d-c value, and the rms value 

of the varying component, of the voltage 

across Rk (10-126) 
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ch ^ Ed-\- e/ (10-13) 

Eg and Ep are, as in circuits previously studied, the rms \'alues of the 

varying components of the grid-to-cathode and the plate-to-cathode 
potential differences. 

p^ass A operation, the grid never swings positive; 
theretore there is no grid current, so that the current 4 in the cathode 
resistor will be the same as that in the load resistor, that is, 4 = u; 
similarly, for the rms a-c values, h = Ip. 

1 the voltages from the cathode to the grid around the 

loop ADMC in the figure gives * 


ec = + lice + Ci 


Ihe corresponding relation involving rms a-c voltages i; 


(10-14) 


Eg — Ef Ei 


(10-15) 


Here Ef is, like Ep, 180° out of phase with Ei, so that, numerically, 

g < *. the presence of the feedback voltage across the cathode 

resistor makes the a-c grid excitation voltage Eg be somewhat less than 

the a-c input voltage thus tlie feedback is negative. 

From the equivalent circuit. Fig. 10.105, Ef = so that the 

last equation becomes 


Ee = Ei + (10-16) 

the hRK being subtractive in nature, because of phase relationstiips. 
Also from the equivalent circuit 


Iz{Rl 4- rp -f Ri^) = ~^Eg (10-17) 

Combination with the preceding equation gives 


I, = 


“M-F.- 


Rl A- Tp RkO- + 
Use of Iz = Ej/Ri, leads to the gain equation 


(10-18) 




Tp Rf^ 


(10-19) 


Obviously the introduction of Rr has reduced the gain. Note also 
from (10-18) that the introduction of Rr has reduced 7^; that is, the 

* If the Ed portion of ej is the correct bias, there need be no bias voltage source 
Ecc\ the circuit is then said to have a “cathode bias.” 
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total plate swing has been lessened, and the harmonic content there¬ 
fore reduced; see Section 9.20. 

To study the effect of the cathode resistor in a pentode having a very 
large Vp, the current generator concepts are employed. Substitute 
M = I’pQm in (10-18) and (10-19); then Jet rp become infinite, to obtain 

-OmEi 

= - 

1 "T 9m^K 

10.9 The Cathode Follower Circuit. The cathode resistor of Fig. 
lO.lOfl may be used as an output-circuit element, as well as to produce 
negative feedback. When considering Rk as an output resistor it is 
con\"enient, as a mental concept, to transfer the potential reference 
point to D, rather than A. Thus let 

Crj, Eg symbolize the instantaneous value and the rms value re¬ 
spectively of the varying component of the output voltage 
across the cathode resistor (considered as being a positive 
voltage when the vaiying component of the potential at 
A exceeds the varying component of that at D). 

From this definition it is evident that 

Eg ^ ~Ef Cg^ -Cf ( 10 - 22 ) 

Thus when Rk is thought of as a device used to produce negative feed¬ 
back, the feedback voltage across it is considered as e/, polarity 
therefore having the same polarity sense convention as Cp) when Rk is 
thought of as an output resistor, the output voltage across it is con¬ 
sidered as Cg, polarity cz)a, thus having the same polarity sense con¬ 
vention as Ci. 

Thus in Fig. 10.10a the output voltage Cg is in phase with (he input 
voltage €{, both being referred to a basis of potential reference at D, 
rather than at If there exists also an additional output resistor as 
Rl, it is evident that the two output voltages Ej and Eg{= ~Ef) are 
of opposite polarity, as referred to the circuit point D, 

In a cathode follower circuit Rl = 0, and the only output voltage is 
Eg across Rk- This output voltage is in phase with and approximately 
equal to the input voltage; thus the cathode potential faithfully “fol¬ 
lows” the input potential as to phase, and approximately as to magni¬ 
tude. The de\'ice is essentially an impedance transformer. The input 
voltage “looks into” a very high impedance, because the grid draws no 


( 10 - 20 ) 


for a pentode, j 


Vp CO 


( 10 - 21 ) 
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current; therefore the grid voltage will follow faithfully voltage varia¬ 
tions o an input source of very high internal impedance; this is neces- 
^ry m many instrumentation requirements. But the output voltage 
g IS PJOM ed by a source (the cathode follower circuit itself) whose 
internal impedance is Rk, which may be only a few hundred ohms, 
lere ore t e output voltage may satisfactorily drive a measuring 
evice, or a ater stage of amplification, whoso input impedance is 
only a matter of a few thousand ohms. 

voltage gain equation (the gain is fractional) for a 
cathode follower circuit, use 



(10-23) 


m (10 18); m terms of the current generator concept this gain becomes 



[triode] 


(10-24) 


In a pentode, l/r^ may be ignorably small relative to I/Rk; in that 
case, approximately, 



pentode, 

Tp ^ cc 


(10-25) 


Note that the voltage gain of a cathode follower stage is always less 

than unity, but usually not much less than unity. For example 

might be 2000 micromhos, and Rk 2500 ohms, making the volLage 
gam 0.83. 

10.10 Tuned Plate OsciUators. A tuned plate oscillator is one of 
many circuit arrangements that can be used to produce sustained 
oscillations by regenerative action, that is, by using positive feed¬ 
back. As illustrated in Fig. 10.11, it is similar to an amplifier in which 
the load is a resonant circuit. The load is coupled to the grid circuit by 
the mutual inductance M between coils Lp and Lg. Any initial volt¬ 
age impulse, such as that due to closing a switch that completes the 
plate circuit, sets up resonant-frequency electrical oscillations (an a-c 
current) in the plate circuit. But for the coupling into the grid circuit, 
these oscillations would die out in a few cycles, just as a pendulum 
stops swinging unless given cyclic encouragement. As a result of the 
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coupling into the grid circuit, the grid receives oscillatory excitation 
of the proper frequency and phase relation to reinforce oscillations 
already started in the plate circuit, so that they continue indefinitely. 

The vector diagram for the equivalent circuit of a tuned plate oscil¬ 
lator is showTi in Fig. 10.11c. In preparing this diagram, resonant 



(c) Vector diagram. Xc symbolizes 
reactance of the condenser C, Xp the 
reactance of the inductance Lp. 


Fio. 10.11 Tuned plate oscillator. 


frequency in tlie “tank circuit” is assumed. Therefore Xc — Xp^ and 

Ic = Il> Also, Rl is assumed to be small relative to Xp. From the 

diagrams: 

+ ( 10 - 26 ) 

The excitation voltage can be expressed as 

E, = -IlXm ( 10 - 27 ) 

where Xm = 27r/il/, the mutual reactance associated with M. The 
polarity of the coupling must be such as to call for this negative sign. 
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Use of this equation and of the fact that Rj^ « converts (10-26J 
into 


— Ic^c 4 “ Jl 


TpRl 


(10-28) 


The currents cancel. It is convenient to interchange A'c and its equal 
Ap, to give 

MAit = Xp + (10-29) 

Lav^ng^'* expressed in terms of M, Lp, and C, the 2^/’s cancel, 

liM = Lp + rpRi^C (10-30) 

The usual form of this is 


rp = 


m4/ - L 


\jp 


HlC 


(10-31) 


Tus equation appears at first to indicate that sustained oscillations 

can result only when the circuit constants are such as to make the 

nght-hand side have a definite value, corresimnding to the r„ of the 

tube used. However, the observed fact is that the circuit oscillates 

w enever the right-hand side of this equation exceeds a definite mini- 
mum value. 

The reason for this behavior can be clarified by a graphical studv of 
^e current-voltage locus for such an oscillating circuit, Fig. 10.12. 

h^ locus lies along a straight “load line” because the “tank circuit” 
of Fig. 10.11 acts like a resistance, in that the total current through 
It IS in phase with and proportional to the voltage E,,, An expression 
for the apparent shunt resistance Rt of the tank circuit is obtained by 
obseiving from the circuit and vector diagrams in Fig. 10.11 that 


Iz = 


E. 


Rl 


VRl^ + VRl^ 4- Ap2 




Rl 

^ V 2 


(10-32) 


The ratio of E^ to is Rt, so that 


Rt^~ (10-33) 

Rl 

The load line in Fig. 10.12 has the slope — \/Rt- The tube characteris¬ 
tic curves, so also the locus, level off at a temperature-limited value of 
curient. This upper current limit accounts for the e.xistenoe of an 
upp^r limit to the continued growth of oscillation amplitude. 
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It is evident that the value of Vp is not the same at ah points along 
the load line. The point Q lies, in Fig. 10.12, at about the height at 
which the greatest slope of the characteristic curves occurs, so corre¬ 
sponding to the least value of This establishes the minimum value 
which the right-hand side of (10-31) can have if oscillations are to 
persist. At just this least value the oscillations are of very small 
amplitude. Oscillation over a large voltage range along the load line 



r'lG. 10.12 Current-voltage locus for a tuned plate oscillator. The amplitude 
(voltage swing) will always increase until the appropriately averaged value of Tp is 
as required by (10-31); see the discussion following (10-33). The increase in Vp is 
caused by the non-linearity (changing slope) of the characteristic curves. Thus 
the amplUtulc reached is governed by the non-linearities of the characteristics. This 
is true of any regenerative electron tube oscillator. 


brings the current-voltage locus into regions in which the intersecting 
plate characteristics ha^’e smaller slopes, corresponding to greater 
local values of 7p than exist near Q. Hence for large-amplitude oscilla¬ 
tions the appropriate average value of I'p for a complete cycle of oscil¬ 
lation is much greater than for small-amplitude oscillation. Thus if, 
in (10-31), M is increased, or Rx, or C decreased, making the whole 
quantity larger, the amplitude of oscillation grows, and with it the 
average value of Thus (10-31) remains true even for Avide current 
swings, for an ?/, obtained by appropriate averaging. 

As long as the current-voltage locus stays within the straight-line 
range BD, Fig. 10.12, the current le and the grid voltage variations 
are approximately sinusoidal. However, the harmonic components of 
Ig grow rapidly as operation extends out over the flat horizontal poi^ 
tions to the left of A and right of 5, or even into regions to the left of D 
where the grid voltage wave shape is affected by the flow of grid cur- 
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rent The tank circuit’s impedance to these harmonics is very small, 

but to the fundamental-frequency current very large. Therefore the 

harmonic components of produce a very small, the fundamental 

component a very largo tank-circuit voltage. For this reason the tank- 

circuit voltage Ep is very nearly sinusoidal, even at large oscillation 

amplitudes that make I, contain pronounced harmonic components. 

T lese harmonic components flow through the tank circuit chiefly by 
way of the condenser. 

In oscillators tWs and most other types employing regeneration 
(po itive feedback) the grid swings positive during each cycki, so that 
grid current exists normally during a portion of each cycle. This per¬ 
mits se f-biasing, Illustrated in Fig. 10.1,3a. In a seif-biase<l circuit 
the gild batteiy is replaced by a small resistance in parallel with a 
condenser. 1 he voltage drop in the resistance, caused by flow of grid 
current, provides the grid bias voltage. The condenser is charged 
during gild-current peaks. By discharging through the resistance 
during grid-current valleys it maintains the grid bias voltage at a 
reasonably constant value throughout each cycle. 

10.11 Other Regenerative Oscillator Circuits. The es.sential 
features of three other types of oseillator circuits that employ positive 



Fig. 10.13 Circuit diagrams for regenerative oscillators. See also Fig. 10.11. 
For the tuned grid circuit: 

elMLg - . 1/2 


rp = 


For the Hartley circuit: 


RgLgCq 


Tp = 


_ (Lp + M)ULg + .1/) - (Lp + M)] 
C(Rl + RgXLp + Lq + 2.U) 


feedback are shown in Fig. 10.13. Equations for the tuned grid and 
Hartley circuits, similar in nature and interpretation to (10-31), 
appear below the figure. 
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10.12 Tuned Amplifiers. In Fig. 10.11a the inductance Lq is con¬ 
nected back into the grid circuit. If, instead, it is connected in series 
with the gj-id of a succeeding stage of amplification, the circuit be¬ 
comes that of a tu7ied amplifier^ which has a large voltage gain for fre- 
(luencies very close to resonance, but a small voltage gain for all other 
frequencies. The equivalent circuit sho\vn in Fig. 10.116 is similarly 
that of a tuned amplifier as well as of a tuned plate oscillator. When 
used as a tuned amplifier the voltage that appears across the secondary 
lei'ininals of Lq is the excitation voltage of the next stage. 

It is left as an exercise for the reader to draw the vector diagram 
and derive the tuned amplifier gain equation for a general frequency, 
for which the two reactances are not equal. A study of a graph of 
gain vs. the logarithm of the frequency shows that the use of a coil 
for which Rl « Xp favors sharp “tuning.” With such a coil large 
gain occurs only over a very narrow band of frequencies. 

10.13 D 5 matron Oscillators.The screen-grid plate character¬ 
istic curve shown in Fig. 6.8 has a negative slope, therefore a negative 
plate resistance, for a considerable range of plate voltages beyond CC, 
The volt-ampere curves for electric arcs and glow discharges, also the 
grid current-grid voltage curves for high-vacuum triodes, exhibit simi- 
lai' negative resistance properties. 

Ordinary resistances, which are positive, absorb energy from a-c 
circuits. A device for which the a-c resistance is negative can introduce 
a-c energ 3 ^ into a resonant load circuit like that shown in Fig. 10.14a, 
the source of energy being the plate battery. A circuit which employs 
a negative-resistance volt-ampere curve to produce a-c current is 
called a “djmatron oscillator.” 

Dynatron operation can be analj^zed by reference to Fig. 10.146, 
which shows a negative-resistance portion of a tube characteristic 
curve. Note that the present study does not involve a family of tube 
characteristic curves; operation occurs along one tube characteristic 
curve only. The tank circuit in this figure, like the tank circuits in 
tuned plate oscillators, behaves at resonant frequency like a resistance 
of Rt = Xj^/Rl ohms. During operation as a dynatron oscillator, 
resonant-frequency current flows through this apparently resistive 
tank circuit, so that the current-voltage locus must lie along a straight 
“load line” passing through the operating point and having a slope 
— X/Rt. The plate voltage at Q is the plate battery voltage, because 
the resistance R^ is so small that the d-c drop through it is negligible. 
Three possible load lines, I, II, and III, are illustrated in Fig. 10.146. 

The resonant load circuit requires that the current-voltage locus 
must lie along one such straight load line. However, the current- 
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voltage locus must also lie along the tube characteristic curve. Both 
requirements are simultaneously satisfied when the load line coincides 

portion of load line II, Fig. 
iai46 For this load line Rr = r, (evaluated at Q). Oscillation can 

take place at almost any desired frequency, for there is a wide range 

of values that L and C can have, yet give to Rt the required magnitude. 


Tank circuit 



90 60 

Time, electrical degrees'for load line III o^ration 
(a) Circuit diagram. (h) Current and voltage variations. 

Fig. 10.14 Dynatron oscillator. 


The current in this type of circuit is not necessarily oscillating; it 
might be steady, with voltage and current values as at Q. In order to 
start oscillation it may be necessary to give the circuit an initial elec¬ 
trical “kick.” Making the final connection that completes the plate 
batteiy circuit usually accomplishes this purpose, or the c^.ndenser 
may be separately charged, then abruptly connected into the circuit. 

Suppose that this latter method is used in a dynatron circuit having 
resonant-frequency load line II, Fig. 10.146. The condenser is ini- 
tially charged to 15 volts or less. Load line II coincides exactly with 
the tube characteristic curve for about 15 volts each way from Q. As 
the negative resistance of the tube is exactly equal numerically to the 
positive apparent resistance of the tank circuit, the net a-c resistance 
of the oscillating circuit is zero. Oscillations start with an amplitude 
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dependent on the initial charge on the condenser, and continue without 
change in amplitude. This is analogous to the behavior of a friction- 
less pendulum, which swings forever with an amplitude dependent on 
the initial displacement given it. If the condenser is initially charged 
to 15 volts, the plate voltage will swing to 15 volts above and 
below Q. 

If the tank-circuit constants are such as to produce resonant-fre¬ 
quency load line I, the apparent resistance of the tank circuit is greater 
numerically than the negative plate resistance. Hence the oscillating 
circuit has a net positive resistance. Behavior is similar to that of a 
pendulum whose swing involves friction. Oscillations start, but they 
decay at a rate dependent on the magnitude of the net positive re¬ 
sistance. 

Suppose that the charged condenser is switched into a circuit having 
resonant-frequency load line III. Oscillations start as usual with an 
initial amplitude dependent on the charge on the condenser. However 
the amplitude increases at a rate dependent on the net a-c resistance, 
which is now negative. If the volt-ampere characteristic of the tube 
were an infinitely long, straight slant line, the oscillation amplitude 
would increase indefinitely. 

Actually the tube characteristic curve cannot continue straight in¬ 
definitely; it must eventually bend. The actual current-voltage locus 
must follow the bends. This at first makes the average plate resistance 
for the entire cycle have a still greater value than along the straight- 
line portion, so increasing the rate of groAvth of amplitude. Soon the 
swing extends beyond the maximum and minimum points on the curve, 
so entering regions in which the local contributions to the average 
plate resistance are positive. Extension of amplitude farther into 
these regions is accompanied by a change to a progressively less nega¬ 
tive plate resistance. Operation stabilizes ultimately at an amplitude 
for which (he appropriate average of the plate resistance is ~Rt. 

When dynatron oscillations are of sufficient amplitude to extend into 
curved parts of the tube characteristic curve, the current in the tube 
contains harmonics of the fundamental resonant frequency. The im¬ 
pedance of the tank circuit is very high to the fundamental frequency, 
but veiw low to all its harmonics. Thus, as in a tuned plate oscillator. 
Section 10.10, the a-c component Cp of plate voltage is almost a pure 
sine wave, in spite of the presence of pronounced harmonics in the 
plate current. A time scale, in electrical degrees, for the variation of 
plate voltage for load line III is shown in the figure. 

Two current-voltage loci are needed properly to describe operation 
in connection with load line III. Current values along one of them, 
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A B , follow the fundamental-frequency current variations. The cor¬ 
responding voltage variation is sinusoidal, for the reasons stated in the 
pievious paragraph, and the tank circuit is resistive. Therefore this 
locus is a straight line along load line III. The other locus, AB, is a 

total-current locus and must tlierefore follow the tube characteristic 
curve. 

points T and T\ describing voltages and currents at about the 
o7 instant, ma}' be used to contrast these two loci. Here the sinusoi¬ 
dal a-c component Cp of plate voltage has the instantaneous value QB, 
as shown in the figure. The total plate curm^t is Jn\ the fundamental- 

frequency component of plate current is BT, and the harmonic com¬ 
ponents total TT\ 


The only important a-e power consumption in such a circuit is that 
due to the fundamental-frequency current, because tlie harmonics flow 
chiefly through the condenser, which has a very small power factor. 


PROBLEMS 


1. A thrce-stago d-c amplifier is to employ CSJ7 pentodes, coupling between 

stages as m Fig. 10.2. The operating point on the characteristic curves (Fig. 0.1')) 
w Eb ^ +100; = 20,000 for all stages. In each grid circuit 

gi — «2 — 1 megohm. lond the potential at which the positive bus must oi)erate, 

also the gain per stage, and the total gain, if the negative bus is at -300 volts. 

2. (a) Derive equation (10-6), using the Fig. 10.5 vector diagram, {h) ])vnvv. 
an equation for the phase angle between Ej and Eg for this circuit. 

3. Circuit as in Fig. lO-'in: = 12,.500 ohms, C = 0.0015 nf, Rl = 2.5,000 

ohms, Rg = 2.5 megohms. If the rms excitation applied to the first tube is 3 
volts, find from (10-6) the excitation voltage of the second tube: (o) at 200 cycles, 
(5) at 20 cycles; (c) find what per cent of error would result in (o), also in (h) bv 
using (10-5) instead of (10-6). 

(d) Find the phase angle between Ej and Eg at 200 cycles and at 20 cycles. 

4. Circuit as in Fig. 10.6: m = 8, = 5000, n^/m = 3. 

(a) Find what value of Lp will make the voltage gain at 20 cycles be 70.7 per 
cent of its maximum value, assuming a gain curve of the general type illustrated by 
the solid line in Fig. 10.7. 

(b) What value of transformer distributed capacitance will make the gain at 
4500 cycles be 70.7 per cent of its maximum value? 


(c) Assume that Lp varies as the square of m, and the transformer distributed 
capacitance as tlie square of n^. The turns ratio is increased above the former value 
of 3 by increasing n 2 in the same ratio that ni is decreased. What value of turns 
ratio, so obtained, will raise the low-frequency 0.707 gain point to 40 cycles? 

(d) To what frequency will the high-frequency 0.707 gain point be lowered by 
this change? 


(e) What turns ratio will produce a peaked gain curve (similar to curve CCC, 
Fig. 10.7) in which the 0.707 points are at 0.8 and 1.25 times the resonant frequency 
respectively? 
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6. Add to the circuit of Fig. 10.66 a transformer leakage inductance in series 
with Tp] then derive, by means of an appropriate vector diagram, an expression 
for voltage gain of the circuit, including the effects of the distiibuted capacitance. 
Show that your equation describes a gain curve similar to the upper solid line in 
Fig. 10.8 if Tp is small, and similar to the lower solid line if rp is large. 

6. For the amplifier shown in Fig. 10.15 find the generator voltage required to 
produce 10 watts in the 10-ohm load resistance at a frequency of 200 cycles. The 
transformer is ideal, that is, it has windings of zero resistance and zero leakage 
reactance, and the primary and secondary inductive reactances are infinite. 


C = 0.00318 microfarad 


Generator 


Rg = 20,000 I 



M= 10 


rp = 3000 



Fig. 10.15 Two-stage amplifier. 


7. An R-C coupled amplifier circuit (Fig. 10.5) has the following constants: 
Rl = 1000 ohms, C = 0.001 ttg = 20,000 ohms, n = 20, gm = 2000 micromhos. 
Find the voltage gain at 1000 cycles. 

8. A triode with /i = 20 and rp = 10,000 is used as a linear Class A amplifier 
with R-C coupling; Rg = 1 megohm. Find values of Rl and coupling condenser 
capacitance to make tlie voltage gain be 15 in the middle frequencies, and to give 
a low-frequency half-power frequency of 30 cycles. 

9. A 2000-olim resistance load is coupled to a type 2A3 triode by means of an 
“ideal” output transformer. Ebb = 200; Ec = -30. A small grid-signal voltage, 
perhaps Eg ^ \ volt rms, is to be amplified. Find the transformer turns ratio that 
gives maximum power output. 

10. Circuit as in Fig, 10.9a: n = 3, m = 10,000, Rl = 200,000. (a) 

What is the voltage gain of this amplifier for frequencies high enough so that the 
primary reactance A> of the transformer can be considered infinite? (6) How large 
must the primary inductance of the transformer be to make the gain at 50 cycles 
be 70.7 per cent of its value at 1000 cycles? 

11. Circuit as in Fig. 10.9a: m = 8, Tp = 10,000 ohms, /Jl = 1 megohm, (a) 
What value of n will give maximum amplification at high frequencies? (6) What 
two values of n will each give half the maximum possible high-frequency ampli¬ 
fication? 

12. Circuit as in Fig. 10.10, cmi)loying a 2A3 triode in Class A operation. 
Rk = 500, Rl = 2500. hm^x = 100 ma, hm\n = 80 ma, Eh = 400. (o) By 
simple numerical additions and subtractions of IR voltage drops, involving also 
Eh, find the potential of the plate relative to that of the cathode at maximum and 
minimum plate currents. Locate these points on a set of plate characteristics, 
and determine the corresponding values of grid potential relative to the cathode. 
(6) Mark on a circuit diagram the corresponding values of potential relative to 
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e groun point D, and from them determine Ecc and the rnis excitation A',, 
(r) law on t le characteristic sot the load line connecting the two extreme points, 
^ Srapncal inspection relate its slope to some combination of Rk and /?/,. 
oca e t e mid-point on the current-voltage locus, and make a numerical check 
to see whether or not it corresponds to zero input excitation, (e) From numerical 

va ues o ainec a ove, determine the voltage gain; check its value by means of the 
appropriate equation in Section 10.8. 

^'g- 10-11, tube characteristics as in Fig. 10.12. Frequency of 

wili m r a set of values of Lr. Lg, C, and Rt that 

Mil make rp be 20 per cent more than the least value possible for a tube having 

ese c arac = 20/?/,, and let the coefficient of coupling k between 

I. P and Lo_b^.2. (The coefficient of coupling relates .1/ to Lr and La as follows: 

= k\/ LpLo.) 

14. Draw the equivalent circuit and derive the equilibrium equations for Cp for: 
(«) a tuned grid osnllator. Fig. 10.13a, (6) a Hartley oscillator. Fig. 10.136. 

• 10.14a,platecharacteristicasinFig.6.8, A’, = -1. Specify 

values ot Ebb, L, C, and /?/, that will permit stable 50,000-cvcle dynatron oscillations 
of the type corresponding to load line II, Fig. 10.146. Make Xl = 20/?/.. 

lb. Circuit as in Fig. 10.11, except for use as an ampliffer. output voltage being 
that across the tank circuit, the feedback link omitted. 

II . 0 ? expression for tank circuit impedance for the general condition 

mat Ac and A/, are not eijiial. 

5^? “ *025, Ac — 075, /?/, = 50, find the tank circuit impedance, 

(causing ”'e current generator equivalent circuit, find the voltage gain if 

*000, /?/, _ 50, g,ri = 1500 micromhos, rp = 12,000. 

(d) Find the voltage gain for the (6) condition. 



CHAPTER XI 


INTRODUCTION TO MICROWAVE ELECTRON TUBE 

PRINCIPLES 

11.1 Electron Tube Behavior at Increasing Frequencies.* As the 
design frequency of electron tubes has been increased over the years, 
detrimental effects of interelectrode capacitances, lead-wire induct¬ 
ances, electron transit time (see Sections 2.5 and 2.6), and within-the- 
tube electromagnetic field propagation effects have had to be dealt 
with in turn. It has become customary to use the term “ultra-high- 
frequency,” abbreviated uhf, in referring to frequencies, above about 
300 megac 3 'cles (1-meter wavelength), for which transit time becomes 
important in space-charge-control tubes of conventional or near- 
conventional design. 

“Microwave” frequencies, Avithin the uhf range, are usually thought 
of as those permitting use of waveguide techniques, which are con¬ 
venient above perhaps 2000 megacycles (15-cm Avavelength). A wave¬ 
guide type of transmission line employs a long metal-enclosed region 
through which electromagnetic waves propagate, there being no elec¬ 
trical insulation associated with the transmission system. 

The use of several grids, close spacings to maximize transconductance 
per unit area, and improved circuit design techniques have served to 
compensate for interelectrode capacitances, which become important 
as the frequency rises into the upper audio range, at a few thousand 
cycles. Lead-wire inductance effects become important at a little 
below 100 megacycles, and are eliminated by the use of disk seal tubes 
operating into coaxial-line transmission systems,"^-*-^ in effect 
making the circuit continuous through the tube envelope; there cease 
to be lead wires. For use at ultra-high and microwave frequencies, 
some types of tubes have been built and applied in ways that minimize 
transit time, by using close spacings or high voltages or both; 
others have employed transit time usefully (klystrons,'*''^*^'^'*-^'^-*'’^ 
the dyotron ^‘*). Traveling wave amplifiers and magnetrons, useful 
chiefly at microwave frequencies, employ electron streams that trav¬ 
erse many wavelengths of electromagnetic propagation within the 
tube at about the phase velocity of the propagation, thus making use 

• Soe It'xtbook reforciicos in tlic bibliography. 
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of the within-the-tubc propagation rather than tiying to minimize it. 

. survey of some of the problems and accomplishments involved in 

these chanps appears in this chapter; more complete trealmeiits 
appear in Microwave Electron Tubes. 

Probably the next barrier to be overcome in going to millimeter- 

wave frequencies well aboi-e 30,000 megacycles (1 cm wavelcng(li) 

will involve the difficulties of producing coherent, noise-free millimeter- 

wave-length power at a genuinely monochromatic wa\clength Jt 

may become necessary to employ incoherent signals, as is done in the 

optical sciences, and as a corollary to deal with finite baiidwidths twen 

or unmodii ated wa^•cs. The power may haic to come from maii\- 

randomly phased sources, generating intermittently, as with visible 
Ilgllt. 

Any spacc-charge-coiitrol amplifier tube (triode, tetrode, pentode, 
etc.) sutfers a decline and ultimate vanishing of the u.seliil gain as the 
frequency increases into a sufficiently high range. For am- gii-eii tube, 
disappearance of utility as an oscillator for uhf power generation 
occurs at a somewhat higher frequency than the cessation of u.seful 
amp itier gam. Lighthou.se triodes, with cathode-to-grid .spacings of 
the on er of 3 mils (about 0.1)07 mm) will amplify well into the uhf 
range, but not at microwave freiiiiencies. The Western Klectric t l(i-A 
triode, cathode-to-grid spacing 0..5 mil (about 0.0012 mm) will amplify 
<it ficcjUGiK'ios well into tlio mi<*r()W’civc 

Ihe next few sections will lay the groundwork for and give explana¬ 
tions of reasons why space-charge-control tubes fail to function at 
sufficiently high frequencies. 

11.2 The Grid Separation Amplifier Circuit.2'*'In using sijacc- 
chaige-control tubes at ultra-high and microwave freciuencies it is 
usually desirable to employ the grid separation amplifier type of 
circuit, Fig. Ihl (sometimes called a “grounded grid’' circuit)'rather 
than the familiar cathode separation type of circuit shown in Fig. 9.3a. 
this is parti}'' because the grid separation circuit is relatively little 
subject to parasitic oscillations due to interelectrode capacitance feed¬ 
back, a type of trouble that plagues the other type of circuit unless the 
grid-plate interelectrode capacitance is extremely small. Also, and 
equally important, the necessity for disk-seal circuit entrances into 
the tube makes the grid separation design mechanically simple, in 
that the grid lies between the cathode and plate electrically as well 
as structurally. Ihe grid separation circuit has inherently a relatively 
low input impedance and requires appreciable inijut power. Howe\'er, 
except for internal losses, the uhf input power appears as part of the 
output power. 
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Fig. 11.1 Grid separation amplifier commonly used in connection with triode 
amplifier tubes of the lighthouse and similar types”®** employing disk seals to 
cathode, grid, and plate. The input voltage is applied between cathode and grid, 
and the output appeai-s between grid and plate. This is basically a low-impedance- 
input circuit, at any frequency, requiring appreciable input driving power; however, 
except for internal losses, the input power is transmitted through the tube and is 
part of the output power. Only r-f circuit elements are shown in this diagram. 
Hl is the load; /?, and lio represent copper loss effects in the resonant circuits. 


11.3 Effects of Transit Time on Class C Amplifier Electron Inter¬ 
action Efficiency.*^It is convenient to discuss the detri¬ 
mental effects of transit time in space-charge-control tubes in terms of 
large-signal rather than small-signal operation, because the associated 
physical e^'ents aie striking enough to make their nature clearly 
apparent only when ulif voltages are large. The same general kinds of 
effect exi.st with small-signal e.xcitation. 

Figure 11.2 illustrates the plate current and voltage variations 
typical of reasanal>Iy efficient Class C operation at ordinary radio 
frequencies, the transit angle being ignorably small. The grid voltage 
(not shown in the figure) is made to swing positive during a small 
portion of t he cycle, just high enough and long enough to produce the 
plate current pulse whose “angle of plate current flow” is shown 
starting a little before moment A BCD and ending just before MN. 

Piussagc of this plate current pulse through a resonant load circuit 
causes the plate voltage variations to be practically sinusoidal, because 
tlic resonant circuit lias a iiigh impedance to the plate current funda- 
mental-fret|ueney component, and ^'ery low impedances to the harmonic 
components. .\t its lowest point the sinusoidal plate voltage wave in 
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Fig. 11.2 has not quite swung down to zero; thus the "plate swing” is 
perhaps 85 per cent of the d-c supply voltage 

Every electron that passes from cathode to anode at the moment, 
ABCD receives from the d-c power source Ebd electron volts of energy, 
delivers as plate-dissipation energy Ebc electron volts of eneigy, and 



Fia. 11.2 Plate current pulse.s and plate voltage swing for a Class C amplifier, 
operating at ordinary r-f frequencies.**' The load is presumed to he a resonant 
tank circuit,” causing the plate voltage variations to be es.sentially sinusoidal, 
even though the plate current passes in pulses. The ‘‘angl(‘ of plate <*uiTent flow” is 
the duration, in electrical degrees or radians, of the plate current pulse. The actual 
flow of plate current is governed chiefly by the grid voltage, not shown in the 
diagram. Note that here the phrase “plate swing” signifies only half the total 
excursion of the plate voltage, a somewhat different meaning from that used in 
Fig. 9.9. 


delivers to the resonant "tank circuit,” as a-c power generation, Ecd 
electron volts of energy. The electron interaction efficiency for each such 
electron is 

Electron interaction efficiency, 
for the moment ABCD 

The overall electron interaction efficiency (ratio of a-c power generated 
to d-c power taken from the plate supply) is the weighted average of 
all such interaction efficiences. The relative plate currents at the 
various instants govern the weighting. Note that for the moment 
ABCD the interaction efficiency is reasonably good, being about 70 
per cent, whereas the value at moment MN is ver}'^ poor, perhaps 15 
per cent. This general behavior illustrates an essential principle re- 


E 


CD 


E/ip 


( 11 - 1 ) 
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garding the generation of a-c electric power by electron interaction 
with an electric field, as follows: 

Whenever an electron moves through an electric field in spite of an 
opposing force exerted by that field, the electron delivers energy to the circuit 
of which that field forms a part. 

In the present illustration of this principle there exists, in the triode 
interior, an electric field associated with the r-f circuit system, the 
field’s magnitude being the r-f voltage divided by some interelectrode 
distance. This r-f field opposes the electron’s motion, because the r-f 
potential is more negative at the plate than at the cathode. Thus the 
electrons in passing to the plate deliver energy to the r-f field, in 
proportion to its strength. In the low-frequency case, the field does 
not change during the electron’s flight; in the uhf case, the field does 
change during the flight, but the energy transfer is of the same nature. 

Within a triode, the electron is passing through a d-c field that aids 
its motion at the same time that it passes through the r-f field that 
opposes its motion. Thus it is at the same time receiving energy from 
the d-c field and delivei ing energy to the r-f field. In many uhf devices, 
for example klystrons and traveling wave amplifiers, the electrons pass 
through the r-f field subsequent to traversing the d-c field, so that the 
two energy exchanges occur in sequence. 

The following statements as to Class C interaction eflficiency in 
general are reasonably obvious, from a little study of Fig. 11.2: 

C, H. M. IIA 

(а) If the plate swing is inadequate, none of the electrons will experience a high 
interaction efficiency. 

(б) If the angle of plate current flow is very large (as, for example, well in excess 
of 180®) many of the elections will experience a very low or even negative inter¬ 
action efficienc}", so that the overall electron interaction efficiency will be poor. 

(c) If the plate current pulse were to be shifted substantiallj’- away from the 
minimum point of the plate voltage swing, no electrons would contribute a satis¬ 
factory interaction efficiency. 

Thus, at any frequency, there can be efficient Class C operation only 
if (a) the plate current swing is reasonably close to 100 per cent (90 
per cent is a good value), (6) the angle of plate current flow is small, 
and (c) the plate current pulse is in phase, or nearly so, with the 
minimum of the plate voltage swing. 

Consider now uhf operation. The electrons now require an appreci¬ 
able fraction of a cycle to pass through the grid-to-plate region, where 
the important interaction with the uhf field takes place. Thus an 
electron miglit leave the grid location a little before moment ABCD 
and arrive at moment MN, in Fig. 11.2. This electron passes about 
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syniniotrically relative to the downward swing of the plate voltage; 
therefore it will have a greater electron interaction efficiency than 
electrons starting either a little earlier or later. Yet it is obvious that 
this one optimum electron’s interaction efficiency will be the average 
of the efficiencies for all the moments during its flight, and therefore 
much less than if it had been able to pass in essentially zero time at 
the lowest point of the plate swing. 

This reasoning leads to the following general conclusion: 

Good electron inleraclion ejficiency can be obtained only if the yrid-io- 
plate transit angles for most of the electrons are less than perhaps 90°. 

This immediately puts an upper limit to the frequency that can be 
used successfully with any given grid-plate spacing and range of volt¬ 
ages. The voltage enters because it governs the speed of flight across 
the gap, thereby affecting the transit time. 

In evaluating an individual electron’s transit time, and in other uhf 
analytical studies, it is very important to bear in mind tliat the kinetic 
energy in electron volts possessed by an electron at any point and 
moment may in a uhf field be veiy different indeed from the potential 
at that point and moment relative to the cathode of origin of the elec¬ 
tron. Phis situation was discussed briefly in item (4) toward the end 
of Section 2.0. In general the transit velocity is given by the slope of 
a flight-line diagram, such as Fig. 2.oa, and not by employing directly 
the instantaneous potential at the point and moment in question. 

Over all, the above discussion indicates one reason why a given 
plate curi'cnt pulse of electrons may give less i-f power output, for 
given plate swing, when the transit time is long than when it is short. 
There are other kinds of elfects on interaction, of less consequence and 
more complex in nature, for the most part also tending toward reducing 
the interaction efficiency.-^ 

11.4 Effects of Transit Time on Input Loading.^** The effects of 
transit time in the input circuit may be studied hy the aid of Fig. 
2.5a. Suppose that the plane x = s represents, not a plate, but the 
grid jjlane of a triode, the voltage wave in Fig. 2.56 representing the 
equivalent grid sheet potential. The current pulse that leaves the 
cathode includes electrons in all flight lines between those starting at 
30° and at 150°; only those for flight lines starting prior to 90° pass 
through the grid plane into the interaction space between grid and 
plate, where the}'’ can be useful. Thus with the current temperature- 
limited (many Class C devices operate temperature-limited) so that 
the cathode current density is essential!}^ uniform between 30° and 
150°, the plate current pulse will be only half what it would be at low 
frequencies. Thus it requires a greater “grid drive” to produce any 
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given useful plate current pulse in the uhf range than at ordinary radio 
frequencies, for the same electrode spacings. 

More serious than this is the fact that the electrons that return to 
the cathode extract power from the input uhf field both going and 
coming, thus adding to the power drain on the input, in addition to 
not forming part of the useful current pulse. These electrons strike 
the cathode with substantial energies, causing cathode back-heating, 
which may necessitate monitoring the cathode heating power to pre¬ 
vent damage to the cathode from overheating under severe load con¬ 
ditions. 

The fraction of the electrons sent back to the cathode is dependent 
on frequency; this is one reason why input frequency modulation may 
cause a subsidiary output amplitude modulation. 

11.6 Electron Transit Phase Delay.^^ It is obvious from Fig. 2.5a, 
thought of as a cathode-to-grid region, that the useful electrons enter 
the grid-plate region at a later time, on the average, than the 90° 
phase position of the maximum point of the grid sheet potential. Thus 
there is an important electron transit phase delay between the upward 
swing of the equivalent grid sheet potential and the entrance of the 
driving convection current into the grid-plate interaction space. There 
will be a still further transit phase delay to the grid-to-plate interaction- 
space current which drives the load circuit. 

These phase delays can be corrected for by circuit adjustments if 
they are constant. However, in general they are not constant. Changes 
in input signal amplitude cause shifts in phase delay of the plate 
current pulse, which result in phase modulation of the output incidental 
to any input amplitude modulation. This can become a very marked 
effect, because with increasing frequency the first major transit time 
effect to appear is the electron transit phase delay in the cathode-to- 
grid region. This comes in at relatively low frequencies because of 
the low electron velocities in the cathode-to-grid region. 

11.6 Cathode Current Density and Anode Dissipation Limitations. 
For reasons having to do with the 90 per cent plate swing requirement 
of Fig. 11.2, there is for a given bandwidth of r-f operation an optimum 
shunt impedance of the output tank-circuit load, for a given d-c volt¬ 
age.^'*' Therefore, if the voltage is raised to reduce transit time, thus 
minimizing the various detrimental transit-time effects, and if the 
bandwidth is to be maintained, the plate current must also rise in 
order to maintain the correct shunt impedance. This current increase 
must be obtained without increasing the input and output capaci¬ 
tances (which involve cathode and anode areas) in order to preserve 
bandwidth. Therefore (a) the output power must increase, (6) the 
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cathode current density must increase, and (c) the anode power dis¬ 
sipation density must increase. The increases in dissipation and 
cathode current density can often be provided without great difficailty 
if the tube is operated at a low duty cycle. Therefore higli-voltage, 
high-power triodes have been used successfully as uhf radar trans¬ 
mitter tubes (below perhaps 1000 megacycles) because this application 
requires the tubes to carry current only a few microseconds at a time*, 
at a duty factor of the order of Koo to 31ooo- 

Both the anode dissipation and high cathode current density prob¬ 
lems become extremely severe for continuous-wave service. Thus uhf 
tubes are very much easier to build for pulsed than for continuous- 
wave operation. 

11.7 Klystrons (Velocity Modulation Tubes). The 

klystron amplifier, illustrated schematically in Fig. 11.3, employs 


Load 


Anode 

Drift Output 

gap space gap 

Fia. 11.3 Schematic diagram of a klystron amplifier. 

transit time usefully. A beam of electrons, accelerated in an electron 
gun to kinetic energj^ Ei electron volts per electron, passes through a 
very short input gap, or “buncher,” between two grids, across which 
a small uhf input voltage is impressed. The electrons then traverse a 
field-free drift space before entering the output gap or “catcher.” The 
varying velocities acquired in the input gap cause bunching to ocr*ir 
in the drift space; that is, fast electrons catch up with earlier slow ono:^-, 
causing local concentrations in electron density. Passage of tlie 
bunched beam through the output gap causes periodic changes in the 
charges that are induced on the grids of the gap by the presence of the 
electrons of the beam. The changing of these induced charges as the 
bunches go by causes an induced current to flow in the resonant output 
circuits; see the next section for a discussion of induced current. The 
flow of the induced current through the resonant output circuit, tuned 
to the input frequency, causes a uhf voltage to appear across the out- 
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Fig. 11.4 Election flight-line (Applegate) diagram for a klystron (reprinted by 
])ermission from Hyper and Ulirahigh Frequency Engineering by R. L Sarbacber 
and W. A. Edson,“" published by John Wiley & Sons, 1943). The convergence and 
crossing of the flight lines indicates the “bunching” of the electrons near the output 
gap or catcher. 

The symbolism is as follows: 

To = the d-c accelerating voltage of the gun, therefore also the energy in electron 
volts of the electrons as they enter the input gap, called Eb in this text. 

Vi = the maximum instantaneous value of the uhf voltage across the input gap. 
I’o = the d-c velocity of the electrons within the drift space, this being the elec¬ 
tron velocity corresponding to the d-c beam energy I’o (or Eb). 
v\ — the maximum instantaneous value of the uhf component of the electron 
velocity in the drift space. 

The electron entens the bunchor with velocity vq{ = \/2qe/mey/Vo) and leaves it 
with velocity Vo + ci sin a?/, as a result of an en(*rgy change from Vo to Vo + 
Vi sin w/. Thus 

Vo + ^’1 sin cof = y/^qe/mt v^rTTT 1 sin wf 


— I'o V1 (I'l/To) sin tol 


Because I’l « Vo, this becomes 

-4- I’l sill wt ^ I’o 4- Vo 

Therefore, in this figure, 



sin u)t 
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put gap, just as the flow of plate current pulses through a triocle causes 
the plate current swing in Fig. 11.2. As in that case, the uhf voltage 
establishes a uhf field which opposes the movement of the electrons, 
with a resulting delivery of energy by the electrons to the uhf field; 
this energy appears as uhf power in the output load resistance Ri,. 
1 he input and output gaps and the anode may all be at the common 
d-c potential Ei. The output power is of course obtained at the 
expense of the kinetic energy of the electrons in the beam, which came 
originally from the d-c voltage in the gun. 

Figure 11.4 is a klj'stron flight-line (Applegate) diagram, similar in 
nature to Figs. 2.4 and 2.oa. The electrons leave the input gap with 
systematically vaiying velocities, proportional to the slopes of the 
flight lines. 1 he crossing of the flight lines indicates the overtaking 
of the slow electrons by the fast ones. Obviously bunches exist where 
the flight lines are close together. For a detailed anal 3 'sis of bunch 
and circuit interactions, see Chapter II in ?iIicrowave Electron Tu}>('.h, 
and various other books. 

In order to make such a two-gap klj^stron become an oscillator, a 

portion of the output voltage is made to appear across the input gap 
in proper phase. 

In a reflex klystro7i oscillatoronl^’^ a single gap is em¬ 
ployed, and the refleJor electrode bejmnd the gap is held at a d-c 
potential slightly less than that of the cathode in the gun. Thus the 
electron’s velocities fall to zero and then reverse in direction; the 
electrons pass back through the gap a second time. With proper ti'ansit 
time between forward and return passages, the single gap acts both as 
buncher and catcher, varying the reflector voltage it is possible to 
achieve modest voltage tuning, that is, variation of oscillator frequenej’’ 
in response to this voltage change. 

Klystron amplifiers and oscillators have been used extensively in 
both militaiy and civilian-industry apparatus. Frequencies range 
from perhaps 1000 megacj^cles to considerably in excess of 10,000 
megacycles. Efficiencies are low, in the range from 5 to an outside 
figui e of perhaps 30 per cent, for power generation devices. 

Reflex klj^strons are inherently small-signal devices, widely used as 
local oscillators for radar and radio equipment, at frequencies from 
perhaps 2000 megacycles to around 00,000 megacj^'cles (5 millimeters 
wavelength). 

11.8 The Induced Current Concept.« Figure 11.5a will be used 
to discuss semiquantitativeR'- the induced current caused by the flow 
of the bunched beam through the output gap of a klystron. The two 
sets of grids in the figure bound the output gap; charge q represents a 
small volume element of electron-borne space charge moving to the 
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right through the gap. Let an imagined potential difference Eh^ as 
due to a batteiy shown dotted, exist between the two grids, producing 
an electric field Fh within the gap. The negative volume charge element 
q will induce positive surface charges on the grid wires. As q moves to 
the right, the positive induced charges on the right-hand grid will 



Fig. 11.5 Production of an induced current iiq by the movement at velocity Vq 
of a volume charge element q. 

(a) Normal-flow induced current, such as that caused by passage of electrons 
through the output gap of a klystron, or between the electrodes of a space-charge- 
coiitrol tube, 

(b) Parallel-flow induced current, as within the helix of a traveling wave amplifier, 
or in the interaction .«5paco of a microwave magnetron oscillator. 


become stronger, those on the left-hand grid weaker, because of the 
change in the relative nearness of q to the two grids. The resulting 
change in surface charge distribution between the two grids requires 
a flow of induced current Uq in the circuit through Eh linking the two 
grids. 

Figure 11.bb illustrates either a pair of metal plates, or, as applied 
to a traveling wave amplifier study, a longitudinal section of a con¬ 
ducting cylinder, cut transversely at AA, to permit establishing the 
imagined voltage Eh and resulting field Fh. 
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According to the fundamental induced current theorem, discussed 
and demonstrated in Chapter I of Microwave Electron Tubes, 

Eh 

iiq ~ — qVqCO'&d ( 11 - 2 ) 

Eh 

where 6 is the angle between the directions of Fh and Vq \ in Figs. 11. 
and 11.56, 6 = 0®, so that cos 0=1. 

It is essential to an understanding of the induced current concept to 
note here that is proportional to Eh, so that the ratio Fh/Eh is not 
in the least dependent on the magyiitude of Eh \ this ratio depends only 
on the geometry of the system. Thus the magnitude of iiq in (11-2) is 
not at all dependent on how large or small Eh is. Therefore for con¬ 
venience Eh may be allowed to approach zero as a limit without 
changing the meaning of the equation. This implies that the induced 
current is not changed if Eh is replaced by a short circuit. More 
generally: 

For a given location, velocity, and magnitude of the moving charge, the 
induced current is in any given geometry the same, regardless of the mag¬ 
nitude or even the existence of an electric field, at the charge location, that is 
caused by circuit potentials. 

An electric field in a klystron gap, or in a traveling wave amplifier 
or magnetron, may affect the induced current indirectly, by modifying 
the velocity of charge movement. Such modifications are usually of 
very little importance in the klystron output gap. 

As a first approximation, the grids in a klystron gap may for purposes 
of analysis be thought of as conducting but completely penetrable flat 
sheets (the equivalent of imagining the shadow fraction to be zero and 
the wire-to-wire spacing infinitely small). In that case (11-2) becomes, 
for the small charge element q, 

qvq 

b-, = — (11-3) 

s 

where s is the gap spacing. 

iiq must, like any electric current, flow in a closed loop. One section 
of this loop consists of space current within the between-electrode 
region. Except for the volume actually occupied by q, this space 
current is displacement current due to changes in the configuration of 
the field flux joining q to the induced surface charges. This is not the 
field flux shown in Fig. 11.5, in either figure. The induced current as 
given by (11-2) or (11-3) includes the contributions to space current, 
due both to the convection current within q and to the displacement 
current in all of the space, that results directly from the movement of 
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q. It does not, ho^vever, include the displacement current flowing as a 
result of time variations of electrode potentials; thus capacitive current 
must be .sepai*atcl 3 ^ evaluated. In any calculation involving induced 
currents: 

Hotal ^induced + ^capacitive (11-4) 

Stiuty of Fig. 11.5a will show that in the neighborhood of q the space 
current has a direction perpendicular to the electrode surfaces (the 
grids being idealized into penetrable equipotentials). In contrast to 
this,, in Fig. 11.56 the space current near q is directed parallel to the 
electrode surfaces. This explains the appellations normal-flow and 
parallel-flow for the two figures. 

In both figures the conduction-current flow in the metallic circuit 
occurs entirety on the conductor surfaces, because of the familiar “skin 
effect" present at high frequencies. In Fig. 11.56, with Eh replaced by 
a short circuit, the A A cut disappears completely, so that iig in (11-2) 
becomes sirnply the cun ent due to q that crosses the cut location in the 
conductor surface. In Fig. 11.5a Eh is replaced, not by a short circuit, 
but by the resonant load circuit shown in Fig. 11.3 (in reality a 
resonant cavity), so that becomes tlie contribution of the q charge 
element’s motion to the load current. 

To determine the induced current due to the entire beam, q is first 
expressed as p dV, where dV is an element of volume, and p space 
charge density. Integration is then carried out over all the volume 
where space charge is present and for which FhfEh has significant 
values. 

11.9 Traveling Wave Devices.'**' ***^ In the original design of a 
traveling wave amplifier tube, schematicalty diagrammed in Fig. 11.6, 
an electron gun injects an electron beam of energy Eb into the interior 
of a wire helix. A microwave-frequency uhf signal is applied to this 
helix at the point of entrv of the beam into the helix; a larger signal 
at this same frequency appears at the output end of the helix. 

The uhf current flows spirally around the helix, thus producing in 
the centei- an axiall.v directed uhf field that travels longitudinally at a 
phase velocity slower than that of free-space radio transmission by the 
pitch factor of the helix. (The pitch factor is the ratio of the length 
of wire around the helix to the axial length, between any two axial 
points.) Ity proper choice of the pitch factor, the traveling wave can 
be given a phase A'clocity about tlie same as the d-c velocity of the 
electrons in the beain. In a typical device this beam may consist of 
1500-volt electrons, corresponding to a pitch factor of about 13. In 
this case the wavelength of the along-axis uhf wave is about 8 milli- 
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meters, whereas the useful portion of the helix may be 30 to oO centi¬ 
meters long. Thus the interelectrode distance along the beam’s travel 

is man}" wavelengths of the useful propagating wave within the 
structure. 

Ihe interaction between the electrons and the traveling wave, out¬ 
lined in detail in Chapters VI and VII of ^licrowave Electron Tubes 
and in Pierce’s book,**” is remotely similar to that between the rotor 
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I'lG. 11.G Scljcmatic (liaj'raiii of a trav(‘iiiip: wave amplifier tube usiiif? a wire 
helix as the uhf eireuit element. (Adapted from Fik- 2 in ‘■Travelling-Wave; 
Tubes,” by J. U. Pieree and L. .M. Field, Tror. IRE, 36, 108, February, 1947.) 

windings and the rotating magnetic field in a polyphase a-c induction 
motor or generator. In general, if the electrons are tra^x*ling faster 
than the uhf field, they can deliver power to the uhf circuit, somewhat 
as an induction generator delivers a-c i5ower when the rotor is driven 
slightly faster than the “synchronous speed” of the rotating magnetic 
field set up by the stator currents. Also, as with the induction ma¬ 
chine, the most effcctixe interaction occuis when there is only a rela¬ 
tively slight difTerence between the two speeds. If the electrons arc 
traveling a little more slowly than tlie uhf field, they will accept power 
from it. thus being accelerated, as an induction motor rotor accepts 
power when it is running just a little below synchronous speed. 

The gross nature of the interaction between the electrons and the 
traveling wave may be summarized as follows: 


(а) The uhf voltage along the helix gives rise to a traveling uhf longitudinal 
electric field within the beam. 

(б) This uhf field causes bunching of the beam; this is over-run bunching, totally 
ditlerent in nature from the drift-space bunching in a klystron (see Chapter VI 
in Microwave Electron Tubes for a discussion of the different kinds of bunching). 

(c) The bunched traveling beam gives rise to a longitudinally flowing induced 
current in the surface of the helix, somewhat as suggested by Fig. 11.56. 
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(d) Because of the characteristic impedance of the helix, the passage of the 
induced current results in an addition to the uhf voltage of the traveling wave, 
which enlarges the original (a) voltage; thus the (a), (6), (c), (d) cycle is again 
repeated. 

The interaction as a whole is a sort of self-reenforcing closed-loop 
operation. The device may be thought of as an unstable regenerative 
oscillator, in which the instability appears in the distance rather than 
in the time dimension. As with any oscillator, nonlinearities of the 
system set an upper limit to the achievable amplitude. Thus for a 
given traveling wave device there tends to exist a saturation uhf out¬ 
put power level above which the output cannot rise, regardless of 
increases in the input. 

The decibel poAver gain is at small power levels proportional to the 
length, subject, hoAvever, to rather severe circuit losses intentionally 
introduced. This is necessary to prevent reflections back along the 
tube from the output from causing the device to oscillate rather than 
amplify. A tube about 30 centimeters long carrying perhaps 10 milli- 
amperes in a 1500-volt beam, in a helix a few millimeters in diameter, 
might have perhaps 50-db electron interaction power gain. With 
30-db intentionally introduced helix loss, this would result in a net 
small-signal power gain of 20 db. Output powers in the early devices 
have been modest, from perhaps a feAv score milliwatts to a very few 
watts. None of the interaction principles are appreciably sensitive to 
frequency, for a very wide range of frequencies; thus operation of a 
given device anywhere in the range from 2000 to 4000 megacycles 
might easily be obtained. 

An electron wave amplifier tube employs two adjacent parallel 
electron beams ha\'ing slightly different beam velocities, there being 
no enclosing helix or other circuit except at the terminations. In an 
approximate sense, each beam may be thought of as providing the 
circuit for the other. 

11.10 Microwave Magnetrons.Obviously a traveling 
wave amplifier can be made re-entrant; that is, it may be looped 
around so that the output is identified with the input. The device is 
then an oscillator; it will oscillate at some one specific frequency among 
those for which the traveling electromagnetic wave experiences an 
integral number of cycles in traversing the circumference. 

.\ microwave magnetron oscillator (see Chapter VIII in Microwave 
Electron 'fnhes) may be thought of as a large-signal re-entrant device 
of the nature just described. The beam consists of electrons rotating 
in essentially circular fashion around the axis, somewhat as in Curve 
1 of Fig. 2.15, but with an added modest outward radial flow, of 
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magnitude dependent on the uhf power demanded. The counteipart, 
in the magnetron, of the helix of the traveling wave amplifier may be 
an array of resonant cavities, as illustrated in Fig. 11.7. The cavities 
should be thought of as lumped-constant “resonant” circuits, con¬ 
nected to form a sort of lumped-constant re-enti‘ant transmission line. 

Ihe magnetron has a great advantage in power conversion efficiency, 
m comparison with existing klystrons and traveling wave amplifiers. 


Anode, 
potential 



Coaxial uhf output 
coupling, made to 
one cavity only 

Fig. 11.7 Cathode and anode of cylindrical hole-and-slot miilticuvity microwave 
magnetron. Magnetic field parallel to the axis. In operation, there will l)e a 180® 
uhf phase difference between adjacent anode segments. 


In a magnetron the mechanism of employment of space charge is such 
that each electron is kept actively circulating and delivei ing energy to 
the uhf field until it has given up most of the energy accepted by trans¬ 
fer through the d-c field. Only when an electron has delivered, as uhf 
energy, nearly all the energy accepted from the d-c field is it permitted 
to escape to the anode. Thus magnetrons may in some eases operate 
at as higli as 90 to 95 per cent electron interaction efficiency. Therefore 
as uhf power generators they can operate at efficiencies of 50 to 75 
per cent, even after accounting for relatively severe uhf copper losses 
and some cathode back-heating. Magnetron oscillators are used both 
as continuous-power and pulsed-power generators, at frequencies from 
300 megacycles to well above 10,000 megacycles. Power levels range 
from perhaps 3^^ watt to many kilowatts as continuous-wave generators, 
and up to more than a megawatt peak power as pulsed generators. 
Magnetron oscillators can also be built to operate at low audio and 
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power frequencies; below the uhf range they are built as “spht-anode*’ 

devices operating on a negative-resistance principle. 

Figure 11.8 presents a somewhat idealized set of d-c volt-ai^ere 
charLteristic curves for a microwave magnetron oscillator. They 



Pig n.8 Idralizea d-c operating clmracteristics of a mugnetron. Solid Imcb are 

d-c voU-ampcro curves for values Bu ^ 2 . B 3 . etc., of magnetic Aux density. Em. 
Em. etc., are corresponding threshold voltages. Dashed lines arc illustrative con¬ 
stant-efficiency contours. 


might, for example, apply to a 50-watt magnetron for operation at 
3000 megacycles, the voltages then ranging up to 1200 volts or so, and 
the currents up to 100 milliamperes, for a magnetic field strength of 

2000 gausso.s. 
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ith any gi\en axial magnetic field (for example existing in the 
magnetron interaction space, little or no current Rows as tlie plate 
\o tage is 1 st increased upward from zero; this is consistent with the 
concept of -magnetic cut-off” discussed in connection with Fig. 2.14. 
n an Kea ly peifect magnetron oscillator, no current at all would flow 
before reaches the threshold voltage At the threshold voltage 
Ehn that con-esponds to the design frequency of the resonators and to 
the magnetic flux density . 63 , d-c current begins to flow, and the 
magnetron begins to oscillate, generating microwave p{)wer at its 
resonant frequency. Note that the threshold voltage is much below 
the normal d-c magnetic cut-off voltage; thus the operation as an 
oscillator permits electrons to reach the anode that could not do so if 
theie were no ulif field present in the interaction space. Further in- 
ciease of anode voltage E^ above leads to a roughly linear increase 
of 1 1 with El,, the modulation viipcdancc of the device is the slope of 
the d-c characteristic curve, as between En\ and point P along the 
volt-ampere curve that applies for the magnetic field strength In 
general the volt-ampere curves do not extend indefinitely to higher 
values, beyond some reasonably definite “mode boundarv” value of 
Jb the magnetron cannot be operated, at least as a power generator 
at the desired frequency; it may or maj" not operate at some other, 
undesired, frequencJ^ 

As illustrated, there exists a diflerent thre.shold voltage and asso¬ 
ciated volt-ampere curve for each value of magnetic flux density, the 
threshold voltage being a linear but not a proportional function of the 
magnetic flux density, according to the following ‘TIartree” equation: 


Eh B 

~ = 2 - 1 

^0 ^0 


(11-5) 


In this expression, B is the existing magnetic flux density, Eq is the 
kinetic energy that an electron has when circulating in synchronism 
with the uhf electromagnetic field at anode radius, and Bq is related 
to Eq just as B is related to E^ in (2-92). That is, Bq is the magnetic 
flux density that would cause magnetic cut-off to occur at Eh = Eq for 
the existing geometry. In useful devices values of the ratio B/Bq are 
likely to be between 2 and 5. 

In an actual operating magnetron a small leakage current will flow 
to the anode at voltages below the threshold, the magnetron not then 
being in an oscillating condition. Thus the actual curve between the 
origin and the more or less straight-line oscillating volt-ampere curve 
is not quite vertical, being shaped more as indicated by the line OA 
in Fig. 11.8, for the B^ condition. 
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RANDOM VELOCITIES OF GAS PARTICLES * 


12.1 The Maxwellian Energy Distribution Function. The more 
general form of the Fermi distribution function (8-19) is ^a.b.sa.b. d.g.h 


Fractional occupancy of 
the shell at energy E 


-- ( 12 - 1 ) 

1 + R exp (E/Et) 


where the symbolism is as in Chapter VIII, and, in addition, 

R is a constant (that is, a quantity not dependent on E) whose value 
is determined by the requirement that the integral of dNs [parti¬ 
cles per shell, (8-20a)] over all values of energy shall equal N, the 
total particle density per unit volume. In general, R depends on 
the density and mass of the particles, and on the temperature. 


In order to permit comment on the nature of the integration to deter¬ 
mine R, the integral can be expressed as follows, using as the integrand 
a modified form of (8-20a): 



r 27r(?(2wg,) 1 r /- ^ - \VEdE (12-2) 

L Vl + fiexp(£;/£r)/ 


where G is a “weighting” quantity, being 2 for the electrons in a metal, 
because of their spin, and 1 for gas particles. 
m is the mass of a particle, lUc for the electrons in a metal, rtig 
for gas particles. 

The integral in this equation is a function of B and of Et', the expres¬ 
sion as a whole is an equation for the determination of R. 

For an electron gas in a metal, the quantity in brackets is very small 
(because m = 111 ^), and N is veiy large (because metals are dense); 
therefore the integral must be a very large quantity. In order for the 
integral to be large, R must be extremely small, because, with Et at 
its room-tempei-ature value of about 0.04, exp E/Et becomes rapidly 
large for increasing Et. Integration using formula E, Table IX, will 
show that (12-2) is satisfied when the (8-19) form of the Fermi distri- 


* General bibli<>grnphy referenees are 12.\, B, C, D, II, J, K, 7A, B, 8B, G, H. 
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bution function is used, with N very large and very small. In this 
operation B = exp (-Ey/Er). 

For ordinary gases m = which is greater than ttie by about i0-\ 
also, N for such a gas is less than N in a metal by at least 10'*; tlius for 
an ordinary gas the integral in (12-2) must be less by a factor of tlie 
order of 10 than it is for the electron gas in a metal. This requires 
thatm the Fermi distribution function shall be very large indeed; 
in that case the 1 in the denominator becomes unimportant for practi¬ 
cally all values of E, so that/or aa ordinary gas the Fermi distrilmtion 
function becomes: 


1' ractional occupancy of the 
shell at energy E, for a 
Maxwellian distribution 


1 -E 
exp 


B 


E 


(12-3) 


T 


With the 1 in the denominator of (12-2) dropped, integration is 
straight!orward; use E/Et = r\ and employ Table IX. The result is 
the Maxwell-Boltzmann distribution: 


dN, 

~dE 


2N E -E 


(12-4) 


Here dNc has been used with the same meaning as to agi'ee with 
latei symbolism in this chapter. This form is ratlically dilTerent from 
(8—20a) in that it does not involve the Fermi-level energy Ep in any 
way, whereas it does involve iV as a directl;^' proportional factor. 

Note relative to the electrons-in-the-metal distribution (8-20rt) that, 
for electron energies large enough so that {E - Ep)/Et» 1, the dis¬ 
tribution is of the (12—4) form, because the term containing B in the 
denominator of the Fermi function is large enough to mask the 1 term. 
T.hus, in the “tail of the distribution curve,” the energy distribution 
function for the electrons is of the same nature as the Maxw^ellian 
energy distribution (12-4). This is why thermionically emitted elec¬ 
trons have on emergence a Maxwellian distribution; they are all 
electrons from the tail of the (8-20a) distribution curve. 

12.2 Mechanistic Derivation of the Maxwellian Distribution 
Function. *^ It is desirable to present a derivation of the Max- 
w^ellian distribution function on the basis of ordinary particle me¬ 
chanics. To do so it is necessary to introduce the concept of velocity 
space, illustrated by Fig. 12.1. 

Just as man}'’ velocity points exist in the three-dimensional velocity 
space as there are gas particles in unit volume of real space, each 
velocity point being placed in accordance with the proper «, v, w com- 
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w Velocity-Point for 
a Particle with 
Velocities 
u, V. w, c. 


ponents of the total velocity, which is symbolized as c. Thus ti, y, w 
are respectively the instantaneous velocities of a particle in the x, y, z 
directions. It is convenient to introduce a symbol ri (eta) to describe 
t he concentration of points in velocity space. Just as N stands for the 

number of particles per unit volume any¬ 
where in real space, so 7 / stands for the num¬ 
ber of particles per cubic meter per second 
at any location in velocity space. There are 
N points altogether in the velocity space. 

dNc will now be defined as the number of 
particles per cubic meter having velocities 
between c and c -|- dc, regardless of the di¬ 
rection of motion. It is, therefore, the num¬ 
ber of points within a spherical shell of velocity 
space of radius c, thickness dc. The quantity 
dNu is similarly defined as the number of 
points within a plane *‘slice,” perpendicular 
to the u axis, located u from the origin and 
with thickness du. 

No one direction of motion can have pref¬ 
erence over any other, if the gas as a whole 
is stationary; therefore the number of parti¬ 
cles in any spherical shell must be equally distributed throughout it. 
Hence 77 can be expressed by dividing dNc by 47 rc^ dc, the volume of 
the shell; thus 

( 12 - 5 ) 



Fig. 12.1 Coordinate 
system for velocity points. 


47 rC^ dc 


Now consider a slice of thickness du at u. Divide the slice into 
small rings about the axis, each of radius s and extent ds, where s^ 
= + w“ {s is obviously perpendicular to n). All points of each ring 

are at a common distance c = -h from the origin; therefore tj 
is uniform within each ring, and the number of points in each is 27njs 
dsdu. Integration over all rings gives the number of points in the 
slice. Thus 

dNu = I 2 x 77 S ds du ( 12 - 6 ) 

‘'s=0 

The objective of this section’s analysis is the determination of the 
dependence of 77 on the energy E, This involves attention to the 
interchange of energj' and momentum at collisions between the pai'ti- 
cles, in an equilibrium state. For convenience in studying collision 
rates, imagine the velocity space to be divided into identical rectangu- 
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lar cells, haying edge dimensions du, dv, dw. Each cell is large enougli 

to contain the velocity points for a very great number of particles, yet 

small enough so that its edge dimensions are very small relative to he 
average particle velocity. 

of collisions between particles in the fth cell and (hose in 
the jth ce 1, where r and j are indices identifying any two randomly 
osen cells, is proportional to the product of the number of velocitv 
points in the two cells. Thus, mathematically: 

= Uipunj At (12-7) 

where G.y is the number of collisions of particles initially in cell i with 

pai tides initially m cell J, within the time interval Al. 

n.: nj are respectively the numbers of particles in cells f and j. 

gij IS a proportionality factor depending on the size and shape 
01 the particles. 

To illustrate this, suppose that 


= 3, consisting of particles A, B, C (12-8a) 

iij - 2, consisting of particles D, E (12-86) 

Then suppose that there occur per socomi 50 of each of the following 
kinds of collisions: 



BA 

CA 

DA 

EA 

AB 


CB 

DB 

EB 

AC 

BC 


DC 

EC 

AD 

BD 

CD 


ED 

AE 

BE 

CE 

DE 



(12-9) 


This is a square array with the items A A, BB, etc., left 
cannot very well collide with itself. There are 


out, as a particle 


(5 X 5) — 5 — 20 kinds of collisions (12-lOa) 

therefore 

20 X 50 = 1000 collisions per second of all kinds (12-106) 

The Gij collisions are underlined in the array; there are 6 kinds of 
them, so that there are 


6 X 50 = 300 collisions of i withy particles (12-11) 
In this case (12-7) takes the form 

300 = 50 X 3 X 2 [a; being 1 second] 

Thus the factor gij is in this case 50. 


( 12 - 12 ) 
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Of the gij'n^rij At collisions, a certain number will result in the parti¬ 
cles involved appearing in particular randomly chosen cells k, 1. Of 
course the sum of the energies and the sums of the momenta for the 
f, j cells must be the same as the corresponding sums for the k, I cells, 
in order to satisfy the laws of conservation of energy and momen¬ 
tum. Call the number of collisions that result in change to k, I cells 
gij^^riinj At. Thus 

Oij^^ = At (12-13) 

where C?o^Cstands for the number of collisions between i, j particles 

that result in change to the k, I cells. 
gij^^ is a factor dependent on particle size and shape, very much 
less than gij (in the ratio of the chance of an i with j colli¬ 
sion resulting in change into the particular cells ky 1). 

There is a converse relation 

= gki^^rikni At (12-14) 

describing change into i, j cells as a result of the occurrence of colli¬ 
sions of particles in k cells with particles in I cells. 

There are two basic principles, regarding this collision mechanism, 
that lead directly to the Maxwell-Boltzmann distribution relations: 

(а) A sufficient condition for an equilibrium state to exist is that the 
rate at which changes occur from the i, j cells into the ky I cells equals 
the inverse rate, that is 

= Gki^^ [equilibrium condition] (12-15) 

(б) It is reasonable to accept the principle of detail balancingy some¬ 

times also called the principle of microscopic reversihilityy^^^'^ applying 
to the size and shape coefficients, stated as 

gki^ = ga^^ [detail balancing] (12-16) 

A simple mental concept of detail balancing is stated below Fig. 
12.2, which portrays a collision between two spherical particles following 
the paths PP' and QQ' respectively, coming in from P and Q. 

Comparison of (12-13) and (12-14) in the light of the (12-15) and 
(12-16) statements shows that 


This may be written 


npij = UkUi 


(12-17) 


In ??,* + In Tij = In njk + In ni 


( 12 - 18 ) 
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where 


Ei + Ej = Ek + E, 


( 12 - 1 !)) 


Ei, Ej, Ek, El are the respective kinetic energies (in electron volts) 

associated with the i, j, I colls. 



Fig. 12.2 Colli.linK .spherical ga.s particles. Kquatio,, (12-I(q state.s the detail 
balancing hypothesis, which is that: 

The probability of departure witli directions and speeds as at /", Q' if apDni-tcIi 
occurs witli the P, Q directions and speeds, is the same as- - ■ t I < 

The probability of with the /\ Q directions and speeds, if anurnnrh 

were to occur witli directions and speeds as at P', Q'. 

The randomness as to departure conditions, for given approach velocities exists 

because of the various possible orientations of the axis through jiartiele centers at 
collision. 


Ihe presumption that some sort of equilibrium-state energy distri¬ 
bution exists implies that 

n is some funetion of E\ thus E = E{n) (12-2()J 

where «, E apply to any and all cells, including the i, j, I cells. Study 
of the algebra involved will show that, with i and j chosen completely 
arbitrarily, the only form that the function E{n) can have, to satisfy 
both (12-18) and (12-19), is 

In n = bE + a (12-21) 

where 6 and a are as yet completely arbitrary constants. To demon¬ 
strate that this form is adequate, multiply (12-19) by b, and add a 
twice to each side; the resulting form is 

bEi + a + bEj + o = hE^ + a + hEi -f a (12-22) 

This is obviouslj’^ in complete agreement both with (12-18) and (12-21). 
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If one wei (^ I.o tiy a different function, for example 

In n = bE^ + a 

(12-18) would not be satisfied. 

Equation (12-21) can also be written 


(12-23) 


or, more usefully, 


n = (exp a) (exp hE) 
n = A exp bE 


(12-24) 

(12-25) 


where .1 and h are two constants to be evaluated (in the next section) 
on the basis of the following two conditions: 

(a) The total number of points in the velocity space is equal to N 
(the concentration of particles per unit volume of metric space). 

(h) The kinetic energy, integrated over all the particles, is the prod¬ 
uct of the total number of particles by their average energy. 

b is of necessity negative; if it were positive the number of particles 
per shell would become rapidly greater for more remote points in 
velocity space, leading to an infinite total number of particles. 

With b negative, (12-25) is seen to have the same general form and 
meaning as (12-3) and is the simplest form of expression of the Max¬ 
wellian distribution function. 

12.3 Forms of the Maxwellian Distribution Equations. In 

this section the conditions (a) and (6) stated following (12-25) will be 
employed to establish the significance of the constants A and b. 

It is evident that 1/5 has the dimensions of energy per particle (in 
electron volts) and is negative. It will be recalled that in electric cir¬ 
cuit studies involving the discharge of a condenser C through a resist¬ 
ance R the transient voltage decay equation is, in volts e. 


= Eo exp ^ 




(12-26) 


and that the quantity RC is called the tvne constant of the circuit. 
Similarly in the present case it is convenient to define an energy con¬ 
stant of the distribution thus: 


1 

b 


In electron volts, the energy per particle 
that is “characteristic” of a particular 
!Maxwellian energy distribution 


(12-27) 


Symbolize this characteristic energy per particle as Et] thus Et is 
defined^ for present purposes, as 

1 

Et =- 

6 


(12-28) 
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It will turn out that in a Maxwellian distribution the average energy 
pel partwle is proportional to Et, and that this a\-erage energy is 
measured by something that is ealled “temperature,” so that it is 
oomenient to call Et the “yoltage equiyaleiit of temperature.” How¬ 
ever, the primary reason why this particular definition of Et i.s used is 
that It makes the exponent in (12^25) have the .simplest possible form. 

A derivation based on (luantum meehanie.s, and remotely similar to 
the to the more general Fermi rlistribution fiine- 

.. tl'-'it derivation the finst-appearing form of 

the function is 11 


Fractional occupancy of 
the slioll at energy E 


1 


(12-29) 


1 + exp hE 

The quantity Et is as in (12-28), (lefined so as to make the exponent 
as simple as possible. In both cases the (piantity T called tempera¬ 
ture, myolyed m the general branch of science called thermodynamics, 
IS related to Et as follows, as first stated in (7-3fl). 

I'T = (j.Et (12-30) 

It is also conyenient to define a cliaracteristic yelocity; tlius let 

r (zeta) symbolize the yelocity per particle that corresponds to the 
energy per particle characteristic of the temperature T. 

Mathematically, this requires that 


~ k'T — QcEt 


this is the energy per 
particle characteristic 
of the temperature T 


(12-31) 


The phrase “energy per particle characteristic of the temperature T' 
used here, and implied in (12-27), means merely that, if this particular 
value of eneigy per particle is used in the equations, the mathematical 
forms ^yill have the maximum simplicity. It does not imply that Et 
is the avei-age energy, or the most probable energy, or that it has any 
other similarly unique physical significance, although it may and does 
become these for certain special cases. The particular definitions 
(12-31) involving Et, kT, and f are employed because they make the 
exponents simple. 

In (12-25) A is a constant independent of E; the size of cell du, dv, dw 
used in the preceding sections is also a constant independent of E. 
Therefore it is acceptable to introduce a new constant D, also inde¬ 
pendent of E, defined by 


A = D du dv dw 


(12-32) 
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Thus (12-25) now becomes 


n 



D du dv dw 


(12-33) 


It is evident from the definition of early in Section 12.2, and from 
the definition of the n’s following (12-7), that 

n = rj du dv dw (12-34) 

Comparison of the last two equations shows that 

_ 

7} = Dexp - (12-35) 

Et 


Recall now the relation between total velocity c and total energy 
for any point in velocity space: 


\mc^ = QeE 

Use in the preceding equation of this and (12-31) leads to 


(12-36) 


— 

t; = D exp —— 

f 

Equation (12-5) can now be employed as follows: 


N 







dN, 



dc 


Introduction of the preceding equation leads to 


N = 47rZ) 



c = « _^2 

exp —jp* dc 


(12-37) 


(12-38) 


(12-39) 


In these equations, N — particles per unit volume of metric space, 
also total particles in velocity space. Equation (12-39) can also be 
written 



(12-40) 


Integration by means of Table IX gives 


from which 



(12-41a) 

(12-416) 



Therefore, from (12-37), 
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V = 


~c 


TT 


'V 


-exp 


(12-42) 


This permits (12-5) to take the very useful form stating the number 
AV, of paitides m the hollow spherical velocity-space shell at radius c: 


— 7= exp 


Vtt f 


— C' c 

~^d- 


(12-43) 


This IS the same as (12-4), hut expressed for \-elocities rather than 
energies. 

n completes the employment, of condition (a), stated below 
(12-25), to eliminate .1 in favor of N. 

The employment of condition (6) can ho introduced as follows: 




(12-44 


where is the average total kinetic energy per particle, in electron 
volts. Both sides of this expression state the total kinetic energy, in 
joules, for EcQe is the average energy in joules. 

Introduction here of (12-42) for rj, and rearrangement, gives 


NEcQe = Nni^'^ — 

V 


— di 


TT 


(12-450) 


S 

Integration by means of Table IX gives 

NEc(ie = Ni^mf) 

Both sides still state total energy per cubic meter, in joules. Of 
course the N's cancel; it is convenient to use the (12-31) statement of 
the characteristic energ>' to convert this to 


(12-456) 


Ec(le — 2 ( 2 ^^^) “ = ^Erq, 


(12-46) 


Thus condition (6) following (12-25) has been employed to relate 
the arbitrary constant —h = \/Et to the average energy E, in the 
forms 


Average energy per parti¬ 
cle, Maxwellian distri¬ 
bution 


Ec = ^Et 


[electron volts] (12-47a) 


= ikT [joules] 


(12^76) 
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It is convenient at this point to complete the determination of dN^j 
introduced by (12-6). In carrying out the integration, note that, in 
velocity space, 

and also that therefore 


exp 




(12-48) 


The integral (12-6) then takes the form 



N 

exp 

V TT 



u\ ^(s/r> = * 


s 

2-exp 

r 




(12Ht9) 


Integration by means of Table IX gives the very useful form for the 
number of particles dNu in the velocity-space “slice’* at velocity u: 




(12-50) 


Graphical illustrations of this relation and of (12-43), the corre¬ 
sponding total-velocity distribution relation, appear in a later section. 

12.4 Terminology for Distribution Relations. This section presents 
grouped statements of the meanings of various old and new symbols 
used in the presentation of detail facts regarding particle velocity 
distributions. 


Group I. Temperature (see Section 7.3). 

hT, Erqc, are all equal to one another; each describes in a 

particular way the kinetic energy, in joules per particle, 
that is “characteristic” of the temperature T for any gas. 
k — Boltzmann’s gas constant, 1.380 X 10““^ joule per particle 
per degree Kelvin. 

qe = the electronic charge, 1.602 X 10“^® coulomb per electron. 
m = the mass per gas particle. For gas molecules, in can be 
determined by multiplying the electronic mass, nicj by the 
mass ratio. 

nic = the mass of an electron, 9.11 X 10“^^ kilogram. 
m/me = the mass ratio; numerically, m/mg — 1822 X molecular 

weight of gas particle. (12-61) 

T = temperature of the gas in degrees Kelvin. 

Et = the voltage equivalent of the temperature T; see (12-31); 

T = ll,G10£r (12-^52) 



terminology for distribution relations 


3G3 


r the \elocity coi responding to the characteristic tempera¬ 
ture energy; for purposes of calculation, using (2-5), 


^ ^ 5.93 X WVEt 

y/ m/nie 


(12-53) 


also, from the equality between kT, and Erq,: 


f = 



2kT 


m 



2qcE- 


m 


(12-54) 


Group II. Individual Velocities and Energies. 


r/, V w are respectively .r-, y., and ^-<lirected velocities of a particle, 
c IS the total velocity of a particle regardless of its direction, that is, 


-f- 


s is the resultant of v and w, that is, 


(12-55) 


_ j _ ^^2 


(12-50) 


Eu, Ey. E^ Ecy are respectively the energies, in electron volts, asso¬ 
ciated with the w, V, w, and c velocities. A typical relation is 


u = 


5.93 X 


y/ m! 


m 



"^UcEu 


m 


(12-57) 


(in, dc, dEuy dhcy etc., are small increments of the corresponding 
velocities and energies. See under ,1c in Group IV for a com- 
ment on their magnitudes. 

/f — c /f Ec/Et\ R is the ratio ot an indi^'idual parti- 
^ cle’s total velocity to the characteristic velocity (12-58) 
^ ~ /k = Eu/Et', V is the ratio of a particular parti¬ 
cle s .T-directed velocity to the characteristic velocity. (12-59) 


Group III. Average and Root-Mean-Square Velocities and Energies. 
c, R are average values of c, R. 

ii, f are the averages of the 'positive values only of u, r; overall averages 
are zero. 

c, a, R,T are rms values of c, u, R, r. 

c^, y are, therefore, the averages of the squares of c, u, R, r. 

Ec, Eu are average total and average a:-directed kinetic energies, in 
electron volts. 
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Since R^, and are, from their definitions in Group II, directly 

proportional to one another, their averages, R?^ c^, and are also 
proportional, and by the same proportionality factors, r^, and 
are similarly proportional. Therefore 


ot^ Er 


( 12 - 60 ) 



( 12 - 61 ) 


Group IV. Concentrations of Particles. 

N = concentration, that is, total number of particles per cubic 
meter, 

Ne = the number of particles per cubic meter with total velocities 
greater * than a value c. 

Pc = Nc/N = (a) the fraction, of the total number of particles, 
that have at any given moment total velocities greater than 
c\ also (b) the probability that any particle has a velocity 
greater than c. 

dNc = the number per cubic meter with total velocities between * 
c and c -h dc, where 

(Ic = an increment of c small relative to the range of velocities 
considered, yet large enough so that dNc is a very large num¬ 
ber. The other incremental quantities listed in Group II 
are similarly proportioned. 

dpc = dNc/N — (a) the small fraction of the total number of parti¬ 
cles that have velocities between * c and c + dc; also, (6) the 
probability that any particle’s total velocity is between * c 
and c + dc. 

Nu = the number per cubic meter with a*-directed velocities 
greater * than a value u. 

Vn = Nu/N = (a) the fraction, of the total number of particles, 
that have at any given moment .r-directed velocities greater 
than m; also (6) the probability that any particle has an 
j'-directed velocity greater than w. 

dNu = the number per cubic meter with .r-directed velocities be- 
tw'een * u and w + dw; as with dc, the increment dii must be 
small, yet dNu must be a large number. 

dpu = dNu/N = (a) a small fractiofi; also (6) a probability^ both as 
for dpc except that r-directed instead of total velocities are 
involved.* 


* Seu comments as to sign, associated with (12-67) through (12-71). 
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12.6 M^wellian Distribution Curves and Averages for Total 
Velocities. The ordinary gas distribution has been presented, 

earlier m this chapter, in the vclocihj distribution form of (12-43): 


4.V c 

dNc - — exp —— d - 


( 12 -() 2 ) 


and in the energy distribution form (12-4), which can be state<l 


-^c ,E, 
-/~ A / — exp- d — 

V TT \ AV Et AV 


(12-(i3) 


T ii>T 

Tliese equations state tl,e same set of facts in two different ways. 

e \ e ocitj disti ibution form is more conveniently expressed in 
terms of the probability, or fraction defined in Clroiip IV of the 
prececing section as p, = and in terms of the dimensionless 

ratio R - c/r, defined in (boup II; thus (12-(>2) becomes 


also written 


dNc 



dR 

= y R^e\p{-R'^) 

V TT 

(I2-()4) 

dpc 



dR 

= /f- exp (- R^) 

V TT 

(12-(i5) 


These equations were originally derived by Maxwell and by Boltz¬ 
mann. Hence they are said to describe the Maxwellian or Maxwell- 
Boltzmann velocity distribution. They are charted graphically in 
Fig. 12.3 for the following form of (12-02): 


fipc 4 


(12-or)) 


The three curves in Fig. 12.3a are of a type sometimes called inte¬ 
grated distribution curves. They describe, in a manner convenient for 
quantitative use, the Maxwellian distribution of total velocities in an 
ordinaiy gas for three different temperatures, low, intermediate, and 
high. 

Ordinates in Fig. 12.3a describe the fraction, pc, of the total number 
of particles, whose total velocity exceeds a value c measured along the 
horizontal axis. It will be seen that, for all three temperatures, about 
57 per cent of the particles have velocities greater than the character¬ 
istic velocity f for that temperature. The meanings of the differential 
quantities dc and dpc are indicated near the upper end of the inter¬ 
mediate-temperature curve. 
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Fig. 12.3 Maxwellian total velocity distributions. 


(</) IntcKratod distributions, total Maxwellian velocities, equation (12-67). 
(h) Distributions of total Maxwellian velocities, equation (12-66). 


'riio scale of values of R applies only to the solid-lino curves, in (a) and (t>). 
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r""'' distrihution curves -.b.c that correspond 
velocity c 1 ^ ^ curves of Fig. 12.3a. The area, from some 

is just the or^nnt*^ ^ under one of the curves in the lower figure, 

hence the word ‘dntejratey °nhe°"'''"® 

area under an zncrcwcM/, dc of a distr^^E^^ e upper curves. The 

describes the increment of height in the e as it 

tribution curve. The total arS n ?i mtegrated dis- 

sponcin, „ppe, .Spl ClXr.r‘S 

JSs ” irrx'rorpif TiS"’,®*'”"'*' 

Fiff 12 3a nrp np^nf ^ i ^ integrated distribution curves in 

S’ 12 36 aTblf V' ’"’’wderivatives are represented in 
Fig. 12.36 as be ng positive. Tliere is a little problem in interpreta¬ 
tion of symbols that causes this, as follows: mteipieta 

.r,K2,z 

JVbeiowP = The number of particles who.se total velocities arc less than c (12-67) 
Ihcii obviously A^bt-iowc increases as c increases, thus 

iWtPiowP Tis numerically positive; this is the physicall 

Lnioaning of (12-64). (12-68) 


L*^icaning 

On the other hand, K. as defined in Group IV of the preceding secln is the 
imber of oarticles nor nn t. .i_ ^ ^ 


. , u^i.uca in uroup iv ol the preceding section is the 

number of particles per unit volume whose velocities exceed a value r, that 
more completely, ’ ' 


- A'abovec - The number of particles whose total velocities 

are greater than c 

Then obviously N ai,ove c decreases as c increases; that is, 

is numerically negative; thus the slopes of the 
integrated distribution curves in Fig. 12.3a are 
negative. 

Thus from a mathematically careful standpoint: 


dN 


above c 


dli 


(12-69) 


(12-70) 


The integrated distribution curves of Fig. 12.3a are plotted in terms of 
A’abovec; whercas 

The distribution curves of Fig. 12.36 are plotted in terms of dA^eiow c/dc. 


(12-71) 


On balance, it has seemed less confusing, in the mathematical treatments that 
follow, to treat dN^, and similarly dA^,,, as absolute-value quantities, thus ignoring 
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altogether t his question of sign, rather than to adopt the mathematically careful 
procccluro of using one symbol for dA^obove c and another symbol for diVbeiow c- 
Similarly dpc and dpxt are treated as absolute-value quantities. 

Distribution curves are not as satisfactory as integrated distribution 
curves for direct quantitative work. They are, however, graphically 
suggestit^e of the values of average and rms velocities, and of the cor¬ 
responding Group III ratios; it is the distribution-curve equation that 
is used in determining various averages mathematically. 

The rms velocity ratio R is the radius of gyration, referred to the 
zero-\'elocity axis, of the geometric figure described by the distribution 
curve. The steps in its determination are as follows: 

(n) The incremental area dpc under the distribution curve at any increment dR 
is expressed from (12-65). 

{()) This incremental area is multiplied by the second power of R, because the 
"second moment,” or moment of inertia, of the figure is used in obtaining the 
l adius of gyration. 

(r) All such products are summed by integrating from R = 0 to R = x>. 

(d) The result of the integration is divided by the area under the curve (in this 

case 1.00) thus giving /?’, where R can be variously described as the rms value of 
R, the radius of g>ration of the figure, and—because of the fact that the area is 
1.00—the second moment of the figure. 


The mathematical statement of these operations is: 


R'^ = 


I 

•//e=o V TT 


/?-exp (-/?^) RR 


1.00 


4 3 ^ 

= — 7 = - y/ IT 

VitS 


- (12-72) 


See Table IX for this integral. 

Thus for the total-velocitv Maxwellian distribution 


^ 

2 


= 


3i-- 

2 


(12-73u) 


l's(' of this in (12-58) loads to 


Ec = ^Ej 


(12-736) 


This is in agr(*omont witli (12 47) and confirms the statemenl-s made 
in Section 7.3. Another form of this avc'rage energy' relation is 


r - V - 1.224s 


(12-73r) 


'I'he avvnujv values v and R are found similarly; in the operation 
corn'sponding t-o (6) above, the incremental area is multiplied by the 
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first instead of tlie second power of R, for H is the distance to the center 
of gravity of the distribution-curve figure. The results are 

2 

/? = - 7 ^ (12-74a) 

V IT 


2r 


c = 




= 1.128t 


(12-74/>) 


TT 


i lie occurrence of the crests of the distribution curves of Tig. \2'.M) at 
points tor which r = (■ illustrates why the characteristic velocity t is 
sometimes calletl the most probable velocity. Tliese curves are higlier 
at the points where c = ^ than elsewhere; therefore more paid ides 
must have velocities near to f than similarly near to any other velocity. 

12.6 Equations for Total-Velocity Maxwellian Integrated Distribu¬ 
tion Curves, llie equation for the integrated distribution curves of 
Fig. 12.3a is obtained by integration of (12-05), indicated as follows: 


iV, 


L 


l{=ji 


(12-75J 


iM’om 1 able IX, integration gives 



2 

— 7 =: R e.\p (-7^2) + (1 _ erf R) 

V TT 


(12-70) 


The erior function, also called the probability integral, u.sed here, is 
defined as 

2 . 

(12-77) 


I 


Tables of values of erf R, corresponding to upper limits between 0 and 
3.0, will be found in Pierce’s Tables of Integrals.'^ Frf 77 rapidly 
appioaches unity as R rises above 1.5, so that for large values of R the 
first term alone of (12-70) gives a good approximation to p.; see also 

(12-79). 

The following asymptotic series gives values for erf R that are satis¬ 
factory, for most purposes, when R is greater than about 2.0: 


erf 7? = 1 — 


exp (~R^) 

~ RV 



1 1-3 

1--f- 


1-3-5 


27?“ ■ (2/?2)2 (27?2) 


.2\3 


+ 


(12-78) 


As usual Avith series of this type, the successive terms first decrease, 
then increase. Since the error in a numerical value for such a series is 
not greater than the last term used, maximum accuracy is obtained by 
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stopping with the smallest term, though often sufficient accuracy 
results from the use of only a very few terms. This is particularly true 
in the asymptotic series expression that results from combining (12-76) 
and (12-78), which is 



exp { — R^) 


rV 


TT 


2i?2 4- 1 _ 


2/e' 


+ 


1-3 


2\2 


(2/e^) 


l'3-5 

(2R^f 



(12-79) 


12.7 Curves and Equations for x-Directed Maxwellian Velocity 

Distributions. Figures 12.4a and 12.46 are respectively integrated dis¬ 
tribution curves and distribution cuives for x-directed components of 
Maxwellian velocities. The unit of measure along the horizontal scale 
is r, the ratio of a particular x-directed velocity to the characteristic 
velocity. Because of this choice of scale units, both curves can serve 
for any temperature for which the distribution is Maxwellian. Of 
course ^/-directed and ^-directed velocity distributions are identical 
with those for .x-directed velocities. 

From (12-50), the equation for the distribution curve. Fig. 12.46, is 

12A. B. C 


dpu 

dr 



exp ( — r^) 


or 


dNu N 

— = exp (-r^) (12-80) 

dr Vtt 


The equation for the integrated distribution curve, Fig. 12.4a, is 


Pu = 




I 

= I exp ( —r^) dr = - (1 — erf r) (12-81'» 

V TT j r=r 2 


1 


If the asymptotic series for erf r is used, becomes 


Pu = 


exp i-r^) 1 _ 1-3 1-3-5 

2rV'^ L ^ ~ ^ (2r")2 “ {2r^f 


(12-82) 


The distribution curv'e in Fig. 12.46 is symmetrical about zero, 
because as many particles must be moving east as are moving west, if 
the gas as a whole is to remain stationary. Hence the true average 
x-directed velocity is zero, just as the true cyclic average value of a 
sine-wave alternating current is zero. Yet just as the average value 
of a half-wave of alternating current is of interest, so here the average 
velocity among the half of the particles wdth positive velocities is of 
interest and is described by ii. Hence f is the distance from the zero 
axis to the center of gravity of one **unng” of Fig. 12.46. r is the radius 
of gyration of either or both wings. 
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(а) Integrated distribution curve, equation (12-81). 

(б) Distribution curve, equation (12-80). 


Integrations similar to that in (12-72), applied, however, as to r, to 
only one wing, lead to the following results: 


1 

so that 

u = = 0.564r 

"V TT 

(12-83) 

1 

V2 

so that 

“ - V2 ~ 

(12-84) 
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'rhese can be used to relate energies, as follows: 


-2 7 ^ 


(12-85) 


On comparing (12-73a) and (12-85), it appears that the average 
.r-diiected energy is, in agreement with what is called the principle of 
cquipariUion of energy (equipartition among the degrees of freedom), 
one-third of the average total translational energy, that is, 


= \Et and = ^E^ (12-86) 


12.8 Rate at Which Gas Particles Arrive at a Boundary Wall.^^A.e.c 
'i'he deiivation of equations for thermionic emission, and various 
gaseous conduction problems, require a knowledge of how many gas 

particles or electrons hit per second 
per unit area of an enclosing bounda- 
Area S because of their random mo¬ 

tions; also of the number that so hit 
with .r-directed energies exceeding any 
given value. 

Figure 12.5 illustrates a portion of an 
enclosing wall. It is desired to deter- 

Fig. 12.5 Rate of arrival at a particles Strike per unit 

wall of particles with velocity ». area of this wall in a short time interval, 

dt. The figure shows imaginary bounda¬ 
ries of a boxlike region adjacent to the wall, the two ends each having 
area S. The length perpendicular to the wall is u di, where u is any par¬ 
ticular .r-directed velocity. Any particle within this region that has a 
velocity between u and u + du at the beginning of the interval dt will of 
(jourse arrive at the wall by or before the end of the interval. The y- and 
2 -directed velocities are of no consequence, for during dt as many parti- 
(^les of any selected x-directed velocity will enter from one side of the 
boxlike region as leave from the opposite side. 

Thus the number of particles with velocities between u and u 4- du 
that during dt strike the area S on the wall is just the number that 
were in the boxlike region at the beginning of dt. This number is the 
volume uS dt of the region multiplied by dNu, the number of such 
particles per unit volume. Mathematically: 



= uSdt'dNn 


Xumber of particles with veloci¬ 
ties between u and u -|- du that 
strike the area S in dt seconds 


(12-87) 
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Division by S dt ^ivqs the number of particles of the selected velocity 
that arrive per unit area per second, symbolized by (fL„: 


= uf/X,, 


particles arriving per unit area per 
second with velocities between it 
and u + flu 


( 12 - 88 ) 


1 hen L, the number of particles of all velocities that arrive per unit 
area p(*r second, is obtained as 


r 


u = y: 


(12 89) 


1 o express L tor a Maxwellian distribution, employ (12-80) for 
dXuy and express u as rf, giving 


L 


f 


r= X 


(IX 




£ 


X 


■) (Ir (12-90) 


On integration this becomes 


/ = 


(12-91) 


Maxwellian particles arriving 
per second per unit area of 
Abounding surface 

//u, the number of particles arriving per unit area per second with 
x-directed velocities exceeding some definite value w, is obtained as 
follows: 

= r u(/X^ (12-92) 

'rhus a lower limit r = r is used in employing (12-90) to evaluate L^ : 


CO 


this gives 


, - a 

- -7= exp -- 


2\/7r 


(12-93) 


''J he integrated vehciUj distribution among arriving particles is, by 
definition 

Lu ^ l^ate of arrival of particles with ar-directed \'elocities greater than u 
L Rate of arrival of particles with all velocities 

(12-94) 

From (12-93) and (12-91) this is 


— u 


that is, 


L 


h 

L 


= exp 


r 


2 


(12-95a) 


= exp (-/-) 


(12-956) 
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The corresponding velocity distribution equation is 

d{LJL) ^ ^ . 

-^- = 2rexp (-r^) (12-96) 

dr 

12.9 Distribution of Initial Velocities at a Boundary Wall and 
among Thermionic Electrons.’®-Figure 12.6 is a graph of the 
velocity distributions described by (12-95) and (12-96), being the 
velocity distributions, on arrival, of Maxwellian gas particles striking 
an enclosing wall. 

Aiial^^tical theory based on (8-20a), as applied to (12-90) and the 
concept of thermionic emission outlined in Section 8.6, leads to Bush¬ 
man’s equation (7-2), and also to the prediction that electrons emitted 
from a thermionic surface possess on emergence a Maxwellian distribu¬ 
tion of velocities corresponding to cathode temperature, although they 
do not have such a distribution in the interior. Therefore Fig. 12.6 
and equations (12-95) and (12-96), expressed for cathode temperature, 
describe the initial-velocity distributions among electrons emerging 
from a thcnnionically emitting surface. This has been confirmed by 
experiment. 

As applied to Fig. 8.10, initial velocity signifies an escaping electron’s 
\^elocity where the zero level of potential energy is reached or crossed, 
whether the potential-energy line is that corresponding to space-charge- 
limited (upper line) or temperature-limited (lower line) conditions. 
However, (12-95) and (12-96) express the velocity distribution among 
thermionic electrons for all surfaces, therefore for all work functions. 
Thus the addition of an increment of work function does not alter the 
velocity distribution. Similarly, the appearance of the potential- 
energy crest due to space charge, Fig. 8.10, does not alter the velocity 
distribution among the escaping electrons, because it appears to them 
just the same as an increment of work function. Thus (12-95) and 
(12-96) express the velocity distribution among the electrons escap¬ 
ing past the crest of Fig. 8.10 (the dip of curve 4 in Fig. 8.9), as 
well as among the electrons emitted from a temperature-limited 
surface. 

Thus, in Fig. 8.10, the electrons that reach or pass the zero level on 
the way out have the (12-95) and (12-96) distribution. Only the 
high-energy electrons of this group reach the potential-energy crest; 
however, on the way to the crest they lose just enough energy to make 
the distribution among them the same as exists among the larger num¬ 
ber that just reach the zero level. See Section 12.14 for a rigorous 
proof of this concept. 
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Tig. 12.G Timc-exposure-ovei-a-surface velocity distribution of thermionically 
emitted electrons, also of Maxwellian gas particles striking a boundary. 

(a) The integrated distribution curve, from (12-95). 

(5) The distribution curve, from (12-90). 


The distribution illustrated by Fig. 12.(> has tlie following interesting 
properties, determined by the method of (12-72): 


Average ^-directed velocity: -= 0.887^* 

2 

Root-mean-square r-directed velocity: f 

Average energy due to x-directed motion: Ej' 

Most probable (crest, Fig. 12.66), x-directed velocity: 


(]2-97a) 

(12-976) 

(12-97c) 

4 (12-97rf) 
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Tlie velocity distribution curv^es and equations presented prior to 
Fig. 12.6 have one characteristic in common: they describe in one way 
or another the range of individual velocities or energies as measured 
by a ^‘snapshot observation throughout a volume.” For example, 
Figs. 12.3 and 12.4 specify percentages among particles that are ob¬ 
served to be present 

(a) within a given volume 

(h) at a given instant. 

In sharp contrast to this, the curves in Fig. 12.6 describe a distribu¬ 
tion as recorded by a “time-exposure observation over a surface.” 
That is, Fig. 12.6a specifies percentages among ail the particles that 
are observed to reach or pass through 

(a) a given area 

(b) during any given time interval, say 1 second. 

A\'ith this contrast in mind, the differences between Figs. 12.4 and 
12.6 maj^ be itemized as follows: 


(а) A particle cannot arrive at a surface while going away from it; therefore 
only positive velocities appear in Fig. 12.6. In contrast with this, the curve in 
Fig. 12.46 is symmetrical about zero velocity, because a snapshot throughout a 
volume must lecord as many easterly as westerly motions. 

(б) A pai ticle cannot reach or cross any surface while standing still; therefore 
the curve in Fig. 12.66 has zero ordinate at zero velocity. Comparison shows that 
in Fig. 12.4 the maximum ordinate occurs at zero velocity; that is, a snapshot 
throughout a volume diseovei-s more particles near to zero velocity than similarly 
near to any other j-directed velocity. 

(c) During an appreciable time interval an individual particle may shuttle back 
and forth in an enclosure many times, hitting the surfaces on each round trip. 
Rapidly moving particles make more round trips per second, so hit more times per 
second, than slowly moving ones. For that reason the average x-directed energy 
of the j)articles on arrival at a surface is givater than tlie average observed through¬ 
out a volume; it is ju.st twice a.s great, in a Maxwellian distribution. 


12.10 Average Energies of Arriving Maxwellian Particles and of 
Escaping Electrons. The Ideal Gas Law.'-'-^ f' Only .r-directed 
m<)-\'omcnt inlngs particles to a y, z surface, so that there is no tendency 
for pai tieles with largo sidewa^'s velocities to hit more often than those 
with small sideways velocities, 'rime-exposure observations over o. y, z 
surface must, tlicrefore, recortl just the y- and .r-ilirocted velocity dis¬ 
tributions that result from snapshot observations throughout a vol¬ 
ume, Fig. 12.4. Only the .r-directed distribution is recorded differently 
by the two motlnKls of ob.servation. 

From the preceding section, the average cnerg.v of .r-directed motion 
of IMaxwellian particles on arrival at a .surface i.s Ey. From (12-86), 
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tlie average snapsliot-throughout-a-volume energy'' of ?/- and s-directed 
motion among such particles is \Et for each of the other two direc¬ 
tions. Therefore the average total energy of Maxwellian particles on 

arrival at a surface is E-r + ^Et + hEr = 2Eq', as stated in Sec¬ 
tion 7.3. 

Ihe distribution of velocities among electrons thermionically emitted 
being Maxwellian, and corresponding to cathode temperature, the 
a\erage outwardly directed energy among such electrons must be 
Efy and the a\-ei-age total energy Et + ^Er + \Et = 2Er, where Er 
is the voltag(‘ equivalent of cathode temperature. 

J^..ach gas particle on ai'ri\'ing at a boundary wall possesses a momen¬ 
tum mu normal to the wall; it rebounds elastically from the wall, with 
lesulting change ot momentum 2mu. The number of such boundings 
per unit area is as given by (12-91), and the average value of u in¬ 
volved is given by (12-97n) as A/7rf/2. Therefore the total rate of 
change ol momentum per unit area, or prefigure, is 


Pressure, newtons per) 
sejuare under J 


iVr r 

—7=- X 2 m - 

2V7r 2 


1 


= N • ~ mt- 
2 


= NhT (12-98) 


Thus the Maxwellian velocity distribution is in agreement with the 
familiar ideal gas law. 

12.11 Shot Effect and Thermal Noise Voltages within Conductors; 
Noise Level.*-*-'’ The term “noise level” referred originally to the 
intensity ot miscellaneous noises that speech or music must I'ise above 
in order to be clearl}^ audible. In a busy street, the noise level has to 
do with the amount and kind of traffic passing; in a telephone receiver 
or radio speaker, it depends on small current variations which result 
from various properties of the transmission system. The word “noise” 
suggests variations within the frequency range audible to human ears, 
but the phrase “noise level” describes the intensity of miscellaneous 
troublesome variations of curi'cnts, voltages, or radiations, at all 
frequencies. 

Various sources of noise are present in any circuit containing a 
vacuum-tube amplifier, no matter how much care is taken in the 
circuit assembly, because the}’’ result from the electrons’ random 
motions. The two important causes of such noise are the raindrop 
patter of electrons on the plate, called “shot effect” from the similarity 
to a shower of small shot,*-*^ *’ and the random motions of the electrons 
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%\ithin conductors, usually referred to by the phrase thermal agitation.^^^ 
The origins of noise and noise problems are discussed in Chapter VI of 
Fvndamenlals of Physical Electronics. 

Shot noise is less in a space-charge-limited device than in a com¬ 
parable temperature-limited device, by a factor of perhaps 10 or 20, 
bet'aiisc the random variations in thermionic current density cause 
compensating variations in the magnitude of the negative potential 
dip just outside the cathode, the noise-produced changes in plate cur¬ 
rent then being much reduced. 

An important property of shot noise and thermal noise is that the 

mean square noise current in or voltage is proportional to the band 
width A/ of the fiequency spectrum passed by the amplifier involved. 
Mathematically: 

Shot noise current: = 21}^qe A/ (12-99a) 

where Ib is the d-c plate current, qe the electronic charge; and 


Thermal noise voltage: = 4:RkT Af (12-996) 

where R is the resistance of the conductor involved, T is its tempera¬ 
ture, and k is Boltzmann’s gas constant. 

The ultimate limit to attainable sensitivity in any radio or telephone 
receiver, or any sensitive measuring instrument, is the ratio of the 
signal strength to the noise level, that is, the signal to noise ratio. 

12.12 Random Current Density in an Ion or Electron 
There is a marked similarity between the mechanism of electric con¬ 
duction in a metal and that in the plasma^ or conducting region, in a 
gas-discharge device, for in both the current is carried pr^arily by the 
“drift” of an electron gas; see Section 15.6. 

In both metals and plasmas the space charge that might be expected 
to result from the presence of the electrons is neutralized by an equal 
concentration of positive ions. The ions are atoms that have each 
contributed an electron to the make-up of the electron gas. One im¬ 
portant contrast between metallic and gaseous conduction is that, in 
a metal, the positive ions are fixed in position, whereas in a plasma 
they are free to move. Because of their large mass, they move so 
slowly that the ion drift motion makes a negligible contribution to 
the current flow. Their laterally outAvard diffusion owing partly to 
random 77wiions is important, however, because it ultimately removes 
them from the plasma. Continuous energy input is necessary to re¬ 
place them. 
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This explains in a j^eneral way the interest in what is called the 
random ion current densitij in a plasma. Section 12.8 deals with the 
rate of arrival of particles at a small area on a boundary wall; that 
analysis applies equall3’^ well to a small imaginary area located any¬ 
where within the body of the gas. Equation (12-91) therefore de¬ 
scribes the rate at which particles pass per unit area through from 
one side to the other of any such internal area. If the particles are 
ions, they carry a current, called the I’andom ion curient, through the 
chosen area. Tlie random ion current in one direction across any in- 
teinal area is the same as Unit in the reverse (lirection, so that the con¬ 
cept of random ion current flow does not imply a net transfer of charge 
from one jiart of the gas to another. 

The magnitude of the random ion current density in a plasma is 
obtained by multiplying (12-91) by the electronic charge; thus 



(12-lOOa) 


Here Jri = random positive ion current density. 

Ni = positive ion concentration. 

= the velocity characteristic of the temperature of the ionic 
gas; see (12-31) and (12-53). 


The similar expression for random electron current density Jrc, the i 
subscripts being changed to e throughout, with obvious significance, is 



(12-1006) 


Even though N'c = in a plasma, Jre is hundreds of times larger 
than J ri, primarily because the random currents are proportional to 
the f’s, which vary inversely as the square roots of the masses, and 
ions Iiave very much larger masses than electrons. In addition, experi¬ 
ments show that the electron temperatui*e is often many limes that of 
the ions. 

12.13 Sheath Penetration by Electrons in a Conducting Gas.'^^ ® '' 
For reasons to be discussed in Section 16.7 a “potential barrier” often 
exists between the main body of a conducting gas and a boundaiy 
wall. This barrier obstructs the flow of electrons to the wall. The 
term barrier is used to remind the reader of the work-function barrier 
that similarly obstructs the escape of electrons from a metal. The 
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barrier now under discussion is simply a drop in potential that occurs 
within a thin region, often called a “sheath,” adjacent to the wall; see 

Fig. 12.7. The potential drop through the 
sheath is intimately associated, by way of 
Poisson’s law, with the positive space 
charge that exists within it because of the 
absence of electrons. 

A few high-randora-energy electrons 
penetrate through the sheath from plasma 
to wall in spite of the barrier it presents, 
in much the way that a few electrons 
escape from a hot metal in spite of the 
work-function barrier. The expression 
for the electron current density that 
passes through the sheath in spite of the 
obstruction offered is obtained from 
(12-93) by multiplying by qe and using 
= Usy where it is the electrons for which n ^ that will penetrate. 
This gives 

A eQe^c 



to the boundary wall of a con¬ 
ducting gas. 


J cs — 


— U 


also expressible as 


Je. = 


and from (12-100/>) as 


2Vir 

^ cQe^i 

2\/ TT 


— exp 


( 12 - 101 ) 


— exp 


zh 

Etc 


( 12 - 102 ) 


J C8 — J 


TC 


exp 


-E, 

Etc 


(12-103) 


The symbolism here is the same as in (12-100??), with the folloAving 
additions: 


Jes = current density due to passage of electrons through the 
sheath. 

Es = potential difference that the electrons must overcome in 
peneti'ating the sheath. 

Ere - voltage equivalent of electron temperature. 

Vs = .r-directed velocity necessary for penetration. 

It will be shown in the next section that the “time-exposure-over-a- 
surface” velocity distribution among originally Maxwellian electrons 
that succeed in penetrating a sheath is also Maxwellian, and at the 
same temperature. Conseciuently the penetrating electrons reach the 
wall with average energies \Ere -b ^Evr + Etc = 2Etc^ 
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12.14 Penetrating Electrons Possess a Maxwellian Distribution. 
It is desirable to <lem()nstrate that the velocity distribution and tlie 
temperature are the same at impact with the wall as among the larg(M' 
number of electrons that enter the sheath, for the Fig. 12.7 situation 
represented by (12-103). Let u', E,/ symbolize the values on 

amval at the wall ot the ,r-directed (toward-the-wall) velocities, velocity 
ratios, and kinetic energies of electrons who.se .r-directed velocitie.s, 
velocity ratios, and kinetic energies were ?/, r, on entering the 
sheath from the plasma at the outer face of the sheath, d’hen 


n = ir — also = r'^ — r/ 
because the conservation of energy requires that 

E,/ = Eu~ Es 


(12-104) 


( 12 - 10 .")) 


and squares of A'clocities vary in proportion to energies. Also, let 




U 


Lu 


L 


symbolize tiie rate ot arrival at the wall of electrons having 
.r-directed velocities exceeding ak 

S3'mbolize the rate of arrival of electrons of all velocities at 
the wall. 

symbolize the rate of arrival at the sheath edge, from the pla.sma, 
of electrons having .r-directed velocities exceeding u. 
symbolize the total rate of arrival of electrons from the plasma, 
at sheath edge. 


The integrated time-exposure-over-a-surface velocity distribution 
among all the electrons arriving from the gas at the sheath edge is, as 
in (12-04), 


f » 

T “ 

a dN, 

^0 


( 12 - 10 ()) 


Lu and L are expres.sed here as in (12-92) and (12-89). If the arriving 
electrons possess a Alaxwellian distribution. dN^ is expre.ssible from 
(12-80), giving ^ 

J' r exp (— r^) dr 

--= exp (-r^) (12-107) 


Lu 


L 


i e 


j r exp (— r 
0 


-) dr 


where k has been replaced by This equation is identical with 

(12-95/>). 



382 


RANDOM VELOCITIES OF GAS PARTICLES 


The integrated time-exposure-over-a-surface distribution at plasma- 
sheath edge, among electrons destined to penetrate the sheath, is ob¬ 
tained by using L' rather than L in the denominator of (12-107), 


that is, 



(12-108) 


Note that Ug rather than zero is used as the lower limit of the de¬ 
nominator integral, because it is the electrons for which u> that 
penetrate the sheath, thus comprising the L' flow. As before, use 
u = iind the Maxwellian form (12-80) for dNu\ (12-108) then 

becomes 



'X ’ ^ ~ ' 

r exp (- r 


) dr 


= exp + r/) 


(12-109) 


Obviously Lu — Lu, because u and n' are the velocities, at outer 
sheath face and at wall, of identical particles. Replacing L„ by in 
(12-109) and employing (12-104) gives 

^ - exp {-/-) (12-110) 

Jb 


This is identical in form with (12-107). Thus it has been shown 
that the electrons an i\ ing at the wall have the same velocity distribu¬ 
tion as exists among the larger number that enter the sheath, and are 
therefore at the same temperature. 

This argument demonstrates the statement made in Section 12.9, 
relative to Fig. 8.10 or curve 4 of Fig. 8.9, that the electrons passing 
the negative dip (potential-energy^ crest) outside a thermionic cathode 
do so witli the same Maxwellian distribution that they possess on 
reaching the zero level at the cathode surface. 

12.16 Richardson*s Equation for Thermionic Emission,^®-^ 
Early attempts were made to explain thermionic emission from metals 
by assuming an internal electron gas possessing a Maxwellian velocity 
distribution. Such treatment leads quite obviously to an expression 
for thermionic current density Jth identical in form with (12-102). 
Work function E\v is used in place of and the distinction between 
net and gross work function disappears; the Et corresponding to the 
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temperature of the emitter is used in place of Ere- As ^ is proportional 
to the square root of the temperature, the following general form ap¬ 
pears, introduced by Richardson and at one time widely used: 


“ E\y 

J,h = ar’i^exp- (12-111) 

E'f 

Here a and are empirically determined. See the discussion fol¬ 
lowing (7-9) for the reasons for preferring the (7-2) form contain¬ 
ing T^. 

12.16 Equilibrium between Different Potentials in an Enclosure; 
the Boltzmann Relation. Figure 12.8 represents an enclosure con¬ 
taining an electron gas, its space 

charge being everywhere just 
neutralized by relatively sta¬ 
tionary positive ions. The dotted 
vertical lines in the middle in¬ 
dicate that the enclosure is 
screened into two compartments 
differing in potential by volts, 
as suggested by the potential 
lines at the bottom of the figure. 

Electrons pass freely through the 
screens. The potential within 
each compartment is uniform. 

Situations similar to this occur 
in some gaseous-conducting de¬ 
vices. 

Random electron velocities must in general result in a flow of elec¬ 
trons both ways through the boundary zone, though the flow from 
left to right is affected by the potential difference between the com¬ 
partments. Since any electron as it leaves or enters a compartment 
has some kinetic energy of motion, the electron flow results in a two- 
way energy transfer. The rates of flow of particles, also the rates of 
transfer of energy, are equal in the two directions when the following 
equilibrium conditions exist: 


A B 



Fio. 12.8 K(iuililniuin between elec¬ 
tron gases at difTerent potentials. 


(a) Er\ = ^^2 (that is, the electron temperatures are equal) (12-112) 




(12-113) 


where A^i and N 2 are the respective electron concentrations. 
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This illustrates the “Boltzmann relation/’ which in general specifies 
just such an exponential relation, involving the temperature, for the 
rquilibrinm distribution of particles among various available energy- 
states, whi(‘li may be of a great variety of types. 

Equation (12-80) can be used to illustrate the application of the 
Boltzmann relation to the distribution of .r-directed gas particle ener¬ 
gies. ('’onsider two increments of .r-directed velocities with equal rfr’s, 
Init widely differing .r-dirocted energies EJ and E^", as follows: 


ilN\ dr at 



(12-114) 


dN", dr at 



(12-115) 


Divide the (12-80) form using the first set by that containing the 
second; the re.siilt is 



(12-116) 


which is identical in nature with (12-113). 

No general demonstration of the Boltzmann equilibrium relation 
will be given here, but the derivation of (12-113) will be presented.* 
Assume tliat equilibrium of electron flow and of energy transfer exists 
between the two compartments of Fig. 12.8. Equality of the electron 
temperatures in the two regions has not yet been demonstrated, so 
distinct symbols Er\ and Et 2 j s'l and ^* 2 . '' >11 be used for the character¬ 
istic electron temperature energies and velocities. The current due to 
electron flow across sci een A A from left to right is the random current 
density for the compai tment 1. That in the revei'se, barrier-penetrat¬ 
ing direction, is given by an expression like (12-103), using the con¬ 
centrations and temperatures for compartment 2. The requirement 
that these' two flow rates be equal is stated as: 


2 \/ TT 



(12-117) 


lOlectrons passing from left to right through screen AA have time- 
oxposure-over-a-surfa(‘e total average energies 2Et\ ; those passing 

• I’lu* (U*rivution given hero painllols one given by Loeb (12R-109) n'lativo to 
llie inecimnisin of ('vaporation and condensation at a liquid surface. 
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tlirough it in the reverse direction have similar total average energies 
2£^r2- (It was demonstrated in Section 12.14 that the velocity distri¬ 
bution and therefore the average energy, among particles that pene¬ 
trate to A A, are the same as among the larger number that arrive at 
BB.) Hence the equality’ of energy transfer is expressed by multiplj’’- 

ing the late of electron movement each wav by the average energy 
carried, as follows: 


oi. ‘^^2^2 -A'. 

2hTi = :—7= 2A7’2 tixp- 


2^/TT 2s/IT 

Comparison with (12-117) shows that 


Kt2 


(12-118) 


A’n = Et 2 (12-119) 

That Ls, in the (Hiuilibrium condition the temperatures must be ecpial. 

On using this lact in (12-117) the cancel, leaving just (12-113). 

^ Suppose that N'l and N ^2 differ by only a small amount dX, and that 

A\ becomes a diiTerential increment dB. K(iuation (12-113) can then 
be written 


M + (IN (.xi)[ - {E + (Hi)/Hr] -dK 

' -;—-= - (12-120) 

exp 1-A/Ar] AV 


A' 


As dh/hq' is very small, a series expansion of the exiionential reduces 
this to 


1 + 


or 


dN 

dB 


N 

1 

B'f 

(12-121) 

dN 

dB 


N 

Br 

(12-122) 


which is the differential form of the Boltzmann r(‘lation. 


PROBLEMS 

1. The electron gas of a ceilain gas discharge has a leiiipcratuie of 15,000® K 
and a Maxwellian velocity distribution. 

(«) What is the voltage equivalent of this temperature? 

(5) How large a fi’action of the total number of (dectrons have total velocities 
exceeding 6 X 10® meters per sec? 

(c) How large a fraction have j-directed velocities exceeding 6 X 10® metcis 
per sec? 

ill) What kinetic energy, in electron volts, corresponds to this velocity? 

2. («) What i)ercentage of the pai ticles in a Maxwelliaji distribution have total 
velocities greater than the average total velocity? 

(6) What percentage have energies greater than the average total energy? 
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(c) What percentage have positive jr-directed velocities greater than the average 
positive z-directed velocity? 

(d) What percentage have energies due to positive x-directed motion that are 
greater than the average x-directed energy? 

3. ^^'hat percentage of the particles in a Maxwellian distribution have total 
velocities greater than 10 times the characteristic velocity? What percentage 
have total energies greater than 10 times the characteristic energy? 

4. Deiive an expression for the number of Maxwellian gas particles whose 
velocities in all directions perpendicular to some definite axis have values between 
s and s -f- ds (see Section 12.2). 

6. What is the most probable total energy, in terms of Et, iu a Maxwellian 
distribution? The most probable x-directed energy? 

6. Suppose that the distribution of velocities v among falling raindrops is 
expressible mathematically as follows: 




(y - a)^-\ 

62 J 



N is the number of raindrops per cubic foot, a is a characteristic velocity in feet 
per second, and 6 is a velocity roughly descriptive of the deviation of individual 
velocities from the characteristic velocity. 

(а) Plot the corresponding distribution curve of dN^/dv against v, letting 
6 = fl/lO. Locate points v — a^b, v = a, v = a-hb. 

(б) Write the equation for and plot the corresponding integrated distribution 
curve. 

(c) Derive mathematical expressions for the average, most probable, and rms 
velocities, in terms of a and 6. 

In carrying out (6) and (c) it is not unreasonable to make the approximation 
that the integral from y = 0 to y = y is the same as the integral from y = — oo 
to V = V. Strictly speaking, this is absurd, as it implies the inclusion of negatively 
falling raindrops. However, with 6 = a/10 the error introduced is very small, 
and the forms become much simpler mathematically as well as easier to understand. 

7. The supposed raindrop velocity distribution of the preceding problem de¬ 
scribes a “snapshot throughout-a-volume” distribution. Using that distribution: 

(а) Derive an expression for the number of raindrops striking 1 sq ft of ground 
per second. 

(б) Derive expressions for the time-exposure-over-a-surface velocity distribu¬ 
tion and the integrated velocity distribution among the raindrops as they strike 
the ground. 

(r) Determine the average velocity among the arriving drops. 

(d) Determine the average energy" among the arriving drops, each of mass m 
(in pound units). 

(c) How large a fraction of the drops strike the ground v\nth velocities greater 
than a -|- 6? With velocities less than a — 6? 

The simplifying upi)roximation suggested in the previous problem is also 
applicable here. 

8. In an electron gas having 10^* electrons per cubic meter at 20,000® K: 

(а) How many eh'ctrons having x-ilirected energies exceeding 10 volts will 
strike the enclosing boundary per square meter per second? 

(б) What will be the average x-directed energy of these electrons? 

(c) What wnll be their average total energj"? 
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(d) Answer (/>) and (c) for the same group of electrons after they have passed 

i trough a 10-volt harrier encountered at the surface, and compare the results with the 

same quantities as determined for all the electrons striking the wall and not en¬ 
countering a barrier. 

9. Suppose that there exists a velocity distribution, among a set of particles, 
whicli the following general law, 

dXc 

= NKR^ exp (— R"^) 

Here diV,; is the number of particles, out of a total of N per unit volume, whose 

ve oci les le Hween c and c + dc\ also R = c/f, where f is some characteristic 

ye oci j, am A is a constant, to be chosen to satisfy the requirement that the 

integrated distribution curve accounts for 100 per cent of the particles between 
velocities of zero and infinity. 

Find the average value of the velocity, and determine K. 

10. For the electron gas in a metal, having the zero-temperature Fermi distrilm- 
tion (Chapter VIII); 

(a) Find the average total and the average x-directed kimdic energy, as per¬ 
centages of the Fermi-level energy. 

(^) Find the average total and the average x-directed velocity, as percentages 
of the velocity corresponding to the Fermi-level energy. 
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IONIZATION AND EXCITATION OF ATOMS * 

13,1 The Function of Positive Ions in Gaseous-Conducting De¬ 
vices. Tho electron tubes so far studied in this text contain only 
negatively charged current-carrying particles, that is, electrons. In 
contrast to this, gas-filled electron tubes, mercury-arc rectifiers, gas 
and v^apor light sources, electric arcs, glow discharges, sparks, etc., con¬ 
tain charged particles of both signs, for the most part in approximately 
equal concentrations. Yet in them, as in high-vacuum electronic de¬ 
vices, the important current flow is that due to electron movement. 
The positiveb’^ charged particles present are positive ions. Their mass 
per particle is so much greater than that of the electrons that they move 
relatively very slowly; in mercury vapor the velocity ratio is about 1 
to 605. Hence the rate of charge transfer due to positive ion motion 
is an insignificant part of the total current. 

Yet in spite of the fact that positive ions carry so little current, their 
presence makes tlie current-voltage relation altogether different from 
what it is without them. When thej" are not present, as in high-vacuum 
electronic devices, the current density due to electron movement is 
limited by space charge. When they are present, and equal in con¬ 
centration to the electrons, there is no space charge, and the electron 
current density may reach tremendously large values even though the 
potential gradient is small. 

Interest in regard to the ions in gaseous electrical discharges centers 
around the manner and rate of tlieir appearance and disappearance. It 
is important to know where they come from and where they go, and at 
what energy cost. If they are present, electron space charge is neu¬ 
tralized and large currents can flow in response to a small potential 
difference; if they are absent, current flow can take place only under the 
influence of a high potential, no matter how freely electrons may be 
supplied. 

In an ionized gas, and in a metallic conductor, current flow consists 
of an electron “wind” passing through a region populated by positively 

* Soe bibliography refcrencos 13.\, U. Tlu' suggestions and eritioisms made by 
Dr. S. A. Goiidsmit relative to Chapter XIII weiii very helpful to the author. 
Adflitional reference books are II, J, K, 13C, D, K. 
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charged particles which are i-elativ(‘ly stationary. The ix)siti\'ely 
charged particles of a metal are the atoms of its structure; they may lie 
called positively charged because each lias contributed its outer electron 
to the electron wind that blows through the lattice-work of atoms. 'I'he 
heat motions of those atoms are vibratory in nature, so that each one 
letams its a\(iage position relative to its neighbors. In an ionized gas 

le positive y chaiged particles are gas ions whose random heat motions 
carry them throughout the body of gas; however, relative to the 

^ constitutes the current, they are practically at rest. 

13.2 Energy Required for Ionization; Energy-Level Diagrams. The 
aiiangement ol electrons around atomic nuclei was discussed in Section 
8.1. A positive ion is an atom or molecule from wliich an outer electron 
has been removed. Just as an electron can be removed from a metallic 
sui ace onl> b\ the introduction of energy (heat energy in thermionic 
emission) so an electron can be removed from a particle of gas or vapor 
only by the contribution of energy. The least amount of energy neces¬ 
sary to remove a single electron from a metal surface is definite and 
measurable; it is called the work function and is usually a matter of a 
lew election volts. I lie least energy that can remove an electi-on from 
a gas pal tide is similarly definite and measurable in electron volts. It 
is called the lonizifu/ potcntml aiul is between o and 25 volts for most 
gas and vapor atoms. 

Encig\ -level diagiams similar in pi'inciple to thosi* emjiloved in work- 
function representation are u.seful in the study of ionization and 
kindled proce.sscs in ga.ses. higure 13.1 comiiares the energy-level 
diagiam foi an atom of sodium \'a])or with a metal-conductor type of 
diagram. lo emphasize the .similarity, the work function of the metal 
on this diagram has been indicated as being the same as the ionizing 
potential of sodium. Below the line that is described as the “normal 
level” there are, in both diagrams, “occupied” or “filled” levels, 
representing the energy states of the electrons pie.sent in the metal or in 
the atom. The metal lias a very large, but finite, number of filled levels, 
t here being one tor each tree electron in the metal. In a sodium-vapor 
atom there are altogether eleven filled levels, corresponding to the 
eleven electrons that torm the “atmosphere” around the atomic nucleus. 
These eleven occur in groups as indicated; first two clo.se together, then 
eight, then one alone. 

The quantitative parallelism between Tigs. 13.1a and VS.lb is limited 
to the spacing between the normal and zero levels, for the bottom metal 
le\'el is likely to be between 2 and 20 volts below' the one here called 
normal, as comjiared with a matter of thousands of volts for the sodium- 
vapor atom. 



IONIZATION AND EXCITATION OF ATOMS 


390 


Metal 


Ei^ = Work 
function 




§ 

c 

o 

o 

Q> 


Zero or 
escape level 

( Normally f 
vacant < 
levels I 

Normally 
occupied 
levels 


Normal 
sodium atom 


Zero or escape level 


Excited 
sodium atom 


Bottom level 


Ef = Ionizing potential 

—ZZ- 

Normal level 


level 

^ excitation level A 


'^One 
third-shell 
electron 
n = 3 


Eight 
electrons^ 
in the 
second 
shell 
n = 2 


§ 

§ 



Two 

___ electrons 

. _ r in the •{ 

Bottom level 

n = 1 

(a) Energy levels for (6) Energy levels for 
the free electrons in a the 11 electrons of a so- 
niotal, as in Fig. 8.2. dium atom’.s “electron at¬ 

mosphere” in the normal 
state of the atom. 

Fig. 13.1 Comparison between an cnergj'-level diagram for a metal and an 
energj'-levol diagram showing the normally occupied levels in a sodium atom. 

13.3 Excited States of Atoms. Figures 13.1a and 13.16 represent 
minimum-energy conditions; in the metal, that of absolute zero tem¬ 
perature; in the atom, the “normal state.” This means the condition 
in which most atoms are found in gases at ordinary room temperatures. 
If an atom or a piece of metal initially in the minimum-energy or normal 
state recei\’es energy from an outside agent, one or more of the elec¬ 
trons must rise out of a level that is normally filled into one or more of 
those ordinarily vacant. The normally vacant levels lie above the 
normal level in both metal and atom. In the metal the rising electrons 
ordinarily come from tlie normal level or those just below it. In a gas 
atom just the normal-level electron is elevated into one of the higher 
normally empty positions. 

W hen this has happened an atom is said to be excited^ or in an excited 
stale, or to have an electron in an excitation leveV^ Figure 13.1c is an 
eneigy-levcl diagram for an excited atom. An electron ordinarily occu¬ 
pies an excitation lo\'el for only a very brief period of time, of the order 
of a hunfirodth of a microsecond (10“® second). As it drops to a lower 


(c) Similar to (6), in 
an excited state of the 
atom. 
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excitation level or to the normal level, energy is released. This energy 
usually appears as radiation. The amount of energy'" released in the 
return to the normal state is exactly the amount originally required to 
cause elevation to the excited state, and is measured by the spacing 
between the levels on the diagram. 

If an atom receives energy in excess of that needed to lift an electron 
to the zeio level, the electron escapes from the atom altogether, so con¬ 
verting the atom to an ion. 

13.4 Transitions between Levels. In electrical discharges atoms 

are continually being raised from the normal into excited states by 

collisions with other particles. This activity is the result, directly or 

indirectly, of the acceleration of charged particles by the electric field 

between the electrodes. As the affected atoms return to the normal 

state, they radiate energy electromagnetically, sometimes in the form 

of visible light. This gives rise to the luminosity of arcs, sparks, and 
glow discharges. 

An tort'.zing coUiston is one in which the outer electron of an atom is 
lifted past the ionization level and escapes. Enough ionizing collisions 
must occur in an electrical discharge to maintain the necessarj’^ ion con¬ 
centration in spite of the gradual lateral movement of ions out of the 
path of the discharge. Exciting collisions lift electrons into excitation 
levels. Exciting collisions occur very much more frequently than do 
ionizing collisions. 

The vertical spacing between any two levels is proportional (a) to 
the amount of energy that must be imparted to an atom by a collision 
in order to produce a shift from the lower to the irpper of the pair, and, 
therefore, from (13-C), (6) to the reciprocal of the wavelength, that is, to 
the number of waves per centimeter, of the electromagnetic radiation 
emitted during the downwar-d shift. Thus the particular kinds of 
radiation sent out by a conducting gas ar*e determined by the spacings 
between the various excitation levels. 

The excitation levels lie above the nor’mal level and below the ioniza¬ 
tion level. Hence the portions of energy-level diagr-ams that lie be¬ 
tween these two extremes are especially interesting and useful. In fact, 
the phrase energy-level diagram usually refers to this portion alone, 
illustrated for sodium in Fig. 13.26, and for neon and mercury in later 
figures. The proper placement of the excitation levels for the various 
elements is determined by analj^sis of spectral photographs that 
record, experimentally, the wavelengths of the spectral lines. 

The usual cycle of energy changes from normal state to excited state, 
then back to normal state again, consists of abrupt elevation of an 
electron to some excitation level, followed by a cascading back to the 
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Energy in 
Efectron 
Volts 

—Zero or Ionization Level 



Fig. 13.2 Energy levels and transitions for a sodium atom. (See Table XI.) 


normal level by a series of long or short downward transitions between 

levels. The following typical cycle for a sodium atom is illustrated in 
Fig. 13.2a. 


(1) .A fast-moving electron strikes a sodium atom and causes a shift from the 
normal level to one that is S.fiO volts above normal. The attacking electron goes 
on its way with kinetic energy rt‘duce<l by the amount given to the atom. 

(2) The atom remains in this excited 3.G0-voIt state for an uncertain but ex¬ 
tremely sliort period of time, of the order of 10“® second. 

(3) A tran.sition (abrupt shift tlownward) oceui-s, terminating at the 2.09-volt 
level. Simultaneously a light impulse is radiated whose energy is correspondingly 
3.00 — 2.00 = 1.51 electron volts, at a definite wavelength. 

(4) Hesitation again occurs for perhaps a hundredth of a microsecond; then 

(5) Another transition carries the atom to the normal state. At the same time a 
2.09-voIt light impulse is released. This impulse has the yellow color that is used as 
a chemical test for the presonee of sodium. In fact, each transition corresponds to 
some one definite line in the spectrum of sodium. 


iMguro 13.2a illu.strates the cycle just described as the trajectory of a 

ball that has been thrown up a flight of staii-s, only to bounce down 

again. Ihe particular height to wliieh it rises depends on the energy 
initially received. 


Often the return to the 
may take place in any of a 


normal state from a particular excited state 
variety of ways. A single transition directly 
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to the normal state may occur, or the return to normal may take 
place in two, three, or several transitions. 

The probabHity of a transition from the ;L()0-volt level in sodium to 
eithei the 3.17-volt level or the normal level is practicall}^ zero. Such 
transitions are never observed experimentally; they are called for¬ 
bidden transitions. Those that do occur are called permiffcd transitions. 
On eneigy-Ievcl diagrams vertical lines are drawn connecting levels 

between which transitions are permitted; this has been done in Fig. 
13.2/). ^ 

The spectium ot a sodium-vapor light source contains a sp((ctral 
line corresponding to each one of the vertical lines in Fig. 13.2/), for, 
each time a permitted transition occurs, light of its characteristic wave¬ 
length is emitted. Some of the permitted transitions are more likely 
to occur than others and so occur more often. This is a partial expla¬ 
nation of the differences in the intensities of the various colors of light 
produced by a given source. 

13.6 Electron-Volt Measure of the Color of Light. The propor¬ 
tionality between the energy released in a transition and the number 
of waves per centimeter of the re.sulting imliation arises out of the fact 
that light emission invariably occurs in impulses of definite energy 
content, variously called phohns, lu/hl r/nanfa, and /ny/d partides. 

Ihe eneigy ol a photon is proportional to t.he light fre(iuency, accord¬ 
ing to the eiiuation 

II pA = hf (joule units] (13-1) 

Here 11^. is the photon’s energy in joule units, / the i-adiation’s fi-e- 
quency in cycles per second, and h a universal (Planck's) constant, of 
value (i.(>24 X 10“^-* joule-second, as introduced in Section 8.7. 

If the photon energy is expressed in electron volts A’/„ 


This rearranges into 


II ph 


(lT-2) 


Am = -/ = -I-13 X io~’y 

fic 


energy per photon, 
in electron volts 


(13 3) 


In all free-space electromagnetic radiations, whether radio waves, heat, 
light, X rays or cosmic rays, wavelength X times fi-equency must give 
the velocity of light c, that is 

X/ = c (13-4) 

If X is wavelength in centimeters, and / is cycles per second, c must of 
course be 3 X 10^^ centimeters per second. If X is in meters, c is 
3 X 10® meters per second. 
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Combination of (13-3) and (13^) gives 

he 1 

= - - (13-5) 

Energy-level information is usually expressed in values of 1/X, stated 
as waves per centimeter. Numerically, 



^ 12400 X 10“® 


1 



energy per photon, 
in electron volts 


(13-8) 


The wavelength of visible or near-visible radiations is often measured 
in angstrom units, which are units of length each 10~® centimeter lone. 



I ■ 111 I I I I I I II I I—I " I t-"I I I I I I I I I I 1 I I— 

3 25 3 0 2.75 2,50 2.25 2.0 1.75 

Light Photon Energy in Electron Volts. Ep„ 


F'ig. 13.3 Relative sensitivity of the human eye to light of various colors. (Re¬ 
produced from Lighting Data, Bulletin LD-IH D of the General Electric Company.) 


Equation (13-6) can be written as follows in terms of wavelength 
in angstrom units: 

1 

= 12400 — ( 13 - 7 ) 

Light wavelengtlis are also measured in inicroyis. A micron is 10'® 
meter, 10 ■* centimeter, 10** angstrom units. Thus 


EpH = 1.240 


1 


^microns 


(13-8) 




X, wave length in centimeters 

1000 100 10 ^0 0.1 0.01 0.001 n I 10'® 10'® 10’^^ 
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Equations (13-6) and (13-7) are easy to bear in mind and serve 
two useful purposes: 

(a) Equation (13-6) shows that,l/Xcm, the number of waves per 
fentimetei*, is a directly proportional measure of the energy per photon* 
and 

(b) l^lquation (13-7) permits description of the color of light in 
electron volts, as it relates E^h directly to Xa, the most common wave¬ 
length measure in referring to coloi-s. 

Figure 13.3 is a graphical representation of the sensitivity of the 
human eye to light of various colors. Figure 13.4 gives the approxi¬ 
mate wavelength and electron-volt limits for the various kinds of 
electromagnetic radiations that human experience encompasses. 

13.6 Scales on Energy-Level Diagrams. The left-margin scale on 
Fig. lS.2b is divided in electron volts and has its zero at the normal 
level; this is the most satisfactory scale to use when considering rates 
and probabilities of excitation and ionization. The right-margin scale 
is di\ ided in wa\'es per centimeter, also called wave numbers. Its zero 
is at the zero level. It is used in calculating wavelengths corresponding 
to the various transitions, and in analyses leading to the placement of 
levels. 

The wave-number difference between the 2.09-volt level and the 
normal level is 41449 - 24476 = 16973. This describes sodium’s 
characteristic .-s'eHow light in wa^'es per centimeter. Its reciprocal 
5890 X 10“*^ centimeter, or 5890 angstrom units, is the corresponding 
waA'elength. The same result can be arrived at by using the voltage 
scale. The energ>' difference between these two levels is 2.09 electron 
volts, which when used in (13-7) gives 5890 angstrom units for X 4 . 
The placement of the zero at the top of one scale and at the bottom 
of the other is done as a matter of convenience in the particular services 
for which each scale is used. 

13.7 Resonance Radiation; Photoelectric Ionization. The light- 
producing transitions from liigh to low le\'els are reversible, within 
certain limitations, hi particular, an atom may be excited by the 
absorption of a pliolon, proridal the energy of each photon is the same or 
I'ery nearly (he same as (he energy (lifference of the (raytsition. This gives 
rise to resofiancc radiation. 


Imagine that light frohi a monochromatic (single-wavelength) light 
source falls on a glass tube containing sodium vapor. If the color 
(wavelength) of the monochromatic light is varied in the direction of 


increasing energy, 
the sodium vapor, 
diffusion. 


from infrared on up, there is at first no effect on 
The light passes through it with only slight 
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However, when the light source begins sending out 2,09-^•olt photons, 
tlie entire sodium-\-apor chamber becomes itself a liglit source of the 
same color, sending radiations in, all directions. Various atoms are 
being raiseil to the 2.09-volt e.x,-ited states by the incoming light; on 
their return to normal states 2.09-volt radiation occurs. This resonance 
radiation originates in the .sodium-vapor tube, but the energy for it 
comes from the monochromatic light source 

If the monochromatic light source begins'.sending out light carrying 
more than 2.09 electron volts per photon, ro.sonance ra.liation stop.s, 
and the sodium-vapor tube becomes dark again. The reason for this 
IS that the probability of absorption of a iihoton is very small unle.ss 
the photon s energy is just the amount ro(|uired to rai.se the atom to an 
excited state. In contrast to this, excitation by impact may result 
from collisions with particles having a considerable range of energies 
above the reciuired value. I'he dilTercnce arises fi„m the fact that a 

photon must give up all or none of its energy; a moving particle may 
give up any fraction ol its energy. 

If the incoming photon’s energy is sufficient, ionination niav occur; 
the resulting ions are saiil to be produced by iihotoelectric action, d’hc 
analogy with the energy-level diagram of a solid iiiecc of metal (Fig. 
13.1) can now be revensed. Plwloelectric emission from a metal re¬ 
sults when incoming photons have siitficient eningv to raise internal 
electrons from the uppermo.st tilled (“normal”) level to the zero or 
escape level; see the next chapter. 

13.8 Atomic Number; Isotopes, b^ach atom ot an clement normallj' 
consists of (a) a positively charged central nucleus wliich contains 
almost all of the atomic mass, and (0) a surrounding atmo.sphere of 
electrons whose arrangement accounts for most of the element’s 
chemical and physical properties. 

The atomic number Z is the number of electrons in tlie atmosphere' 
of an atom when the atom as a whole is electrically neutral; it \s 
therefore also a measure of the positive charge on the nucleus, d'he 
mass of an atomic nucleus is almost all due to the protons and neutrons 
it contains, which have each the same mass as a hydrogen nucleus. 
Neutrons are electrically neutral, but each proton lias a positive charge 
numerically equal to the charge on an electron.' *'' 

Atoms having the same atomic number but different atomic weights 

are called isotopes; see Table II. P'or example, the nucleus of one 

kind of neon has a mass about 20 times, of the other kind 22 times, 

that of a h 3 'drogen nucleus. A^et lioth are neon, for the atomic number 

is 10 for both kinds. As neon occurs in nature, the two are always 

% 

mixed in such proportions as to give an average atomic weight of 20.2. 
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The atomic number of mercury is 80; its average atomic weight, 200.61 
is the composite result of a mixture of seven isotopes, of atomic weights 
202 , 200, 199, 198, 201, 196, in that order of prominence. Sodium's 
atomic number is 11; there is only one kind of sodium, of atomic weight 
23. Deuterium, or “heavy hydrogen” is an isotope of hydrogen. 

13.9 Energy Levels As Related to Electron Motions. An atom of 
sodium vapor that is struck by a fast-moving electron may have the 
outermost one of the eleven electrons in its atrao.sphere driven away by 
the impact. This will happen only if the kinetic energy of the on¬ 
coming electron is at least 5.12 volts, and the geometry of the collision 
favorable. If the resulting sodium ion is again hit by a high-speed 
electron, it maj^ lose its tenth electron, now the outermost one. The 
energy required for this operation is 47 volts. With sufficiently elabo- 
late equipment it is possible to rob atoms of two, three, four, or even 
more electrons. If all the electrons are removed, the atom is said to 
be stripped. 

An atom from which one or more electrons have been removed of 
course exerts an atti-action on any lone electron that may enter its 
field. The motion of a roving electron during approach toward an 
atomic nucleus that has been stripped of its electronic atmosphere is 
remotely similar to that of a comet approaching the sun. The electron, 
like the comet, loses potential energy and gains kinetic energy as it 
comes near to the heavier body. In both cases mutual attraction draws 
the smaller body inward, while centrifugal force tends to drive it 
farther out. 

A comet approaching from the remote heavens possesses at every 
point in its path enough kinetic energ}^ to carr>^ it back to infinite 
space again. It will begin orbital motion around the sun only if, while 
in the sun’s gravitational field, it loses by collision, friction, or other¬ 
wise, an appreciable portion of the kinetic energy that would normally 
carry it away again. An electron invariably loses energy while ap¬ 
proaching a stripped atomic nucleus, for any electrical particle that 
undergoes acceleration radiates energ^'^ electromagnetically. Hence 
any electron that approaches at all closely is presumably captured and 
pursues a path that carries it repeatedly around the nucleus. 

Because the electron is continually losing kinetic energy by radiation, 
its \elocity and centrifugal force should become continually less, per¬ 
mitting the radius of its path to become smaller and smaller. According 
to this reasoning the path should be a flat spiral centering at the 
nucleus. But motion in any path tliat repeatedly encircles the nucleus 
is essentially periodic, and therefore subject to the quantum limitation 
that requires the action per cycle to be an integral multiple of h] see 
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Section 8.7. This requirement, combined with that of centrifugal 

balance, restricts the possible radii to certain discrete values, and c<jm- 

pels successive abrupt reductions in radius of path rather than a 
gradual decrease. 

Each possible radius corresponds to a particular level on an energy- 
level diagram. In pursuing the orbital path corresponding to a given 
evel the electron radiates no electromagnetic energy. A transition 
between levels corresponds to an abrupt shift to a smaller orbit, along 
with a sudden release of a single impulse of radiant energy. Thus the 
impu se-hke nature of light and the intermittent nature of the move¬ 
ment toward the nucleus are mutually interdependent, both being 
quantitatively related to the action unit h. 

13.10 Energies of the Levels; One Electron in a Nuclear Field. 

1 he necessity for balance between centrifugal force and inversc-sciuare- 

law attraction of the stripped nucleus reipiire.s, for a circular path, 
that *•’ 




2 


-iTreor- 


(13-9) 


where Z 

Qc 

V 

r 


nuclear atomic number, 
electronic charge, 
electionic ma.ss. 
linear velocity in the path 
radius of the path. 


The limitation of cyclic action to /i-units (.see Section 8.7} requires that 


/" 

^3 = 0 


« =2jrr 


iHeV (Is = 2-n-rmu — nh 


(13-10) 


Heie (Is is incremental distance around the circumference, and n is any 
whole number. Equations (1,3-9) and (1.3-10) permit the elimination 
of V and subsctiuent determination of the radius of the orbit for any 
particular value of n. 

The energies rather than the radii are of interest, however. Potential 
energy TEp of the electron’s position is its charge { — Qc), multiplied by 
the potential, Zgc/^ireor; that is, 




Zg, 


4Tr€or 


(joule units] 


(13-11) 


I his assumes that the potential energy is zero at an infinite radius, 
decreasing to negative values as the radius becomes finite; the zero of 
potential energ}", like that of electric potential in a circuit, may always 
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be selected arhitraiily. Kinetic energy Wk is of course \nw^. It may 
be expressed by canceling an r in (13-9) and dividing by 2. This leads 
to the expression 

HT - d- -- (13-12) 

OTTCor 

The net energy W is the algebraic sum of the two kinds: 


W = Wj, + W, 


Zq, 


2 


+ 


Zq, 


that is, 


dTTCor 


(13-13) 


(13-14) 


ir = - 


Zq, 


2 


SiTior 


(13-15) 


An expression for IT which does not involve either the radius or velocity 
is obtained by multiplying (13-9) and (13-15), then substituting into 
the result a ^’alue for v^r obtained from (13-10). These operations 
give 

Z'^q^mc I 

^ (13-16) 


II' = 




n 


All the factors except n and Z that appear here are fundamental 
physical constants, and n is any whole number. Bear in mind that 
the energy calculated by using (13-15) or (13-16) is the energy necessary 
to remove the electron to infinity. 

The atomic number of hydrogen is 1. Therefore if Z = 1 in (13-16), 
and n is given values from unity »ip, the energies for the various levels 
in a hydrogen atom’s energy-level diagram should and do result. 
Similarly, if Z = 2. those for once-ionized helium s diagram result, 
and, if Z = 3. those applicable to twice-ionized lithium, and so on. 

It has just i)een explained how and why each level of a single-electron 
energy-level diagram corresponds to a particular value of a, called the 
(luantum number for that level. The greatest value a can have is 
infinity. This corresponds to the ionization level, for which the energj’^ 
is zero. '\'\io least value a can have is 1. The atomic number for 
hy<lrog(*n is also 1; tlu’ u.se of a = 1 and Z = 1 in (13-16) gives an 
energy in joule* units tlial corrt*sponds to 13.53 electron volts. This is 
the (*n(Mgy of the normal lev<*l. Sima* that for the ionization level is 
z(*r<», the energy dineriaua* betw(‘en tlie.se two extreme levels is that of 
tin* lower «)n(*. 'I'lierefore tlu* ionizing potential of atomic hydrogen 
should b(* and is 13.53 volts. 
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13.11 Limitations of the Orbital Physical Picture. TUo locations 
of the energy level.s for the various elements have been ra<h('i‘ \\<*ll 
explained by extensions and modifications of this tln'ory of eleciroii 
motions. The physical picture of planetary p(‘llet-lik(* electrons sur¬ 
rounding a nucleus that grows out of such treatment is called the “Jiohr 
atom model.” 

Some of the modifications employed are veiy striking. Elliptical 
orbits must be used; each electron is assumed to spin on its own axis, 
like the earth; also, the relativity change in mass of an ('lecti’on, as its 
velocity varies around an elliptical orbit, is taken into account. Finally 
there is neco.ssary a wave-mechanical denaturing of the electrons them¬ 
selves, by which each one partakes of some of the aspects of a cloud-like 
wave train encircling the nucleus. 

Ihroughout all these changes in the physical picture the essential 
features of the mathematical expressions remain the same. Although 
the simple picture of planetary pellet-like elections is inaccurate in 
detail, it lea{Is to useful approximations to the major aspects of atomic 
behavior. 

13.12 Three-Dimensional Quantization. The circular motion as¬ 
sumed in the derivation of (1.3-1()) is a very specialized kind of orbital 
motion, in that the amjular position only of the electron varies. In a 
sense circular motion is one-dimen.sional, for it is completely described 
by variations in a single (angular) coordinate. 

Since space is three-dimensional, an electron’s velocity may have 
three mutually perpendicular components. Each component of motion 
is periodic, so that an electron may have three different (luantum 
numbers. 

A similar situation was encountered in Section 8.7, where particles 
were thought of as being contained within a cubical box. The restrain¬ 
ing walls of a box are plane surfaces; similaily, the barriers that pre¬ 
vent the escape of electrons from metals or metallic cry.stals are the 
work functions of plane surfaces. This sugge.sted quantization in 
rectangular coordinates. The total quantum number n was expre.ssed 
as 

n = Vn/ + n/ + nj (13-17) 


because the total kinetic enei'gy was found to be proportional to 
+ n/ + These three contributing a’s, a„, and a,,., are 

the quantum numbers that correspond to the velocity components in 
the .T, y, and z directions respectivelj\ 

The force that acts on the electrons near a nucleus is centrally 
directed. This makes suitable a quantization in spherical or “polar” 
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coordinates, Fig. 1.13, rather than in rectangular coordinates. The 
three polar quantum numbers are n^, ne, and n^, corresponding to 
variations in r, 6, and <f}. In this polar system, r is the radius from an 
origin at the nucleus, 6 is the angle between the radius and the polar 
axis, and 0 is a measure of revolution around the polar axis. 

The total quantum number is given by 


n = Ur -h ne (13-18) 

This definition is used because mathematical analysis shows that for 
periodic motion in the force field of a central nucleus the kinetic energy 
is inversely proportional to (nr + ne n^)^. 

The change from the relation n = + n/ + used in 

Chapter VIII to n = nr + n^ + ne used here is necessaiy only because 
the electi'ic forces on the electrons around an atomic nucleus are 
centrally directed and so induce motions of polar rather than rectan¬ 
gular nature. In both situations n is chosen so that the energy is dependent 
on r?. 

The use of polar coordinates requires the selection of some given 
direction in space as that of the polar axis. In atomic study the 
direction chosen is that of whatever magnetic field exists. The field 
may be small, perhaps weaker than the earth’s magnetic field. Yet in 
general there is at all points in space some magnetic field, so also some 
one direction that has unique magnetic significance, 

13.13 The Exclusion Principle; Grouping of the Levels. A sodium 
nucleus that has captured just one electron must be expected to gather 
in ten more eventually, because eleven are required to neutralize the 
nuclear charge. As in the case of gas particles in a box, only one elec¬ 
tron can have the motions that correspond to a given combination of 
quantum numbers (see Section 8.8). The final state of each one 

of the ele\’en must therefore be different from the states of all the 
others. There are correspondingly eleven separate, occupied energy 
levels in the normal state of a sodium atom. 

The various orbits in which these eleven electrons travel are in 
general elliptical. The major axis of each orbital path depends on the 
total quantum number. The various ellipses have varying degrees of 

flatness and lie in different planes; that is, they have different eccen¬ 
tricities and orientations. 

The most important differences between them have to do \Wth the 
lengths of the major axes and the eccentricities. These differences can 
be illustrated by a two-dimensional study, because each ellipse is two- 
dimensional in nature, the third dimension entering only in relation to 
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the orientation. For this purpose let ne = 0, only and having 
values. Mathematical analysis shows that the resulting quantized 
motion is truly elliptical, with the nucleus at one focus of the ellipse. 
The length of the majoi’ axis is found to be directly proportional to n^, 
and the energy inversely proportional to n^. For given length of major 
axis, the minor axis is proportional to n^. When ritj, = n, the major 
and minor axes are equal, so that 
the motion is circulai’. These rela¬ 
tions are illustrated in Fig. 13.5.*-’ 

It has just been pointed out 
that the energy of an electron 
depends on the total quantum 
number; of course a given total 
ejuantum number can result fiom 
a variety of combinations of the 
component quantum numbers. 

Iherefore more than one electron 
can have the same energy. For 
example, an elliptical orbit for 
which Hr = 2, = 1, calls for 

the same energy as the elliptical 
one for which n, = 1, = 2, 

and the circular one for Avhich 
»r = 0, = 3. 

This explains why the energj' levels occur in groups, as illustrated in 
iMg. 13.16. The total quantum number is the same for all the levels in 
a group, and the energies are approximately the same within low-lying 
groups. The small differences in energy between the levels within a 
group result from minor differences in the energj^ contributions from 
the different components of motion. 

13.14 Shells. The different quantum-number groups of electrons 
are often spoken of as shells. The reason for this is that Oie various 
groups are located at progressively greater distances from the nucleus. 
Equation (13-15) indicates that the mean orbital radius should v'ary 
approximately inversely as the energy, therefore directlj^ as n^. The 
proportionality between the length of the major axis and bears 
this out. 

For reasons detailed in the next section, a shell whose total quantum 
number is n contains possible energy states, or energ}^ levels. This 
is illustrated in Fig. 13.1. Sodium has two electrons in the first, closest- 
in shell with lowest-lying levels, eight electrons in the second, and one 
lone one as a start in the third. 



Fig. 13.5 Circular and (‘llipticiil 
orbits having the .same total <iuantiim 
number and therefore the same en¬ 
ergy. The major axis of the ellipse is 
the same as the diameter of the circle. 
The minor axis of tin* ellipse is pro¬ 
portional to 
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The path of the lone third-shell electron is a very flat, elongated 
ellipse. As illustrated in Fig. 13.5, such a path brings the electron 
traveling along it much closer to the nucleus than does a circular path. 
This outer electron’s orbit is at one end well inside the second shell of 
electrons. It is said to pursue a penetrating orbit. 

The ten electrons of the first two shells serve, for regions beyond 
t hern, as an effective screen of ff- of the nuclear charge. Therefore for 
the portion of this elongated path that is outside the second shell, the 
ele\ enth electron lies in a central force field due to a charge of 
For the portion of the path inside the second shell it lies in a much 
stronger field. The average effect of the nucleus on this penetrating 
electron is therefore greater than it would be on a nonpenetrating one. 

1'hus the effective nuclear charge is greater for a penetrating than for 
a nonpenetr-ating orbit. In (13-16), Z stands for the nuclear charge. 
Evidently a penetrating electron must have, according to this equa¬ 
tion, a greater- negative energy, and so occupy a lower level, than a 
nonpenetr-ating one having the same total quantum number. 

For example, if sodium’s outermost electron normally pursued a 
nonpenetr-ating path, it should be possible to calculate the ionizing 
potential of sodium by using n = 3 and ^ = 1 in (13-16). Such 
treatment predicts an ionizing potential of only 1.51 volts. The actual 
ionizing potential is obtainable from this equation by using n = 3 
Z = 1.84. This indicates that for the actual penetrating orbit pursued 
in tile norma) state of the atom the effective nuclear charge is 1.84. 

One of sodium’s excitation levels has an energy of 1.51 electron volts 
(measur-ed fr-om the ionization level). This level presumably corre¬ 
sponds to a nonpenetrating orbit for which n = 3. 

13.15 Magnetic Quantization: This question naturally arises: 

Why can the nth shell contain 2n^ electi*ons, but no more? 

Tlie per iodic motions of an electron in the central foi-ce field around 
an atomic nucleus are a composite of: 


(«) Variations in r, that is, in closeness to and remokniess from the origin at the 
mn leiis; the eorresponding (luantum number is n,. 

(/>) ('ontinuous rotation about tlie polar axis, that is, a continuous increase in 
The corn'spmuling quantum number is Since the electron carries an electric 
charge, this contitmous rotational motion coiustitutes an electric current and pro¬ 
duces a magnetic lielil. The rotation may be cither clockwise or counterclockwise 
so tliat tlie magnetic lield may have either of two opposite polarities. Some 
magnetic field e.xists at all points in space, and the direction of the polar axis is 
that of the magnetic field. The magnetic energ>' due to the combination of the 
external lit'ld with tliat proiluccd hy the electron is different for the two directions 
of cI<M-t roll motion. I-'or this reason there can be two energy states for each numerical 
value of /i^, except when = 0. Each state can be occupied by an electron. 
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Mim’uuso is inagnotio in nature, it is often railed m/. 'I'lie signifi<*atice of llie 
suhsiM'ipt I will appear later. 

(r) Oscillations of tin* polar angle 0 , which must always take* placf* hflwoen () 
:in<l TT (radians). Since 8 does not increase continuously, there arc* not Iwo oppo¬ 
sitely directc'd kinds of 0 motion with iliffering energies. 'Fhe (luanlum numhcT 
is H 0 . 


I lio mathomatical statements of these quantizations are as follows: 


Hrli = ( 

J 

dr 

(13-lOr/) 

n^h - C 

r d 0 

b w^r" sin" $ — d0 
f (it 

(13 19/d 

fieh = C 

C 2 ^^ . 

hnicr^ — (16 

' (it 

(13-I9r) 


1 he results of speetrographic study indicate that each electron spins 
on its own axis, as does the earth. Such spinning of electric charge 
produces a magnetic field. The rate of spin, as measured by action in 
A-units, is always the same, but the magnetic field may be oriented 
either with or against the polar-axis field. The spin (luantum number 
nis IS always 2 , so that the change from one orientation to the opposite 
is accompanied by a shift of a single /j-unit. For any given array of the 
quantum numbers rir, and 11 $ there are two half-quantum spin 
states, one for each spin orientation. That is, may be either | 
clockwise, or ^ counterclockwise. 

lable X lists the various combinations of n^, and rie that are 
possible for each of several total (piantum numbers.It also 
indicates how the 2n^ levels in a shell differ from one anothei'. The 
symbol I is used for the ejuantity nii -|- (identical with -f- ng). 
Thus mi can never be greater than /, and it is equal to I when uq = 0 . 
1 his usage is a helpful simplification in dealing with circular or elliptical 
orbits which are two-dimensional. 

It has been found tliat actual atomic behavior, as recorded by spectral 
lines, is best approximated by using, in numerical formulas, values that 
are slightly greater than the integral values 0, 1,2, 3, etc., in place of 

I. For some purposes 1 -f- 5 works best; for others + 1). How¬ 
ever, these best approximations never require the use of numerical 
values greater than n. If the numerical value to be used in place of I 
is slightly greater than /, but does not exceed n, it is apparent that I 
does not exceed n — 1. 

The restriction, in Table X, of values of I to not more than /i — 1 
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is in accord with the situation outlined in the previous paragraph, as 
well as in accord with known placement of electrons in shells. The 
usage outlined in the previous paragraph also makes the use of the value 
0 for I, apparently requiring the electron to collide with the nucleus, not 
wholly unreasonable, because the numerical value used is not quite 
zero. 

Within each shell, the energy states available to the electrons are 
classified into subgroups, according to the values of L Letters are 
ordinarily used to describe the Vs according to the following code: 


Letter symbol: s p d f g h t 

Value of?: 0 1 2 3 4 5 6 


(13-20) 


B.>' reference to Table X it will be seen that, in any shell, a completed s 
-subgroup contains 2 electrons, a completed p subgroup 6 electrons, a 
completed d subgroup 10 electrons, and so on. 

In general, an atom whose outermost aspect is a completed subgroup 
is relatively stable chemically. Thus the stability of atoms for which 
the static models have cubical outer aspects (see Fig. 8.1) is due to 
the fact that just enough electrons are present to fill the p subgroup. 

There are no elements whose outer aspects are completed third shells. 
Thus argon has 8 electrons in the third shell (see Table II), but the next 
element, potassium, places its additional electron in the fourth shell. 
The reason for this “jump” is explained in the following paragraph. 

The first fourth-shell electron pursues a penetrating orbit, for its 
angular momentum is small (? = 0) while its radial motion is large 
(fir = 4). On the other hand, the last 10 third-shell electrons have more 
nearly circular, nonpenetrating orbits (I = 2, = 1). It was pointed 

out in Section 13.14 that electrons in penetrating orbits are exposed to 
relatively large eifective nuclear charges, and have relatively large 
(negative) energy values. The effective nuclear charge of the first 
fourth-shell orbit is enough larger than that of the last subgroup of 
third-shell orbits to more than compensate for the increase in total 
quantum number from 3 to 4, in the establishment of energy values. 
Therefore the energy' level for the first fourth-shell energy state lies 
below that for the last 10 third-shell states and so is occupied before 
the last 10 third-shell levels. 

If the spectrum of sodium is analyzed with reference to Ta-ble X, it 
appears that the normal level of sodium’s energj^-level diagram is one 
for which n — 3, Hr = 3, ? = 0. The usual sodium spectrum cori'e- 
sponds to an cncrg^^-level diagram having four levels for which n - 3. 
Their /-values are 2, 1 (a pair), and 0, as marked in Fig. 13.25. 
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According to table X there stiould be six levels having « = 3, / = ]. 
\et only two appear in the diagram. Actually all of the six states of 
motion can exist, but their energies all have either the 24470 or the 
24493 value, so that they are shown as a pair. If a strong magnetic; 
field is applied to a discharge while tlie spectral linos are being observed, 
the differences in magnetic eneigies of the clockwise and counterclock¬ 
wise lotations become more pronounced, and each member of the paii‘ 
splits up into three distinguishable levels. This spectral change is 
called the “Zeeman elTect.” Many other levels are similarly 

affected. A somewhat similar behavior in the presence of a strong 
electric held is called the “Stark etTcct.” 

13.16 Action and Angular Momentum. One of the concepts that is 
very useful in the analysis of electronic motions is that of total anqular 
momentum, symbol ./. The only angular momentum possessed by 
sodium’s eleventh electron in the normal state is that due to electron 
spin, foi I — 0. In the a = 3, / = t state it has angular momentum 
due both to rotation and spin. The total angular momentum J is the 
vector sum of these. Vectorial summation of angular momenta is 
accomplished by the use of vectors pointed along the axis of the rota¬ 
tion, in the direction of a right-handed screw’s advance. If the motions 
of more than one electron are effect i\-e in causing t he differences between 
t he levels, the total angular momentum is the vector sum of the momenta 
for all the active electrons. 

I he actual vector summation is, in atomic analysis, always made in 
teims of (luantum units. I his is possible because action and angular 
momentum have the same dimensional formula, and are subject to 

coriesponding action limitations, lo illustrate this the action integral 
for circular motion, which is 



s^2nr 


tUeV ds = 2TrrmrV = nh 


may be rewritten in polar terminology, in the form 


i0=27r 


(13-21) 


I lo) d<h = 27r/co = 


(13-22) 


Here /, to, 0 signify moment of inertia, angular velocity, and rotational 
angle. Equation (13-22) can be rewritten as an equation for the 
angular momentum /w, as follows: 



(13-23) 
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This shows that the action limitation in general requires angular 
momentum to be an integral multiple of h/2T^. 

With this relationship in mind, it is intelligible to say that the total 
angular momentum of sodium’s normal level (n = 3, Z = 0) is half of 
an h-uuii, or ^{h/27r), for the only angular motion is that due to spin. 
On the other hand, the total angular momentum corresponding to the 
n — S, I = I level is, in /?/2ir units, either 

./=l + J = lJ 

01 ’ 

/ = 1 - i - i 

J — I 2 “ 2 


(13-24) 


These two forms correspond to the two opposite possibilities in the 
angular combination of these motions. The term values of these two 
levels are respectively 24492.83 and 24475.65 waves per centimeter. 
For a = 3, / = 2 there are again two possibilities, ./ = 2 + § = 2^ 
and ./ = 2 — ^ = 1§. The energy values for these two levels are 
normally indistinguishable experimentally. 

Sodium is said to ha\'e a one-electron spectrum, in that the energy 
changes all lesult from variations in the motion of one electron outside a 
stable 2-1-8 group. In contrast, mercury is said to have a two-electron 
spectrum, involving two electrons outside a stable 2 -|- 8 -|- 18 -h 32 
+ 18 array: see Table II. 

13.17 Identification of Levels. The levels of an atom’s energy-level 
diagi’am are identified quantitatively by their term values, in waves per 
centimeter, and qualitatively by a symbolic notation. The notation 
in this text is that used by Bacher and Goudsmit.^^''^ The information 
conveyed by the notation includes: (a) descriptions of the electron 
configurations, that is, statements of the values of n and I for the 
various electrons. (5) indications as to the various ways in which 
angular momenta of indi\*idual electrons combine to give different 
values of total angular momenta, and so different energy values, (c) 
numerical values of total angular momentum and (d) information 
indicating between what levels transitions may occur. 

13.18 Energy Levels for the Arc Spectnun of Sodium. Table XI 
lists the term values and symbolic notations for the excited states of a 
sodium atom, sometimes described as the energ;\^ states of the Nal 
spectrum. Th<‘v are also referred to as the energ^v states of the arc 
spectrum 4)f sodium, because transitions between them produce the 
light ra<lialed by a .sodium vapor arc. The arc spectrum of sodium 
is said to be a omM'lectron spectrum, because the differences between 
the energi(\s of the hwels are du(‘ entirely to changes in the angular 



CONFKUIl^VnON 



momenta and radial movements of one lone fhinl-shell eleclron outside* 
a stable 2 + 8 array. 

If thi.s outer electron is entirely removed, further contribuf ions of 

energy operate on one of the eight second-shell electrons. The result ing 

eneigy states are those of tlie Nall spectrum, also called the spark 

spectrum of sodium, because much of tlie light radiated by an electi-ic 

spark in sodium vapor is due to transitions between the Nall energy 

states. 1 he spark spectrum of .sodium is similar to the arc spectrum 

ot neon (Nel), for both are produced by 2 + 8 electron arrays. 'J'he 

ionization level of the Nal spectrum is the normal level of the Nall 
spectrum. 

lable XI has four columns, with entries describing, for each level, 
the term value, the configuration, the symbol, ami the J-value, with 
meanings as follows: 

13.19 Term Values. The numbers in the term value column 
measure, in waves per centimeter, the di.stances of the levels below the 
ionization or zero level. The reciprocal of the difference bet ween two 
teim values gives tlie wavelength, in centimeters, of the radiation 
corresponding to a transition between those levels. 

13.20 Configuration. The numerals in the configuration descrip¬ 
tion give values for the total (pianfum numbers n for the various 
electrons. Ihe letters describe the angular (luantum numbers /(= nii 
+ no), according to the following code: 


Letter symbol: s p d J g h i 

Value of /: 0 1 2 3 4 5 6 


(13-25) 


The exponents to the Lvalue letters indicate the number of electrons 
having the specified values of n and I, For example, the description of 
sodium s normal, unexcited configuration can be explained as follows: 

The whole: ls“ 2.';^ 2p*’ Ss 

Its parts: l.r: two electrons for which n = !,/ = () 

(these constitute the first shell) 

2s^: two for which n = 2, / = 0 

(these begin the second shell) (13-26) 

2p*^: six for which n = 2, I = 1 
(these complete the second shell) 

3.s: one for which a = 3, Z = 0 

(this one is alone in the third .shell) 


The configurations for the various levels in any one spectrum are 
ordinarily alike except for the last few electrons. It is usually necessary 
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to give the descriptions only for those that change. For example, in 
sodium’s arc spectrum only the eleventh electron changes its n and I 
values, so that it is sufficient to abbreviate to 3s the description of the 
configuration of the normal level, and to 3p that for the 24493 and 
24470 levels. The yellow light characteristic of sodium is due to tran¬ 
sitions from the 3p to the 3s configuration. 

13.21 Symbols. Within a given configuration, the various electron 
angular momenta may combine vectorially in a number of different 
wa^^s to give a variety of energies, and so various levels. To each of 
these there coiresponds a symbol, found in the symbol column. In 
tc.\t references the values of J are usually appended as a subscript to 
the symbols, but they appear in a separate column in the table. Thus 
the complete symbol for sodium’s 3s level is those for the two 3p 
levels are and 

The le\'els of any spectrum can be segregated into an odd group and 
an even group, the odd terms being identified by the superscript 
Thus the level is an even one, the and levels odd ones. 

Transitions must in general take place from odd levels to even levels, 
or ^'ice versa. 

The upper prefix ^ to the symbols for the sodium terms indicate that 
they belong to sets of terms which for the most part are made up of 
close pairs, called doublets. One-electron spectra contain doublets, 
two-electron spectra singlets and triplets. The expected “multi¬ 
plicities” increase systematically with the number of electrons involved. 

The complete qualitative description of a level or term includes a 
statement of its configuration followed by the symbol for the individual 


level. Sodium’s normal state is a Is^ 2s“ 3s level; the descrip¬ 


tion may be abbreviated to 3s "iS’j. 

13,22 The Meanings of Symbols. The tendency of individual 
momenta of an outer group of one, two, three, or more electrons to com¬ 
bine according to a certain definite system forms the basis for the choice 
of symbols. When the system is followed exactly the atom is said to 
exliibit complete “Hu.ssell-Saunders coupling.” Complicated spectra 
follow this .system only approximately or not at all. In neon’s arc and 
sodium’s spark spectra (Xel and Null) the deviations from Russell- 
Saunders coupling are so great that the usual symbolism cannot be used. 
An arbitrary identification of torm.s in order of energ^y values is adopted 
for these spectra. 

The ideal lUjsst'll-Saunders combination pattern is as follows: 


(1) The i[i<livi<l\ial /-values add vatorially in as many different ways as will give 
integral results. The resultant, calleil L, may be 0, 1, 2, 3, 4, etc., in units h/2ir, 
/v is correspondingly described by the capital letters S, P, D, F, O, etc. This is 
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suggestive of the /-value symbolism. Small letters code the value.s of angular 
momenta for individual electrons; capital letters similarly code the vectorial sum¬ 
mation of the /-values for an electron group. The individual values and their vector 
summation niust be integral multiples of /t/ 27 r units. 

(2) The individual .spin values add vectorially in as many different ways as give 

(«) integral values if there is an even number of spin values, (h) half-integral vahu^s 

I t lore is an odd number of spin values. The re.sultant is the total spin vector, 

sometimes called *S'. Care must be taken not to confuse this .S’ with the description 
of L when of value zero. 

(3) Ihe vectoi-s L and S combine vcctorinfly to give J-values. They combine in 
^ many ways as will result in: integral values if the spin vector is a whole numlier, 
half-integral value.s if the spin vector is a half number. 


13.23 Symbols for Sodium. Suppose that this eombination pattern 
is applied to sodium’s two 3/; levels, 24493 and 24470. Sodium has a 
one-electron spectrum, .so that just one lvalue, that of the eleventh 
electron, contributes to L. Therefore when the value of / is p(= 1), 

that of L is P( = 1). ] he spin of only the eleventh electron contributes 

tOiS, the value of *S is theretore ./ may then be either: 


or 



24493 {n~21a) 




L = \ N = i 

- > - > 

_ 24470 

J = ll 


(13-276) 


1 hese two terms const itutc a doublet. The levels of one-electron specti’a 
generally occur in pairs (doublets), one for each manner of addition of 
the spin vector. Sometimes the separation between the levels of a pair 
is so small as to escape observ^ation. 

The symbol for sodium’s normal level is This sviggests that it 
should be one of a pair of doublets and indicates that its 7 is As for 
all one-electron levels, the value of L is the same as that of I, here it is 
»S(= 0). The value of J is as usual L -f- S, which, however, gives in 
tliis case only one half-integral result, that is, 


■/ = 00 ^ = J ^Si 41,449.0 (13-28) 

^ can add vectorially to 1 to give two half-integral results, but | added 
vectorially to zero gives only J. One member of the expected doublet 
does not exist. Yet the symbol is given the doublet marking because 
its spin vector is such as to lead normally to doublet expectation; it be- 
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longs to a doublet system and is so marked. All the levels of sodium^s 
aic spectrum belong to doublet systems. 

13.24 y-Values. For convenience, and because of their importance, 
values of total angular momentum of the active electron or electrons 
are entere{l in separate columns in Tables XI, XII, XIII, and XIV, 
rather than being appended as subscripts to the energy-level symbols. 
The significance of these /-values is briefly discussed in Section 13.16, 
and their utilitv in the next section. 

13.25. Selection Principles. Some transitions between levels are 
IK-nyriflvd, others forbidden. Spectral theory explains why this is true, 
hut the explanation is too intricate to present here. The selection rules 
are in general as follows: 

(1) Transitions occur only from ockl to even or even to odd levels. For even 
levels, the arithmetical sum of all the /-values is even; for odd levels, it is odd. 

(2) In any permitted transition J changes by -1-1, 0, or —1, except that transi¬ 
tions requii ing changes from / = 0 to / = 0 are forbidden. 

(3) In any permitted transition the /-value for the shifting electron changes by 
either +1 or — 1. 

(4) T1h‘ w-value can change hy any amount. 

(5) Transitions requiring .shifts in the values of n or / for more than one electron 
are very infrequent and in most cases forbidden. 


Additional selection rules still further contrast permitted and for¬ 
bidden transitions. Some, like the fifth rule above, are only approxi¬ 
mate and ser\'e chiefly to differentiate between expected intensities of 
the corresponding spectral lines. 

13.26 Series of Levels in Sodium. The transitions marked on Fig. 
13.26 ha\ e been arranged so as to group together those that correspond 
to \'arious important spectral series. Tiie transitions that give rise to a 
seiics of spectral lines terminate at a common level. They originate 
at members of a series of lerels which have successively different values 
of n, but identical values of / and of./, and therefore identical symbols. 

The names given lo the Xal series of spectral lines are partly descrip¬ 
tive*, partly misleading. The “principal series” contains the most pro- 
noune(*d lines, (he first one of tliem being the yellow light characteristic 
of sodium. The names “diffuse” and “sharp” indicate the character 
of the speeti’al lines of the respective series. The transitions of the 
“diffuse series” originate at levels that are very close doublets (12276, 
~I)i “//j, for example). Tlie transitions of the “sharp series” originate 
at levels that are not doul)iets, even though they bear doublet symbols 
(8248, "Vs’ij, for example), for reasons explained in the discussion 
following (13-28). Tliere is nothing especially fundamental about 
the scries so named. 
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13.27. Mercury. lahloXII contains th(* various (l('.scri|)tiv(Mijuii(‘s. 

nuinhors. -nul symbols, nnd Fijr. the energy-level .liagram, ba¬ 

le ,m spettinin (it mei-cnry. This is n two-eleefron spectrum, lor 


Electron 



there are two active (6s^) electrons outside a stable 2 + 8 + 18 + 32 
+ 18 array. 

The occurrence of singlets and triplets, typical of two-electron 
spectra, is well illustrated by the four Gsfip levels. The two active 
electrons have the /-values s(= 0) and p{= 1). Since 1 and 0 can add 
vectorially to give only a single positive result, L = 1(= P). d’he total 
spin vector S may be either i 0 J = 1 or ^ J = 0. \^ector addition 
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of the value 1 for *S to the value 1 for L gives three possible values for 7, 
corresponding to the following triplets: 




L = 1 

- > 

<- 

S = 1 


L = 1 



46536 (13-29a) 


=Pi° 44769 (13-296) 


L = 1 S = 1 
J = I© 1 = 2;- 

^P2° 40138 (13-29c) 

- > 

y = 2 


If the value 0 foi iS' is used, there can be just one ./-value, corresponding 
to the following singlet: 

J = 1®0=1; J = L = 1 30113 (13-30) 

- ^ 

Sometimes a ‘'triplet’' level occurs alone. For example, the 6s7s 
configuration has for L the value zero, and has only two terms, one for 
each value of S, as follows: 

,7 = 0 0 0 = 0 'No singlet system 

(13-31) 

y = 0 0 I = 1 '\S’, triplet system 

This latter term is symbolized as a triplet because unit spin vector can 
ordinarily add to the //-vector in three different ways. Thus in mer¬ 
cury most of the other levels for which the spin-vector is 1 occur in 
three’s. This one occurs alone because zero added to unity can give 
only one vectorial result, contrast with three vectorial integral results 
when added to any integral value of L other than zero. 

13.28 Mercury Metastable States. The levels 4653G 6s6/> and 
40138 GsGp are of particular interest because no transitions can 
take place downward fiom them. Neither of these permits a shift to 
the normal level, for in one J would have to change from 0 to 0, which 
is forbidden, in the other from 2 to 0, likewise ruled out. There cannot 
be a shift from the GsGp ^^ 2 ° level to either of the two lower GsGp levels 
(4G53G and 447G9) because there would be no change in I in such tran¬ 
sitions. 
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Iherefoie^a mercury atom that through accident of collision, oi- by 

transitions from higher levels, reaches either the 4()53() or the 40138 

state remains there until impact with another particle occurs. There 

can e no escape fiom these levels to the normal level by the release of 

la lant eneip. Since the likelj' duration of these states is many 

thousands ot times that of any of the other levels, they are called 
7rtctas(able states. 

Atoms m metastable states have important effects in electric arcs 
and glow discharges. For example, mercury may be ionized in two 
steps, the first step creating a metastablo state, the next causing a 

ilf oo ionizc'd level. An atom so ionized has received 

Its 10.38 electron volts of energy in two .succes.sive steps, neither step 
requiring more than (3 volts. 

An atom m a metastable state possesses energy that can be released 
by contact. For example, if a metastable atom whose energy is 4.()5 
volts comes into contact with a metal surface that has a 3-volt work 
tunction, there is a substantial likelihood that an electron will leave 
the suHace.^^ Tlie electron may in fact be ejected with a kinetic energy 
ccpial to 4.()o 3.0 — l.fio electron volts. The rnenairy atom returns 

to U.S normal state simultaneously with the electron ejection. Similarly 
a 5.43-volt metastable atom can ionize a soiliurn atom by accidental 
contact, for sodium's ionizing potential is only 5.12 volts. If two 

5.43-volt metastable atoms collide, one may be ionized while the other 
returns to the normal state. 

13.29 Negative Term Values. Most of mercury’s energy lev^els 
represent situations in which only one electron has been sliifted from the 
noimal (i.v condition. However, two levels have been observed, 
although they occur only intrequently. It takes more energy, by about 
one electron volt, to produce either of the.so 0/r levels than to produce 
ionization, they therefore lie above the zero le\'el anti are said to 
have negative term values, -7800 and —9798. 

13.30 Light from Mercury Vapor and from Sodium Vapor; Fluores¬ 
cence. As indicated in Fig. 13.0, the arc spectrum of mercury includes 
both violet and yellow-green transitions. The violet ones occur much 
oftener than the yellow-green ones. The violet light produced by a 
mercury-\'apor arc is therefore usually so intense as to mask the yellow- 
green light, in spite of the latter’s much greater relative lighting value 
per unit of energy (see Fig. 13.3). By using an enclo.sing tube made of 
amber glass that restricts the emei’gence of violet light but not of yellow- 
green light, a mercury discharge may be made to give green illumina¬ 
tion. 
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The ultraviolet radiations from a mercury arc are effectively stopped 
hy the walls of the enclosing tube, if the tube is made of glass. Quartz 
is transi^aient to ultraviolet radiation. It is the near ultraviolet radia¬ 
tion fioni a mercury arc that has therapeutic value, so that mercury- 
arc tubes employed for medical purposes are made of quartz. The 
1850 angstrom radiation from mercury arcs is rather strong, and harm- 
lul physiologically. For this reason quartz mercury-vapor lamps 
should be used only as directed by a competent physician. 

Hie tiansitions in the mercury spectrum that produce visible light 
originate rather high up in the mercury energy-level diagram, Fig. 13.6. 
For example, that from 21831 to 44769 (violet, 4360 A, 2.85 volts) 
can occur only after at least a 7.74-volt excitation. Suppose that an 
atom in a mercury arc receives by electron impact 7.74 electron volts 
of energy, lifting it into the 21831 energy state. It may subsequently 
radiate visibly 2.85 electron volts of this during transition to the 
44769 energy state. The energy remaining, 4.89 electron volts, is then 
radiated in the ultraviolet (2530 A), giving “light” which is not useful 
from the standpoint of illumination. It may be said that the luminous 
efficiency of this cycle of operations from normal state to normal state 
again is 2.85/7.74 = 0.367, or 36.7 per cent. 

Mercury’s metastable states add to the overall efficiency of a mer¬ 
cury arc as an illuminant, because many light-producing cycles may 
begin and end at metastable states. For example, suppose that a 3,07- 
volt electron impact lifts an atom from hesitation in the 46536 meta- 
stable state to the 21831 condition. The atom may then immediately 
return to the 4()536 state for further hesitation, then repeat the ex¬ 
perience. Each such cycle produces 3.07-volt (violet) light, and has 
100 per cent luminous efficiency. Of course there is no assurance that 
the descent from the 21831 le^’el will take place along the transition 
leading back to the Ie\’el from which the cycle started. If the descent 
happens to follow the transition leading to the 44769 energy state 
further nonliiminous descent to the normal state immediately occurs. 
There can be no appreciable hesitation in the 44769 state, so that there 
is no chance for electron impact while there. 

The moi-e opportunities there are for high-efficiency luminous cycles 
in a discharge, the greater overall efficiency is possible. For this reason 
sodium vapor gives excellent efficiency as an illuminant. The 

light-producing cycle consisting of electrical elevation from sodium's 
normal level to the 24493 level or its twin, with immediate return, is 
100 per cent efficient and teiniinates at the normal state. Thus sodium 
operates very efficiently to and from its normal state, but the most 
efficient pi-ocesses in mei'cury (also in neon) require sufficient energy 
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ZhoI higl' concentrations of melastable 

pa. tides. Sorne practical clifficnlties have had to be ovccome in ..sing 

sod.um-vapor hght sou.ces, because .-ather high ope.ating temperat.ires 

a. e necessary to vapo.-.ze .sodium and keep it vaporized. The yellow 

light f om sodium does not p.ovide pleasing general illumination, hut 
It has been fouml occasionally ...seful for st.eet lighting. 

^ eiy succcsstul techni<i.ics have been developed foi- converting the 
hne-spectrum type of light f.om me.-cu.y and othe.- gases, used in gas 
d.seha.-ges ...to white hght suitable for gene.al illuminati.m, by inte.- 
act.on of the h.ie-spe<-t.-um light with laye.-s of fluo.cscent phosphor. 

ZZ 1» this way commo.. sto.-e Ll home 

fluoiescent lights aic made to produce essentially white light.^*^- ‘sii.i.j.r 

n convei-sion of hght by fluoiescence, indi\-idiial photons ai-e ab¬ 
sorbed by molecules ot the phosphor {Section 3.5), and part of the 
eneigy so received is immediately reradiated. There is always some 
energy lo-ss in the conversion, .so that the energy per photon of the re- 
ladiated light is le.ss than that of the incident light. This e.xplains 
why It IS possible to .scatter .sodium yellow light into the orange and 
red parts ot the visible spectrum, but not into the blue and green parts. 
Ultuiviolet radiation from meiciiiy can be converted into visible light 
by fluorescence, but infrared radiation cannot. 

13.31 Neon. Table XIII contains the term values, and Fig. 13,7 

an energy-level diagram, for the arc .spcctium of neon.''''' ’'2 In order 

to avoid confusion, only the transitions that produce visible light are 

shown, except that two ultraviolet transitions terminating at the 

noiinal level are included. The features of special interest are as 
follows: 


(a) Ihere is so little adherence to Itussell-.Saunders coupling that 
the levels within each configuration are numbered consecutively, in¬ 
stead of being given coded letter symbols. 

(b) Not more than one electron at a time ever moves out into the 
thiid shell, so that the 2p^ group is a part of all the configurations. 
The electron array 2.s-^ 2p-\ sometimes calle<l the ion on which tlie 
levels are built, itself has a variety of energy states similar to those in a 


one-eledron spectrum. This behavior illustrates the general principle 
that a subgroup lacking just one electron of completion behaves in 
general like a single electron. The angular momenta (magnetic tpian- 
tum numbers »//, Table X) of the electrons witliin any completed sub¬ 
group combine to give zero total angular momentum. The omission of 
the final electron from the group, therefore, leaves the resultant of the 
7711 s at just the value which that one would produce if it were alone in 
its subgroup. The energy levels of the 2p^ group in neon may thus be 
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Fig. 13.7 EiuM|j:\’-U'vel diagram for a neon atom. Only transitions giving rise to 
visible light are shoNNii, except for two terminating at the normal level. Not to 
scale. (See Table XIII.) 


said to be those due to the ghost of the missing electron. Such a one- 
electron set of levels consists of doublets (see Section 13.23); the im¬ 
portant doublet of the 2p^ neon ion consists of the following: 


2s" 

Is- 25^ 2p®{2p^) 


(13-32) 


Thus in the 25071.05 2p^ CPi\) 3p li energy state of neon there is a 3p 
electron outside of a “Pij ion, while in the 23157.34 2p® (^PO 3p 7i 
state there is a 3p electron outside a “Pj ion. 

(c) There is an older notation for the neon spectrum; the older nota¬ 
tion is incliulcd in Table XIII because many references to the neon 
spectrum will be found in wliich the older notation is used. 
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The transitions between tlio 37) nn,l Q i i i 

au itiaxi a* I 3IH1 tlio o.s IcvoliS produce most, of 

the red light that is cliaraeteiistie of neon. 


(13-33) 


W There are the followiag two in,por.an, metastable .states: 

39887,01 2//-(-7^,) 3.S-]. 

39110.81 2p'^e7h) ,3.s.3„ 

A shift to the normal level from the first of these would require J to 

change by 2, hence .s forbi.lden. For the .second, ./ = 0, as for t^e 

normal level, and tran.s.tmn between two ,/ = 0 levels is forbidden 

Therefore transdions ean.mt occur from either of these levels to the 
normal. Many of the red ti‘in 9 itu»T»v^ * • * e s lo tne 

these two metmstable statl 

(/) The lowest excite.l state (39887.01, metastable) is 16.0 volts 

above the normal. .Most of the levels from whi,.h xdsible light originates 

are a few volts Ingher than this. It is apparent that individual luminous 

cycles from normal state to nornud state are verv i.iefficient. As in 

mercu.y cycles begmmng and ending at the metastable states are 
efficient light producer.s. 

(< 7 ) Metastable neon atoms have such high energy content that they 

aie able to lomze, by contact, atoms of many other gases which can be 

mixed with neon m a discharge tube, lixamples of such gases are 
mercury, sodium, and argon. 

(h) In a mixture that includes neon and some ga.s having low exciting 
and ionizing potentials, a low voltage gradient may introduce only 
enough electronic energy to exeite and ionize tlie gas of lower ionizing 
energy. In that case the neon takes no part in the electrical discharge 
At high voltage gradients in the same mixture the neon may become 
active. Luminous tubes that for the most part are blue, but have 
constricted portions that are red. make use of this beliavior. The 
current must be the same at all points along the tube. Theiefore the 
current density, and along with it the voltage gradient, must be greater 
in the constricted than in the otlier portions. This increased gradient 
lesults in excitation and ionization of neon, with resulting production 
of red color in the constricted parts. 

13.32 Copper. T.he arc spectnam of copper is of interest partly be¬ 
cause copper arcs occur frequently in engineering work, and partly 
because copper s quartet terms illustrate more complicated vector 
combinations of angular momenta than occur in either sodium or 
mercuiy. Table XIV contains some of the more important term 
values for Cul. 

In the noraial state of copper there is a lone fourth-shell electron 
outside a completed third shell; that is, there isa2 + 8-f-18+l 
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electron array. A one-electron spectrum might be expected. Actually 
the arc spectrum of copper results from two rather distinct sets of 
encrg}' states. One set is built on a 3f/*® ion, corresponding to the one- 
electron expectation. Examples of this are 4s at 62308.00 
(the normal level); 3d^® 4p and at 31772.698 and 31524,314; 

5.S at 19170.791. 

The other set results from the activities ofa2-|-8+17 + 2 array. 
It therefore consists of levels built on a 3d® 4s ion. This set of levels 
pro(luce.s what is essentially a three-electron spectrum, the three active 
electrons being the two in the fourth shell and the ghost of the one 
missing from the third-shell d group; see item (b), in the preceding 
section. 

The terms built on the 3d® 4s base provide an interesting illustration 
of the Russell-Saunders vector combination pattern for various angular 
momenta.For example, there are many energy states having 
the configuration 3d® 4s 4p. The three electrons that are active in this 
configuration have /-values of d(= 2), s(= 0), and p(= 1). The vector 
sum can be 


L = 200©1 = 1 




(13-34a) 


L = 20001 =2 


or 


L = 20 001 = 3 



->-> 


- > 

L = 3 


(13-346) 


(13-34c) 


The spin vectoi* S is the half-integral vector sum of the three in¬ 
dividual spin values and has values as follows: 

(а) If the first two of the three spin values add up to 1, S may be 
either or 1§, thus 

= (^@ ?)© 5 = 1© i = I or (13-35o) 

(б) If the first two of the three add up to 0, S is thus: 

‘'<=(5®§)©l = 0©§ = ^ (13-356) 

This shows that 6' may have the value § in either of two different ways; 
the two different ways give rise to different term values. 
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spin vectors are both half-numhors 'Pho -numbei, since the 

follows: >»'nii)eis. 1 he various coml)inations are as 


When L = 1 and S = 4; 


./ = 1 © I = 1 i 

or ./ = 1 © i i 
When L = 1 and .S = 1 ^ ; 

./ = 1011 = 2 ^ 
or ^ = 1 © 1 ^ = I ^ 
or J = 1 © 1 ^ = 1 

When L = 2 and *S’ = ^ : 

•/ = 2©i = 2i 

or ./ = 2 © ^ = 11 

When L — 2 and N = 1 ^ : 

• 

,/ = 2 © 1 A = 3 I 

or J = 2© 1^ = 2A 
or ./ = 2 © 11 = 1 ^ 
or ./ = 2© 1 ^ 


loin P doublet l(*rnis: 

= 1 @ at it S = 0© 

lh-I28.hr>‘) 

l()487.() 8943.27 


(13-3()r/) 



(13-306) 

1 hree ‘*/^° (juartet forms: 

23289.348 

22194.01 

21304.27 


(l3-30c) 


Foiii- ~fP doulilet terms: 

l©iat if.S = o©l,at 
I () 135.1 08 5050.52 

15709.()0 3017.14 


(13-30r/) 

I'()nr */.l® (lUarlet terms: 

18794.05 

17901.732 

17703.847 

17392.39 


and so on. There are altogether, according to this combination system, 
the following terms for the 3//'' 4.v 4/j configuration: 


d'wo pairs of P doubh*! bums: 
Two pairs of 1) doublet terms: 
Two pairs of F doubh't terms: 


10487 

10429 

10135 

15710 

18582 

17345 


5901 

3‘)43 


5()50 

3017 

0278 

4189 


'riiree P (piartel terms: 23289, 22194, 21304. 

Four D (piartet terms: 18794, 17901, 177()4, 17392. 
Four F quartet terms: 21398, 21155, 20745, 20005. 


(13-37) 
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Tlie ionizing potential of copper, 7.68 volts, corresponds to the highest 
]e\^el of the onc~eleciron set of levels. The zero level is therefore 7.68 
\'oltH iiboA'e the normal level. However, it requires more than 7.68 
electron \'olls to excite a copper atom to many of the levels in the three- 
electron sef, so that many of copper’s term values are negative. None 
of the negative ones are listed in Table XIV. If a copper atom re¬ 
ceivers between 7.08 and about 9 electron volts of energy, it may be 
ionized, or it may bo lifted to one of the negative levels without ioni¬ 
zation. 


PROBLEMS 


1. 'riu* tcirn values for three of the energy levels for an argon atom are: 23009’ 

.33!M>8 (a inetastable level); 127104 (the normal level). * 

{(i) C’alculate the ionizing potential of argon. (6) What is the wavelength 
in angstrom units, of radiation resulting from a transition from the 23009 level to 
the 33968 level? In whai part of the spectrum does this lie? (c) How much 
energy, in electron volts, may a metastable argon atom in the 33968 level release 
at a collision? 

2. Suppose tlie important “term values” in the energy-level diagram for an 
atom arc: 115240 (normal state), 42080 (lowest excited state), 39875, 39100 
31250, 20040, 12330, 0 (ionized state). 

(o) Find the ionizing potential and the lowest excitation potential. 

(b) Find the wavelength in angstrom units of the light produced by a transition 
from the 12330 level to the 31250 level. 

(<•) An atom of this substance experiences a transition of the (6) type, as the 
aftermath of being hit by an electron. \\'hat is the least energy that the hitting 
electron must possess to have this effect? 

(d) If the hitting electron actually possessed an energy of 37 electron volts 
before tlie collision, what was its velocity after the collision? (Assume that the 
atom neither gains nor loses kinetic energy of motion as a whole during the collision.) 

(c) In a pL^snin in a gas made up of atoms of this substance the electron tem¬ 
perature is 14,800° K (sec Chapter XV). The electrons collide with atoms. Assume 
that the ratio of the number of collisions involving an electron whose energy is B 
or more electron volts to the total number of collisions is the factor exp {—B/ETe)> 
If there are 10'- collisions per inicro.secoiul involving electrons with ionizing energy 
how many will there be involving electrons able to produce excitation of some 
sort? 

3. Suppose tliat an atom of neon in the higher of neon’s two metastable states 
collides witli a normal-state atom of argon, and that as a result of the collision 
tlie neon atom returns to the normal state and the argon atom is ionized. If the 
surplus energy all appears jis kinetic energy' of the electron ejected from the argon 
atom, what is its velocity? 


4. An electron wliose kinetic energy’ is 25 electron volts strikes and ionizes a 
normal-state mercury atom. If the velocity of the atom is not changed by the 
collision, with what velocity will the electron proceed after the collision? 

6. In a region containing a mixture of neon and mercury, a neon ion collides 
with a mereury atom, with the result that the mercury atom is ionized, and the 
neon atom returns to the normal state. How much kinetic energ^v is released? 
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6. The wavelength of the ohamcteristie rml . . i , . 

presence of cadmium is 6438 A If « nnrf i ^ f<>r tin; 

estent of 6 X 10“* watt, how many pi oto.rar “r'T 

after striking the surface the me' ury m 'T " 

volt, find (o) the maximum velocity that the e1eetec7er,"""’'''' " 
the velocity of the mercury atom after striking the surfa,. 

8. A metastable mercury atom enorerv j * 

molecule. As a result the molecule is dissociLt . T" diatomic 

atom returns to the normal state and the thr i"* ^ litoms, the mercury 

What is the energy of fiissocYaUonot;;:’;;:^:;!'^^;;;'"'’ ^ ™'- 

atom .^:!"Zi:/:^he';:grt::,;::,::r 'V!r 

of at least three different wa"" ’ iZZ itf suh^ 
three ways, with particular attention to the end condition 

10. What must be the temperature of sodium vapor to ju.st |>ermit a collision 

betvveen a stationary atom, ami one having 15 times the average energy to reZ 

tn the production of yellow light caused by transitions from the lowe t excited 

state to the normal state? How large a percentage of the atoms have 15 t ™. 
the average energy? mius 

11. Calculate from theoretical considerations, of the Section 13.10 type the 

energy in elec ron volts required to remove the second of helium’s electrons,' also 
that required to remove the third of lithium’s electrons. 

12 What is the "effective nuclear charg,.’’ for the orbit pursued by the outiw- 
thrLIrstate?'' I" “ “'xli'i'ti atom in 


13 Determine theoretically the least excitation potential of a hydrogen atom 
employing the fact that the ionizing potential is 13.53 volts. ’ 

14. Refer to Fig. 13.7. An electron with kinetic energy of 6 electron volts 
strikes a neon atom in the metastable 39888 level. As a result the neon atom is 
lifted to the 6122 level (it is nol ionized), and cascades hack to the normal state 
in three transitions, hesitating at 23071 and 39470. (a) With what velocity does 
the electron continue on after the collision? (The atom’s velocity i.s unchanged ) 
(6) What are the wavelengths and -colors” of the three photons emitted? (c) 
What is the efficiency of conversion of energy into visible light for this ev(mt, 
relative to the maximum possible ejficiency obtainable if all light affected tlie eye 

as strongly as 5600 angstrom light does? (Thus your answer takes into account 
a physiological factor.) 


16. Refer to the energy-level diagram for mercury, Fig. 13.6, in connection 
with a mercury-vapor fluorescent light. An electron po.ssessing 7.3 electron volts 
of kinetic energy strikes a normal-state mercury atom and causes the atom to be 
excited into the 44769 state. A photon is radiated as a result of the trarLsition 
from 44769 to the normal state. This photon strikes the fluorescent “phosphor” 
on the interior wall of the tube, causing emission (from a phosphor atom) of a 
photon of wavelength 4800 A, the energj-^ not required for this purpose appearing 
as heat in the phosphor. 

(a) What is the ratio of useful light energy produced to original energj' of the 
electron? (6) If 6 X 10*® such occurrences take place per second, how many watts 
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• if Ih’jiI po\v<T do llicy causo t(> appear in the phosphor? (e) If the lij 5 ht. from the 
phosphor had liecn 5400 A, would fhe light appear to the eye more or less brilliant? 
(d) At 5400 A would the answer to (rr) be greater or less than at 4800 A? 

16. (fi) What !ir<’ the wavelengths of the radiations produced by the two mercury 
1 taiisitions (Kig. 13.0) that terminat<' at the normal l(*vel? (f>) State the wave- 
letigfh of a prominent violet line in the arc spectmm of mercury, (r) PIxplain by 
rf^feif'nce to Table XII how the selection rules indicate that the (6) transition is a 
permitted o!ie. (d) How much energy must be given to a mercury atom in the 
normal .state to put it into condition to radiate this kind of light? 

17. (d) r.sing eolor boundaries as in Fig. 13.3, and neon term values as stated in 
Table .\III and Fig. 13.7. select a pair of neon levels between which a transition 
prodiieing red light is permitted, the lower level of the pair being metastable. 
Identify the selected levels by stating their term values, (h) State the wavelength 
of the transition ladween the selected levels, (c) How much energy must be given 
to a neon atom in the normal state to put it into condition to make this transition? 

18. TIu? term values of the important energy levels for copper are given in 
Table XIV. 

(fl) Draw to scale an <*nergy-lcvel diagram for copper (use single lines to repre¬ 
sent groups of close levels). Label clearly the zero level, the normal level, and the 
I<‘vel that corr(‘sp()nds to the lowest excited state. Show permitted transitions in 
the usual way; in order to deteimine which transitions are permitted, use the 
.selection rules stated in Section 13.25. (6) Is the lowest excited state metastable? 
(c) Select a pair of levels between which a green light transition is permitted. 
State the wavelength of the selected transition. 
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PHOTOSENSITIVE DEVICES 

14.1 Photoelectric Emission. A.s stated in Se.-ti.,,. i:i ,5 .-uliant 
energy is transferred to electn.ns or atoms in di.serete energy’ in' 

magnitucic joules, w KM- 0 /'is tho • i- unirs oi 

j j .1 • ladiatioii s lie(iuencv n vyrlos ner 

second, and/j the ultimate unit of •wfirtT. 'ri t- i. ' * 

... 


f 


(14-1) 


Here is, as usual, the electronie charge. If .,idiation of K,.„ electron 
^;ol^s per photon strikes a surface uho.se work function /f,,. i' Ic.ss than 
V, .some of the electrons uitlini the metal will he ejectcl out of it 
Each one that emerges does .so hecau.se it aci.uires from a photon the 
kinetic energy neee.ssar.v to carry it past the work-function harrier at 
the surface (Fig. 8.2). This hehavior is called photoelectric erni.ssion 
of electrons. In photoelectric ileviees the electrons arc emitted into 
regions that are either entirely free from gas (vacuum phototubes) or 
contain an inert gas at a low pressure (gas phototulx'sj 

14.2 Summary of Photoelectric Emission Phenomena.* The 
following important generalizations can be made regarding the ,.hoto- 
electric emission of electrons from metal surfaces: 

(a) Kmission cannot occur unless 




(14-2) 


lliis limitation exists because each electron’s ejection results from the 
action of a single photon: there is no cumulative effect. The reason¬ 
ableness of (14-2) is apparent from Fig. 8.2. The highest-energv 
(Fermi-level) electrons lack Exy electron volts of having enough kinetic 
energy to escape beyond the metal boundary. As an individual elec¬ 
tron can receive only E,,!, electron volts of energy from the entering 
light, it is evident that no electron can be ejected by light for which 

l^jCiuation (14-2) expresses this limitation, which gives rise 
to the concepts “threshold fretiuenoy” and “threshold wavelengtli” for 

* See bibliography IJ, K, 14D, K, P, (I, H, a, b, c. 
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a surface. These quantities are the values of frequency and 
length that correspond to the condition Ep^ = Ew Thus 

At the threshold frequency: hf = EwQe 


wave- 

(14-3) 


Emission occurs only for values of Epf^ and of frequency at or above 
tlie threshold, therefore only for wavelengths at or below threshold 
values. As Epu is between 1.75 and 3.0 volts for visible light (see 
Fig. 13.3), a photoelectric surface must have a work function within 
or below this range to be sensitive to visible light. 

{h) AVhen the energy per photon of the incident light is somewhat 
greater than tlie work function, i.e., greater than the threshold value 



Fig. 14.1 Kinetic energies of photoelectrically emitted electrons. 


electrons can escape at a substantial rate. A veiy few of the electrons 
within the metal (1) possess the Fermi-level energy before accepting 
the photon’s energy, (2) are close to the boundary and so lose no 
energj^ by internal encounters prior to emergence, and (3) after accept¬ 
ing the photon’s energy have a direction of motion perpendicular to 
the boundary. For these few electrons the kinetic energy E^ after 
escape is just Ep^ — Ew. This is the maximum energy of emergence. 
Most of the escaping electrons have less than this energy, for they (1) 
have initially less than Fermi-level kinetic energy, (2) lose energy due 
to internal encounters, and (3) approach the surface from the interior 
at some angle less tlian 90°. In general, then,'^" '*-^ 

Ev ^ Eph — Ew (14-4) 

Figuie 14.1 illustrates this relation. Another form of it is 

^ hf - Ewqc 


(14-5) 
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if”'"'”"” (”• ot tkc 

Lt“„ ™ Z “ ,|,c moilian 

effLt 'vlZeZiZ\hl'nZknum'’eiZ''' '’"V'"'’ 

3 > e U^ht fi-eciuency, as dosonbed under (h) 

(e) The number of electrons ojoctod per second is directly propor- 
t.onal to the mtensdy of the incident light, provi.le.l the wave ength 

"Tn ^iTrcsn -main unchange.l ’ 

if) Tlie .esponse or sensitivity of a photoelectric tube as a whole or 

stating- ‘Lina(t. rna\ be expressed variously by 


(1) The yield, also called the effuiency. as a fraction or a 

percontaBe \t hen expressed in per cent, it is the number of eh.ctro, ’niCd 

r,: 5r" cent.'"" ' ■'<'< ‘han a 

(2) The photoeleclric yield, in amperes per watt of liglit energy input- tliis is tlie 

same as coulombs emitted per watt-second of light energy. Pho iiel ctric yield 
and quantum yield are related as follows; ^ 


Amperes per watt = yield 

Eph 


(14-0) 


(3) The amp(*«>.s (or microamperes) per lumen; the basi^i of rttfeienco is the visual 
response to the light rather than its intensity in watts per square meter.'^^ 


{g) The magnitude of the response to light, whatever the manner of 
Its description, is extremely sensitive to details of surface preparation. 
Composite surfaces consisting of a few successive thin layers, some¬ 
times monomolecular, of selected substances, can be made to liave 
very high pliotoelectric sensitivities. 


(h) As the light frequency rises above the tlireshold value, the 
sensitivity at first increases rather rapidly. This is due to the follow¬ 
ing obvious facts: as Ept^ increases, (1) electrons initially below the 
Fermi level can be emitted, thus increasing the population available; 
(2) electrons initially in the Fermi level can lose energy internally after 
accepting a photon, yet be able to emerge; and (3) electrons with tlie 
maximum internal energy Eph + E\y can arrive at the boundary a 
little slantwise, yet be able to escape; compare with the (a) comments. 
In general, for a clean metal surface, the increase in sensitivity is be¬ 
lieved to continue indefinitely, but at a decreasing rate, as suggested 
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by tbe dotted curve in Fig. 14.2. However, in corresponding curves 
tor .sj:)erially piepared phototube surfaces, pronounced humps appear 
jiisf m))ovc the threshold, as in the solid-line curve of Fig. 14.2. 



F[G. H.2 Illu.strativc color-sonsitivity curves for photoelectric surfaces. The 
cfc'st just above thre.sholtl energ>- iii the solid-line curve illustrates the “selective 
photoelectric etTect." Note that the lisht-filtering effect of the glass envelope may 
cause tlie quantum yield for a phototube as a whole to decline at high photon ener¬ 
gies, althougli tlie yield from the surface itself continues to increase, as shown here. 


(/■) If there is any time lag between initial light incidence and elec¬ 
tron ejection, it is less than 10“^ second. 

(./) Light can cause tlie transfer of electrons from one material 
directly into anothei- against a retarding potential-energy barrier 
such as the contact difference of potential between metals. Light 
affect.s the various “rectifier’' photocells in this way. 

(/>) In a semiconductor (Section 8.12) light photons may increase 
flu* conductivity by giving energy to electrons in filled levels or in 
donor impurity levels, thereby lifting these electrons either into run- 
nmg levels or into a<‘coptor impurity levels, tluis producing mobile 
electrons and mobile holes. 

(/) Photoelectric omission is not materially changed by variations 
in l('mperaline, unless such variations are so extreme as to modify the 
structure of the emitting surface. Tlie minor etfeets that pronounced 
temperature change's do have are quantitatively in accord with the 
properties of the electron gas witliin a metal, which acquires lui energ>^ 
distriliution as indicated by Fig. HAh as the temperature incretuses. 
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14.3 Geometric and Physical Optics.-. b.c „„,wivina 

pnnc.plos of phofoeleC io behavior as just ou.line.1 are .simp ' o e 
and use, and the circu lrY^ir.rwi; * i . . •''"“pa (o.siau 

I • *• *1 ‘ nim(di<itely associated with photosensitive* 

devK.es are tor the most part ec,ually simple. Mowor.er, mos m^i 

mg appheatums of photosensitive devices require very . rrefu , ten i n 
o opneal problems. In the fiehl of such engineering applieati s I 
have been more outstanding sueee.sses, and nrnre Llur<.s as a .e.dt 
of tho.ough analysis ,,., otherwi.se. of the optical problems, than be¬ 
cause of matters relating to the electrical components or cir nits 
It IS therefore very strongly urge.l that anyone engaging in the stmlv 
or cmgmeenng use of photosensitive .levi..es ac.uim". g, vm g 
ma.stery of the principles of „,ncoplir. ' .h an,I at l,.as^r familiarity 

op ica focusing .systems employing mirrors, le.rses, pri.'ms, etc.; physi¬ 
cal optics deals more with the p..op,.rtie.s of components of su,.!, .sy.s- 
tems and iiKlude.s attention to ndraction, polarization, ilifTraction an,l 
dilTiaction K™t>ngs, the ongui of rainbows, an,l, in g,.neral, matb.rs 
chrsely related to the wave nature of light. 

. Selective Photoelectric Emission.'"" ' .. 

,., ''''' i” l-’iK. '^-2 is typical of ,,uantum yicl,l ,.ur..,.s 

foi clean metal .surfai.es. For .sp,.,.ially tr,.ate,l surfa,.(.s emplov,.,! in 
commercial phototubes, the soli,l-line ..urve is fairly typical, in that it 
iises to and falls sharply away from a maximum at a photon energy 
between 2,j and 7.0 per <.ent above the t hn'shohl. " .Surfa,.e.s exhibit¬ 
ing one or more of the.se maxima are saiil to have a “.selective idioto- 
electric edect.” 

Color sensitivity or (luantum yield curves for complete phototubes 
may be very dilTerent from those for the photoelectric surfaces witliin 
the tubes, because the glass walls are more transparent to some wave¬ 
lengths than to others. Class is opa<iue to ultraviolet light, so that the 
color sensitivity curves of glass envelope tubes decline as rises 
above the visible range, instead of rising more or less continually as do 
the curves for the surfaces themselves. 

Many dilTerent, rather complex manufacturing formulas aie used 
for preparing special surfaces for commercial phototubes, for example, 
the cesium layer on a mixed cesium oxide and silver oxide surface.'*' 

1 he location ol the thix'sludd and the* location and iii‘ominenc(‘ of 
tlu' <'resl, or crests, are extremely sensitive to the details of sui-face 
preparation. It is ahnost impossible to keep manufacturing i)rocesse.s 
sufficiently uniform to meet anything approaching clo.se tolerances as 
to reproducibility of chai'acteristics from lube to tube. The locations 
an<l prominence of the crests are considei'ably affected by changes in 
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light polarization, if the light strikes the surface at an angle that is 
less than 90°. 

Theoretical developments based on the energy distribution of Fig. 
8.4^;, obeying the Fermi distribution equation (8-20a), have led to 
very satisfactory explanations of the shapes of clean-metal quantum 
yield curves just above their threshold, even in regard to the rather 
minor effects of temperature changes. However, no veiy convinc¬ 
ing or complete theoretical explanations have yet been advanced for 
the shapes of the various experimentally obtained quantum yield 
curves for composite surfaces; see Chapter IV in Fundamentals of 
Physical Electronics for comments. 



(a) Directly observed intOKruted distribution curve. Liglit is of constant inten¬ 
sity. energy per photon Bj^ electron volts. 

{h) Distribution curve. 

(c) J’hototube and circuit. 


Km. 14.3 
phototube. 


Energ\' distribution among photoelectron.s, central cathode vacuum 
Potentials electrostatically measured. 


14.6 Volt-Ampere Response of a Vacuum Phototube in Which the 
Electron Receiver Surrounds the Emitter. Figure 14.3c illus- 

tTutos a geometrical arrangement in wliieh nearly all emitted electrons 
must travel toward the opposite electrode, regardless of the directions 
of their initial ^•eloeities, because tlie electron-receiving anode quite 
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complete!}' surrounds the electron.,., «;<*■ 

called a central cathode phototuho Sueli a device is 

Figure 14.3a illustrates the Idnil of volt-.n, 

(for monochromatic light) will, tl,i= ' eurve to be e.xpcctcd 

region is completely evacuated as mterelectrodo 

potentials are electrostatically measured'that 
tion 14.7, contact differences of notenli -,1 '' later in Sec- 

in preparing a curve like that in Fi., 1 1 'r'e 

Note that, if there is zero potenii.d diir,.,!" 1 ’"’ data.) 

all emitted electrons reach dm recei'll^'Ill^l rV'''''^^ tl.e electrodes, 
current results from making the icceivim, ' . ’ >" 

ofthistypeissaidto‘‘saturme--:t;::,o; 2 .:c ‘n """ 

for negative voltages flows becau.se of the iniU-d <.lect', "‘'''<•‘‘'''1 

14.6 Energies of Photoelectrically Emided E ec , 

trons ejected from a surface photoehltricallvtlf „■< niie /•’ 7 f''" 

volts of energy from the incoming light I'lowever tl 
various energy levels, lose various amounts of energv o.lThe f 7 
and approach the surface internall}- at a variety of angles Themfo.e 
he energies of the escaping electrons are distribute.! between z ro , 1 

~ f."' ‘‘I "PPPr right of Fig 4 i " 

in .r.i..L, 1 , im-ga ive portion of the Fig. U., 3 „ volt-ampere curve 

IS an integrated distribution curve for the photoelectron eiiLie,^ a.id 

Fig. 14 36 IS the coiiespondmg distribution curve."- If the leeeiviiiLr 

elec rode |s negative by more than F,,. - F„, volts, no electrons can 

leach it^ Ihe fastest electrons barely reach it if the potential difference 

IS just F,,,. ,U each potential between this negative e.xtreme 

and zero, the ob.served current measures the number of electrons whose 
initial energies exceeil the energy described by that potential thus 
providing the integrated distribution curve information. 

Available evidence indicates that the directions of the initial veloci¬ 
ties are symmetrically distributed about a normal to the surface re¬ 
gardless of the angle of incidence of tlie light, or of its polarization. 

If the incident light is polarized and makes an angle less than 90° with 
the surface, there will be a component of the light wa\-e’s electric vec¬ 
tor perpendicular to the surface. It appears that the presence of this 
component favois a relative increase of the initial velocity component 

normal to the surface. See also Chapter IV in Fundamentals of Physi¬ 
cal Electronics. 


14.7 Effects of Contact Difference of Potential in a Phototube. 
Contact difference of potential between electrode materials (Sections 
8.24 and 8.25) must be taken into account in interpreting measure¬ 
ments of small potential differences between phototube electrodes, if 
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such measurements are made by ordinary electromagnetic (D^Arsonval) 
meteis. The order of magnitude of contact differences of potential is 
the same as that of the energies of the emitted photoelectrons; the field 
produced by it is just as real as that due to a battery, but meters de¬ 
pending on current flow do not register its effects. The potential scale 
in Fig. 14.3a corresponds to electrostatic potential measurements, 
which do register the effects of contact difference of potential. 

Suppose that in the Fig. 14.3c circuit the work functions of the emit¬ 
ting and i*eceiving surfaces are 1.8 and 4.0 volts respectively. The 
anode's receiving surface is then 4.0 — 1.8 = 2.2 volts below the emit¬ 
ter's potential when the battery voltage is zero. If violet (3.0-volt) 
light strikes the emitting surface, the fastest ejected electrons have 
3.0 — 1.8 = 1.2 electron volts of kinetic energy. This is not enough 
to cany them to the opposite electrode against the 2.2-volt field estab¬ 
lished by the contact difference of potential, so that the current is zero 
when the battery voltage is zero. Current will then first appear when 
an increasing battery potential reaches 1.0 volt. An electrostatic 
voltmeter across the tube then registers a negative 1.2-volt potential 
(2.2 — 1.0 = 1.2) which the fastest ejected electrons can just over¬ 
come. Saturation occurs when the battery potential is 2.2 volts, just 
enough to compensate for the 2.2-volt contact difference of potential 
between cathode and anode. Thus under these illustrative conditions 
cut-off and saturation occur at electrostatically measured potential 
differences of —1.2 and 0.0 volts respectively, as illustrated in Fig. 
14.3a. 

14.8 Volt-Ampere Response of a Vacuum-Type Phototube in Which 
the Emitter Surrounds the Receiver.Phototubes are usually 
built with a small electron-receiving electrode located at a little dis¬ 
tance fi om a large-area cathode, which may in an extreme case nearly 
surround the anode, as in Fig. 14.46. This central anode arrangement 
permits the effective use of a large photoelectrically active surface. 

In a central anode vacuum-type tube, saturation occurs as before, 
but at a much higher voltage, as illustrated in Fig. 14.4a. At zero 
potential difference (electrostatically measured) only a very few elec¬ 
trons reach the recei\*er. Although at this potential condition many 
electrons are emitted and there is no enei’gy barrier to obstruct their 
approacli to the central receiver, very few happen to be aimed directly 
at tlie receiver. Most of them strike and re-enter the emitter. With 
.sufficiently sensitive meters it is possible to measure currents down to 
a cut-off at Ely — Eph volts, as with a central cathode tube. 

Wiien the anode is made positive, in a central anode tube, there is a 
definite field drawing electrons toward the center. If this field is strong 
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enough, all electrons reach the anode, producing saturation. At volt¬ 
ages above the zero-field value but below saturation many electrons 
are deflected toward the central anode but acquire sufficient kinet.ic 
energy to carry them orbitally around it and into the emitter again. 



(«) curve lit constant liKlif intensity, (/>) Phototube and 

energy per plioton Epu electron volts. circuit. 

Fi(i. U.4 Central anode vacuumdype phototube with cylindrical cathode. 

14.9 Photomultiplier Tubes.A photomultiplier tube employs 
photoelectric emission, secondary emission, and rather complex elec¬ 
tron l)allistics to provide extreme sensitivity to very small changes in 
light intensity. As illustrated in Fig. 14.5, such a device contains a 
photoelectric cathode, several dynodes (secondary emitting anodes; see 
Section 0.7), and an anode. The first dynode might be at 75 volts, the 
second at 150 volts, etc., relative to the cathode, in a high-vacuum 
envelope. The .signal input illuminates the photoelectric cathode; the 
photoelectrons strike the first dynode, producing substantial secondary 
emission therefrom. The second dynode is placed so as to cause a 
gradient at the first dynode accelerating the secondary electrons toward 
the second dynode. This process is repeated for perhaps ten dynodes. 
At each dynode the secondary emission ratio might be perhaps 2 to 
vSuppose that the secondary emission ratio is 3, for each of ten d^ynodes. 
Then any change in initial photoelectric current is amplified by a fac¬ 
tor 3^^ = 520,000; this order of magnitude of amplification can be 
attained in commercial photomultipliers. 

The secondary emission ratio of the dynodes will not in general be 
precisely constant,®'^-either from tube to tube or from time to 
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(a) 



1-10 dynodes 
11 anode 


(fc) 

Fig. 14.5 Illustrative schematic arrangements of electroiles in photomultiplier 
tubes. (Reproduced by permission of the Itadio Corporation of America.) (a) 
Tlie 031-A tube. (6) The 5819 tube employing a large-area semitransparent 
pliotocathode. 
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time ill a given tube. When a photomultiplier tube is cut into a circuit 
after being idle for several hours, the amplification may decline sub¬ 
stantially, at first rapidly, then more slowly. Minutes may be re¬ 
quired to reach stability" under given conditions of voltage and average 
illumination. Aet this does not imply a large change in the secondary 
emission ratio, for if in a 10-dynode tube the secondary emission ratio 
declines by 10 per cent, the amplification will decline to (0.9)*® = *;[ 
of its former value. Thus extremely close tolerances must be held on 

the secondary emission ratio to maintain even modest reproducibility 
and stability in use. 

1 he electron ballistics of photomultiplier design represent very 
intei'esting illustrations of step-by-step trajectory determinations, rle- 
scribcd relative to Figs. 2.7 and 2.8. 

14.10 Use of Gas To Amplify Photoelectric Currents.*’^ *'' The 
electron emission from photoelectric surfaces is small, being measured 
in microamperes even in phototubes exposing considerable sensitive 
aiea to light. Bj'' introducing an inert gas at a low pressure the photo¬ 
electric current maj" be amplified without seriously modifying the 
lesponse to light. At the same time the volt-amjiere characteristic is 
changed in a way beneficial for circuit use. The gas must be inert 
(chemicallj^ inactive) to avoid deleterious chemical effects on the 
photoelectric surface. It must also not be readily absorbed b^'' the 
metallic parts of the tube. Argon, neon, and helium have been used. 

1 he amplification is a result of the production of ions at a rate propor¬ 
tional to the photoelectric emission current. The amount of gas ampli¬ 
fication (rarely more than ten to one) is dependent on the gas pressure 
in the tube, the requirements for excitation and ionization of the gas, 
the applied potential, and the interelectrode geometry. 

Figure 14.0a represents a phototube in which the cathode and the 
anode are parallel planes. The light ejects electrons from the cathode 
photoelectrically to the extent of Jp^ amperes per unit area. Jph is 
proportional to the light intensity, dependent on the wavelength of 
the incoming light, and entirely independent of the anode potential. 
For simplicity of analysis, end effects will be neglected. 

The type of volt-ampere curve to be expected with this geometry is 
illustrated in Fig. 14.66. Whether the tube is evacuated or gas-filled, 
the current reaches the value Iph^ corresponding to current densit}" 
Jph, at about zero volts, as in Fig. 14.3. All emitted electrons then 
reach the anode. If there is no gas in the tube, the current remains 
constant at this value for all positive anode voltages. 

If inert gas is present at a pressure of a few millimeters of mercury, 
the volt-ampere curve is the same as without gas until the anode volt- 
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age rises above the ionizing potential of the gas. The increase in cur¬ 
rent above /p* after the ionizing potential is passed is due to an ion- 
and-electron current in the gas that is proportional to /p^. Because 
the additional current is proportional to the photoelectric emission 
current, ordinates of the volt-ampere curve increase in proportion to 
any increase in light intensity. This proportionality exists only as 
long as the illumination is not excessive. 



(a) Geometrical arrange¬ 
ment. 



(b) Volt-ampere curves, monochromatic 
light of constant intensity. 


Fig. 14.6 Effect of inert gas in a phototube with parallel plane electrodes. 


Thus the gas amplifies the photoelectric current, the amplification 
ratio being h/Iph- The amplification increases vnih rising anode volt¬ 
age, as indicated by the solid volt-ampere curve in Fig. 14.6h. 

14.11 Mechanism of Gas Amplification; Elastic and Inelastic 
CoUisions. 15 A. B. c. d. e. f.g. a Jf in Fig. 14.6a the anode-to-cathode 

voltage is Et, and the anode distance is 5, the electric field F in the 
intermediate region is 



[volts per meter] 


(14-7) 


An electron photoelectrically ejected from the cathode is accelerated by 
this field. Acceleration continues unchecked until collision vnih a gas 
particle takes place. Many collisions occur before the anode is reached. 

A collision may be clastic, like that between billiard balls; then the 
total kinetic energy and the x, y, z momentum components are dif¬ 
ferently divided between the particles after collision but have the same 
combined value as before. Or a collision may be inelastic; then it 
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icsults in excitation or ionization of the atom, with consequent absorp¬ 
tion of energy, so that the total kinetic energy and comliined momen¬ 
tum components are not conserved. 

Suppose that tlie gas is argon, ionizing potential 15.7 volts, lowest 
excitation potential 11.5 volts, atomic weight 39.9, mass ratio m^/m^ 

— 1822 X 39.9 = 72,800. Photoelectric devices ordinarily operate at 
room temperature, that is, in the 
neighborhood of 300° K. This is 
low enough so that for most pur¬ 
poses the thei’mal motions of the 
gas atoms may be neglected. 

( onsider a collision between one 
ol the argon atoms and an electron 
that has acquired 10 electron volts 
ot energy from the fiehl. Because 
this is not enough energy either to 
excite or ionize the argon atom, the 
collision must be an clastic one. 

1 hen, although the electron may 
rebound with greatly changed di¬ 
rection ol motion, it loses very 
little energy. As Loeb points out, 
the result is like that of throwing a 
tennis ball at a boat; not very 
much energy is imparted to the 
boat, because its mass is so large 

relative to that of the ball; see Chapter VII in Fundamentals of 
Physical Electronics. 

Because an electron on the average transfers only a very small 
fraction ol its energy to an atom during an elastic collision, a 10-volt 
electron is still a 10-volt electron after making an elastic collision. As 
long as the collisions are elastic, and the kinetic energy given to the 
atoms is negligible, an electron's energy change depends only on its prog¬ 
ress in the direction of the field. 

Suppose, for example, that the anode potential and spacing are 100 
volts and 5 centimeters respectively, making the potential gradient 

2 volts per millimeter, as in Fig. 14.7. If, as in trajectoiy AAAA in 
that figure, the encounter just after a 10-volt collision happens to be 
on the rebound, 2 millimeters behind the 10-volt collision, the electron 
strikes with only 6 volts of energ}" and must make another elastic 
collision. The BBBB trajectorj’- illustrates a rebound that advances 
the electron in the direction of the field. The electron enters the 


Millimeters in the Direction of the Electric field 
Electric field Strength F*2 Volts per Millimeter 

Fia. 14.7 Typiojxl electron trajetr- 
tories AAAA and BBBB. The circles 
represent gas particles. 
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second BBBB collision wth 12 volts of energy, for it has advanced 1 
millimeter in the direction of the field since the first collision. 

This second BBBB collision may or may not be an elastic one. The 
electron enters it with enough energy to cause excitation, for the least 
excitation energy of argon is 11.5 electron volts. If excitation does 
occur, the electron emerges from the collision with only 0.5 volt of 
energ}' and begins a new sequence of elastic collisions, during which it 
again builds up to excitation or higher energy. 

/ 



Fig. 14.8 Advance of an electron driven by an electric field through argon at low 
prejvsiij-e. («) Energy variations. (/>) Path of the electron’s motion. 

But excitation may not occur at the second BBBB collision. When 
the electron’s energy exceeds the excitation energy, there is a definite 
probability of cxciiation; perhaps between 3 and 30 per cent of the 12- 
volt collisions result in excitation. If excitation does not occur, the 
collision is an elastic one; the electron travels on, still vdth its 12 volts 

of energy. It advances, acquiring more energ>% until an inelastic col¬ 
lision does occur. 

If the first inelastic collision occurs after the electron’s energy has 
exceeded the ionizing potential, there is a definite probability, but not 
a certainty, that ionization Avill occur; see Chapter VII in Fundammtah 
of Physical Electronics. 

Thus, as an electron travels toward the anode, its energy builds up, 
drops off, builds up, drops off, in the manner illustrated by Fig. 14.8a. 
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Each slant line represents the building-up process and may include 
many free paths, as shown in Fig. 14.86. The inelastic collisions result 
in vertical drops in the energy line; the elastic collisions have no elTect 
on the shape of this line, for they do not affect the electron’s energy. 
Ordinarily the peaks in the sawtooth line must lie above the dotted 
excitation-energy line at 11.5 volts. Very rarely a peak like that at 
about 4.2 centimeters mav occur, as a 

w * 


result of a collision with a metastable 
atom which can accept less than 11.5 
electron volts of energy. Ionization is 
represented on the sawtooth diagram 
by a vertical drop of 15.G volts. 

Amplification of the initial photo¬ 
electric current results from the fact 
that each ionizing collision results in 
the production of a new electron as 
well as an ion. The new electron pur¬ 
sues its own journey to the anode, ex¬ 
citing and ionizing atoms as it goes. 
Each electron so produced makes more 
electrons. The more electrons there 
are, the faster the electron stream 
grows. Figure 14.9 illustrates how the 
ionizing collisions make each original 
photoelectron become the parent of an 
extensive genealogical tree. In that 
figure, 14 ionizing collisions are repre¬ 


Cathode Anode 



Fig. 14.9 Oik* electron cmitto;! 
from tlie catboilc; 14 ionizing col- 
li.sions; 15 electron.s enter tlie anocli?. 


sented, so that 15 electrons enter the 

anode as a result of one’s leaving the cathode. If this represented the 
average behavior in a particular device, the actual tube current would 
be 15 times the photoelectric emission current. 

The large mass and size of the ions produced hy electron impact 
make their drift toward the cathode occur slowly, even when acceler¬ 
ated through substantial fields. Experiments have shown that ions 
are very unlikelj" to make either exciting or ionizing collisions with 
atoms or molecules. 

14.12 Dependence of Amplification on Electrode Spacing and on 
Ionization Rate; “Townsend” The ampli¬ 

fication obtained by the use of gas in a phototube depends chiefly on: 
(a) the spacing between the electrodes, and (6) a coefficient symbolized 
as a (“Townsend’s alpha”) which stands for the number of ionizing 
collisions per unit distance of an electron's advance. Each such collision 
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produces a new electron, a depends on the gas concentration, on the 
exciting and ionizing potentials and probabilities for the gas used, and 
on the ratio of field strength to gas concentration. 

Suppose that L electrons per unit area per second cross a plane dis¬ 
tant X fj'om the cathode of Fig. 14.6a, moving toward the anode. In 
going a differential distance dx, each one of them produces a dx ions 

and the same number of electrons. This results in a change dL in fhL 
electron flow, thus ® 

dL - La dx (U-Sa) 

In terms of the electron current density J^, obtained by multiplyinff 
L by the electronic charge, this is ° 


dJ e = JcOi dx 


(14-8&) 


Integration between x = 0 and i = s gives J, at the anode, which 
of course the plate current Ji] thus 


*^6 — Jph exp as 


(14-9) 


where is the current density at x = 0, photoelectric in origin 
This expresses the proportionality of the tube current to the photo^ 
electric emission current. Because the proportionality factor is an 
exponential function of as, the amplification increases rapidly with 
mcrease m the spacing, and with any growth in a, for example as a 
result of an mcrease in the voltage between the electrodes 

The current represented by the J, flow of electrons to the anode 
(with also of course a corresponding flow of ions to the cathode) is an 
example o a kind of current called “Townsend current,” characterized 
by the fact that a reasonably adequate analysis can be made by study¬ 
ing the behavior of indivtdual current-carrying particles. In Town 
send cinrent flow generally the initiating electrons may be introduced 
>.t ladiation that is not at all in the visible spectrum (see Fig. 13 4 ) 
or by impact of particles of radioactive origin (beta rays, alpha rays’ 

utrons). Also, the initiating electrons may appear anywhere in the 
space between cathode and anode; they do not necessarfly stot from 

Scten T 5 L “ Townsend current problem. See also 

o.. con«. o. 

. f I ; ‘nipl'cit m Fig. 14.7 the con¬ 

cept o( clcHron mean free path, that is. the average distance IrM 

an election between successive collisions with gas particles Note 
«i«« the length of ,n individutj f„. p.,,. f. 

not along a atraight lino from on. colli.ion to the nest In the 
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analysis of mean free paths in Sections 15.11 and 15.12, it is shoum that 
the following relation provides a reasonably satisfactory approxima¬ 
tion to the mean free path of an electron: 



(14-10) 


Here A^g = the gas-particle density (particles per unit volume). 

b = the radius of the gas particle, assumed to be spherical in 
shape. 

In = a somewhat formalized value of the electron mean free 
path; see (15-19). 


This is a reasonable enough relationship, indicating as it does that the 
electron mean free path varies inversely as the concentration of gas 
particles, and inversely as the cross-sectional area of the gas particle. 
At any given gas temperature, as for example 273° K, the mean free 
path varies inversely as the gas pressure. See values of lt,o, lable XV, 
for approximate magnitudes at a pressure of 1 millimeter of mercury. 

Townsend’s a depends on pressure and on electric field strength by 
way of the mean free path, in a manner that will be brought out by a 
comparison of Figs. 14.10a, 14.105, and 14.10c. All three diagrams 

are similar in nature to Fig. 14.8a. 

Note the use of an abscissa scale measuring distance in the direction 
of the electric field in Z-units. The length of an Z-unit may be identified, 
as to concept, with the value of Z„ as given in (14-10). In advancing a 
distance of one Z-unit in the direction of the field, an electron may make 
very many collisions, because of violent sideways motions that may 
cause it to travel many Z-units of total distance during each single 
Z-unit of forward motion. 

The top one of the three sawtooth diagrams, Fig. 14.10a, represents 
a typical electron’s energy variation along the anode-to-cathode jour¬ 
ney when the gas concentration is so low that there are very few colli¬ 
sions. The electron mean free path is very long. The collisions that 
do occur involve considerable energy; however, experiments have 
shown that the mean free paths of high-velocity electrons are relatively 
long and that only a moderate fraction of the collisions with energies 
well above ionizing energ>' result in ionization. Thus because colli¬ 
sions of all kinds occur infrequently, and only part of those that do 
occur are ionizing collisions, very few new electrons are produced by 
electron impact when the gas pressure is low. Most electrons, like the 
one whose uneventful journey is diagrammed in Fig. 14.10a, pa.:.s 
directly to the anode without experiencing either exciting or ionizing 
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collisions, a is very small and the phototube current is very little, if 
any, greater than the photoelectric emission current. There is little 
or no gas amplification. 

In Fig. 14.106 (note the change in the vertical scale) the behavior is 
indicated for a very great gas concentration. There are many colli- 

Cathode Anode 





(а) Low gas concentration. 

(б) High gas concentration. 

(c) Intermediate gas concentration. 

Fig. 14.10 Dependence of ion production on gas concentration at constant field 
strength. An i-unit of distance is a formalized value of electron mean free path; 
see (14-10). In in the text symbolizes the length of an f-unit. 

sions per millimeter of path, so many, in fact, that long before an elec¬ 
tron acquires ionizing energy it experiences an exciting collision that 
drops its energy back nearly to zero. Again ionization is very unlikely, 
a is very small, and there is little or no gas amplification. 

Figure 14.10c illustrates the behavior for an intermediate gas con¬ 
centration. There are not so many collisions per volt along the rising 
front of a sawtooth as in Fig. 14.106, because the gas particles are 
farther apart. After the Ee level is passed, along any one rising front, 
there is an appreciable probability of any collision’s being inelastic 
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and so terminating the sawtooth. However, there are not nearly so 
many opportunities for such termination, per volt of rise, as in Fig. 
14.106, so that occasional sawteeth in Fig. 14.10c do rise above the 
ionization level Ej. Some of the collisions that terminate thc.se tall 
sawteeth re.sult in ionization of gas particles and consequent introduc¬ 
tion of new electrons, a has an appreciable value, and there may be 
considerable gas amplification. At ordinary room temperatures and 
modest electric fields, this situation exists when the gas pressure is a 
few millimeters of mercury. 

14.14 Similitude Relations Involving a.n«.i6A.B.c.i>.E,F.G jjj Cliap- 
ter VIII of Fundamentals of Physical Electronics, and in various other 
reference texts, it is shown that 

^=/i(FU (14-11) 

where F is the electric field strength, and f\{Fln) is an empirically 
determinable function of F/„, in that in/i(F/„) the quantities F and 
In occur only as the product Fin. Note here that 

( volts \ AnetersX /volts \ /slope of a \ 

per j X 1 per j = I per j= I sawtooth, j (14-12) 

meter/ \/-unit / \/-unit / \in Fig. 14.10/ 

Thus, according to (14-11), the quantity a/F depends on field strength 
and on mean free path by way of their product Fin. This dependence 
can equally well be stated as 



(14-13) 


Graphically, /i(F/„) and / 2 (l/F/„) have, point for point, identical 
ordinates, plotted, however, with respect to reciprocally related 
abscissas. 

Multiply (14-11) through by rearrangement then gives 


= FlnMFln) = MFln) (14-14) 


where/ 3 (F?„) has an obvious meaning. 

Equation (14-10) indicates an inversely proportional relation be¬ 
tween the formalized mean free path U and gas concentration Ng, 
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Fig. 14.11 (a) Graph of the similitude relation a/F = 4 >{Po/F), where a is the 
number of new electrons produced by ionizing collisions per unit distance of an 
electron's advance. a/F »= 0 for values of Po/F greater than at AA. (b) Graph of 
the similitude relation a/Po = }p{F/Po). Note that a/Po = 0 for values of F/Pq 
less than at *4*1. 


which is proportional to the gas pressure. Therefore (14-13) and 
(14-14) can be restated respectively as 



(14r-15) 

(14-16) 


where Pq is the pressure, in millimeters of mercury, corresponding to 

the gas concentration Ng at a temperature of 273° K. 
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are, as suggested by the equation forms, 


empirically determined functions of the respective arguments. 


Under standard atmospheric conditions, temperature 273° K, pres¬ 
sure 760 millimeters of mercury, there are 2.687 X 10^^ particles per 
cubic meter (the Loschmidt number) for any gas. Therefore the 
pressure Pq, at this temperature, corresponding to a concentration 
Ng particles per cubic meter, is given by 



760A^g 

^87 X 10^5 


= 2.83 X 


(14-17) 


Po is in millimeters of mercury; in particles per cubic meter. 

Either (14-15) or (14-16) will permit the determination of a for 
any combination of electric field strength and gas concentration, within 
the range of Pq/F for which empirical evaluations of the functions 0, 
4' have been made, for any particular gas. They may appropriately 
be called “similitude” relations for a, because of the concept, inherent 
in their origin, that the formalized mean free path is treated as the 
unit of distance governing the behavior. See Section 16.2 for anoth(*r 
illustration of similitude. 

Figures 14.11a and 14.11b illustrate the general shapes taken by the 
(14-15) and (14-16) functions. On both figures variables aln, Fin are 
also indicated. The rise of a/F in Fig. 14.11a to a maximum at an 
intermediate value of Pq/F is consistent with the comparison of Figs. 
14.10a, 14.10b, and 14.10c, made in the previous section. 

14.16 Gas Amplification Limited by Space Charge.’^*^"'”'In 
a phototube employing gas amplification many more electrons arrive 
per second at the anode than are photoelectrically emitted from the 
cathode. However, the current entering at one terminal must be the 
same as the current leaving at the other. Therefore as many electrons 
must leave the cathode per second, in one way or another, as enter the 
anode. 

Each collision that produces a new electron also produces a new ion. 
The electric field causes the ions to drift to the cathode. On arrival 
at the cathode each ion steals an electron from the cathode surface and 
becomes a neutral gas particle again; this is the mechanism by which 
the additional electrons leave the cathode. 

In a planar device, as illustrated in Fig. 14.12, the current near the 
anode is obviously all electron-borne, but that near the cathode chiefly 
ion-bome, if the gas amplification is substantial. The ions move very 
slowly, the electrons rapidly, because of the large mass ratio (see Sec- 
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tions 15.13 through 15.15); therefore, from the equation of flow, 

J = py, there will be veiy little space charge near the anode, but sub¬ 
stantial positive space charge near the cathode. This leads to poten¬ 
tial distributions as indicated in Fig. 14.12. The gentle gradient evi¬ 
dent in the central and near-anode regions may reduce a there, making 
the amplification less for intense than for moderate illumination. 

In a typical commercial phototube, having a large-surface-area 
cathode and a rodlike, small-surface-area anode, the geometry causes 

the current density to be low 
where the gradient, and therefore 
also the velocity, is low, and to be 
high where the velocity is high. 
The geometry thus largely com¬ 
pensates for the space-charge effect. 

When the phototube current is 
large because of intense illumina¬ 
tion, there may occur abrupt in¬ 
itiation of a glow discharge, the 
mechanism being as described in 
Sections 17.2, 17.G, and 17,7. Such 
a glow discharge is self-sustaining, 
and its current is in no way depend¬ 
ent on the illumination of the tube. 
Passage of glow discharge current for more than a brief moment will 
destro}'^ the sensitivity of the tube. 

14.16 Volt-Ampere Properties of Gas-Filled Phototubes; Simple 
Phototube Circuits.^'**^'^'^’^’^®’^-^’^’^ Figure 14.13a illustrates volt- 
ampere characteristics for a gas-filled phototube. A destructive glow 
discharge is initiated if operation is carried across the dotted curve 
ABC. The widening of the dotted line AB to a dotted region BC 
indicates that above B the transition from the ordinary light-controlled 
phototube cui rent to a self-sustaining glow discharge takes place grad¬ 
ually rather than abruptly. 

In a simple d-c phototube circuit, Fig. 14.135, the effect of changes 
in light intensity is predictable by means of a load line, as in amplifier 
circuit analysis; see Figs. 9.4 and 9.5. Such a load line appears in Fig. 
14.13a, corresponding to the circuit of Fig. 14.135. The equation of 
the load line is 

Cf, — E bit — ibliL (14-18) 

where Ebi is the d-c source voltage, Rl the load resistance, and and 
ib plate voltage and plate current. The load line is the locus of ib, 



Cathode Anode 


Fig. 14.12 Potential distribution in 
a planar gas-filled phototube, showing 
the effect of positive space charge when 
illumination becomes intense. 
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yilues as the light varies. If the light were to vai*y periodical!}^ be- 
\\een anc .4 lumen, would vary between the intersections of 
le oaf me \\ith the 0.2- and 0.4-lumen curves. This is between 
about o and i o microamperes; the plate swing would be between about 

Because of the approximate proportionality between ib and for 
constant illumination, as indicated by Fig. 14.13, a gas-filled photo- 
u e ac s muc i ike a resistance of magnitude inversely proportional 



(a) 




Fig. 14.13 (n) Volt-ampero cliaractpri.stic curve.s for a gas phototube, intensity 
of illumination being the parameter; also, a load line corresponding to the simple 
d-c circuit shown in {b). 


to light intensity. It is of course also a rectifier, permitting current 
flow only in one direction. 

An a-c component of current can exist in a phototube circuit either 
because there is in the circuit an a-c voltage source, or because the 
light intensity varies periodically. 

Suppose that steady light, of such intensity as to produce the solid 
volt-ampere line in Fig. 14.14a, strikes the tube in the circuit of Fig. 
14.146. Ei represents an a-c voltage introduced by a transformer. 
The magnitude of the a-c voltage Ej that appears acro.ss Rl can be 
predicted by means of the equivalent circuit in Fig. 14.14c. should 
be defined, as in amplifying tubes, as it is approximately an 

inverse function of the light intensitJ^ 
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(a) 


(a) Tube characteristics and load line. 

{b) Actual circuit. 

deb 

(c) Equivalent a-c circuit, rp — —7 

Olb 

Fig. 14.14 Gas-filled phototube in a circuit containing an a-c as well as a d-c 
voltage. 

A method of representing the effects of periodic variations in light 
intensity, with fixed plate battery voltage, is illustrated in Fig. 14.15. 

14.17 Semiconductor Photocells and Metal Plate Rectifiers.*®^ *'j. 
uD.E.F.G.H, A. i,y In the photoelectric tubes so far described in this text, 
the power associated with current flow in the external circuit is pro¬ 
vided by the d-c voltage source, the magnitude of the current being 
controlled by the light. In a semiconductor photocell, illustrated in 
Fig. 14.16a, the incoming light is the energy source. There is no auxil¬ 
iary batteiy. The light penetrates through a thin metal film to the 
boundaiy between film and semiconductor (see Section 8.12). Both 
cuprous oxide (CUO 2 ) and selenium serve satisfactorily as the semi¬ 
conducting material. 

* For material covering fundamental principles of semiconductors as used in 
these devices, see bibliographical references 8A, D, E, F, G, I, J. 
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Fig. 14.15 Variations in phototube current and voltage resulting from sinusoidal 
variations in light intensity. The heavy portion of the load line is the current- 
voltage locus. 



Fig. 14.16 Semiconductor rectifier-type photocell. 
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Either of two kinds of boundaries may exist between a metal and 
a semiconductor (or within a semiconductor), as follows: 

(a) A rectifying and photoelectric boundary may be formed by sputtering (see 
Section 16.3) a thin film of metal over the surface of the semiconductor. Or, an 
extremely thin layer of cuprous oxide may be formed over copper by heating the 
copper in air at 1050® C, then annealing at 600® C. Other methods are used 
with .selenium. An n-p or p-n junction within germanium (p. 234) is such a boundary. 

(5) A simple boundary is formed by pressing the metal onto the semiconductor. 
A siin])le boumlary has neither rectifying nor photoelectric properties. 

A semiconductor “sandwich” as illustrated in Fig. 14.16a has one 
each of the two kinds of boundaries. Such a device serves as a rectifier 
when used with an a-c power source and load; semiconductor photo¬ 
cells are therefore sometimes called rectifier-type photocells. The 
electrons in such a rectifier flow reasonably freely from copper to oxide, 
but the resistance to flow from oxide to copper is very high. One sand¬ 
wich rectifies satisfactorily with an a-c source of a few volts. Stacks 
of sandwiches serve well as rectifiers for a-c potentials of several hun- 
(Iretl volts; this is the nature of metal plate rectifier units. 

When used as a photocell, the penetration of light to the rectifying 
and photoelectric boundaiy causes electrons to be “lifted” by the 
photon encigy across this boundary in the high-resistance direction, 
that is, from semiconductor to conducting film. They then return to 
tiie oxide cither through the external circuit, or through the internal 
resistance Rj. 

A scmi(‘onductor rectifier-type photocell is essentially a current 
rather than a \'oItage generator; it is able to drive its current against 
load potentials of a ^•ery few volts. At a given light intensity and 
wavelength, electrons constituting some definite current are trans¬ 
ferred photoelectricallj' from semiconductor to metal. A satisfactory 
equivalent circuit is shown in Fig. 14.17a. Ri is the internal shunt 
resistance opposing passage of the photoelectrons back through the 
rectifying and photoelectric boundary; R^ is the load resistance. When 
Rl is a current meter of veiy low resistance, the cell is short-circuited. 
Practically all the photoelectrons then pass through the meter, and 
but \'eiy little leturn current flows internally. The current thi'ough 
tiie short-circuiting meter is tlien directly proportional to the light 
intensity, as indicated by the straight line through the origin in Fig. 
14.176. r represents the internal eapacitanee of the cell. 

When Rf, is lai’ge, nearly all the photoelectrons return internally, 
through Rj. The measured external voltage is then the potential 
drop tlirough the internal parallel path. This internal drop depends 
on the internal current and might therefore be expected to be pvopor- 
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tional to light intensity. However, the rise in terminal voltage results 

in a decrease in Ri, so that the open-circuit voltage is only approxi- 

ma e y propoi tional to light intensity, as indicated by the curved line 
in Fig. 14.176. 


Ri vanes inversely with cell area, so that it is undesirable to have 
more cell area than is exposed to light, if the return current is to be 
kept to a small fraction of the generated current. 

The photoelectric yield and quantum yield of rectifier photocells are 
muc gieatei than those for the photoelectricall 3 ^ emitting surfaces 




(a) Equivalent circuit. (6) Hespon.se to variation-s in light intensity. 
Pig. 14.17 Semiconductor rectifier-type photocell j)ro{)orties. 


used in vacuum and gas-filled phototubes. The overall sensitivity, in 
current units per lumen, of a rectifier-type photocell is likely to be a 
little better than that for a gas-filled phototube. 

Rectifier-t 3 "pc photocells are advantageously simple and economical. 
However, it is not feasible with such cells, as it is with photoelectric 
emission cells, to make the currents in relatively high-voltage circuits 
directly dependent on illumination. Rectifier photocells usually can¬ 
not be used to excite the grid circuits of vacuum-tube amplifiers, 
whereas emission phototubes are well adapted to such use. 

14.18 Photoconducting Cells.***’’*'''In the photosensitive 
devices so far discussed light produces a transfer of elections across 
some kind of potential barrier, thereby causing or modifying electron 
flow in an external circuit. 

In a photoconducting cell, illumination causes a decrea.se of the 
electrical resistance of a semiconductor. Germanium, selenium, alloys 
of selenium and tellurium, and a thallous oxysulphide (in the “thalo- 
fide” cell), lead sulphide, and lead selenide are semiconductors whose 
resistance is decreased by illumination, and have therefore been used 
in photoconducting cells.**’Details of behavior are in accordance 


* See footnote on p. 448. 
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with the semiconductor energy levels discussed in Section 8.12. Photo- 
conductive cells are very useful in the infrared portion of the spectrum 
(see Fig. 13.4). 

A photoconducting cell is designed to require the current from an 
external circuit to flow along a very thin layer of the light-sensitive 
semiconducting material. If a thick layer were used, the portion re¬ 
ceiving light would constitute but a small part of the total resistance, 
because of the relatively shallow penetration of light. 

When light strikes a selenium cell, the resistance changes very 
rapidly at first, later slowly but for a long time. The amount of the 
change is relatively greater at low than at high temperatures, because 
the resistance of selenium decreases more rapidly with rise in tempera^ 
ture than with increase in illumination. 

Experiments indicate that there are two distinct kinds of current 
flow in semiconductors whose resistance changes with illumination “’J* 

VHi.; Thus a distinction is made between “primary” current and 
“secondary” current. The primary current is directly proportional to 
the light intensity and appears as soon as light strikes the cell. The 
secondary current is not always directly proportional to light intensity, 
and minutes may be required for it to reach final value after a change 
in light intensity. 

14.19 Time Lag in Photosensitive Devices.'*• ^'' * There 
is no measurable time lag between the application of a light beam and 
the emission of photoelectrons from the cathode of a phototube. 
Therefore vacuum phototubes respond faithfully to variations of light 
intensity at frequencies of many megacycles. Interelectrode capaci¬ 
tance may affect appreciably the circuit response at very high fre¬ 
quencies.^"*^ 

Gas phototubes exhibit significant time lags.^^*' The establishment 
of the equilibrium current for any given illumination requires the 
accumulation of a positive space charge near the cathode; see Section 
14.15. This accumulation takes appreciable time because of the rela¬ 
tively slow drift motion of the positive ions. Because of the time lag, 
the current in a gas-filled phototube circuit does not follow light varia¬ 
tions faithfully at radio frequencies. The response is usually satisfac¬ 
tory at frequencies within the audio-frequency range (up to ten or 
fifteen thousand cycles per second). 

In semiconductor rectifier-type photocells there is no time lag be¬ 
tween application of light and the photoelectric transfer of electrons 
from semiconductor to conductor. However, the geometiy of such a 
cell makes its capacitance relatively large; thus for high-frequency 
illumination the equivalent circuit must include a condenser, shown 
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dotted in Fig. 14.17a. At sufficiently high frequencies this condenser 
constitutes an internal short circuit. 

Photoconducting cells may exhibit pronounced time lags, if “second- 

Prominent, because of the delay in the establishment of 
the nnal value of secondary current. e, f. t. y 


PROBLEMS 

1. A certain photoelectric surface has a work function of 2.5 volts. Will it 
oimt photoelectrons when exposed (a) to red light? (6) to violet light? (c) What 
color of light has the threshold wavelength for this surface? (d) The exposure is 
to ultraviolet light, wavelength 1850 A. What is the energJ^ in electron volts, 
of the fastest emitted photoelectrons? 

2. The characteristic curves of Fig. 14.13 were taken from published data on an 

early gas phototube. Assume (incorrectly) that in this tube the anode and cathode 
are parallel planes 0.4 cm apart. 

(а) From the curve for 0.1 lumen, using a point at 80 volts, 3.8 fxa, and assuming 
that for 0.1 lumen is 0.2 ^a, determine Townsend’s a for the 80-volt condition. 

(б) What should be the corresponding (planar-geometry) values, at 80 volte, 
of iph and A for 0.4-lumen illumination? 

(c) What should be the effect, on the ratio of ib at 0.4 lumen to that at 0.1 
lumen, of the use of cylindrical geometry, as suggested by Fig. 14.135? 

^ 3. If, in Fig. 14.6. s = 5 cm, what is Townsend’s a, when Et is (a) 60 volts, (5) 
160 volts? (c) The gas pressure is originally 2 mm of mercury. What new value 
of pressure will make a at 160 volts the same as it was formerly at 60 volts? 

4. Two gases liave the same ionizing potential, the same probability of ioniza¬ 
tion, and the same atomic radius, but the least excitation potential is much less 
for one than for the other. At moderate gas concentrations, which gas will have 
the larger value of a? Which will serve most effectively for gas amplification? 

6. (a) In Fig. 14.13, if Ebb = 100, what is the smallest /?/, that can be used with¬ 
out initiating a glow discharge at very intense illumination? 

(6) With this load resistance, what is ib at 0.1 lumen illumination? at 0.7 lumen? 

6. In Fig. 14.145, let Ebb = 100, Rl = 5,000,000, Ei = 10. Find Ep and Ip 
when illumination is (a) 0.1 lumen, (5) 0.7 lumen, (c) For which illumination 
are the harmonics in Ip most pronounced? 

7. Conditions as in Prob. 5, except that there is an inductive reactance Xl = 
2,500,000 ohms in series with the 5,000,000-ohm /?/,. Illumination 0.7 lumen. 
Assume Ip = 5 na. and is sinusoidal. Determine the instantaneous values 
of the excitation voltage Cj when the instantaneous value ip of the a-c component 
of plate current is (a) at its greatest positive value, (5) at its greatest negative 
value, (c) zero but increasing, (d) zero but decreasing. 

8. Conditions as in Fig. 14.15, sinusoidally varying illumination. Plot a curve 
of ib vertically, illumination horizontally. Your curve is qualitatively similar to 
the dynamic characteristic of a triode. By a method similar to that outlined in 
Section 9.20, determine the per cent second-harmonic distortion in Ip and Ep. 
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CURRENT FLOW IN GASES * 

16.1 Distinction among Electric Arcs, Glow Discharges, and 
Townsend Currents; ^ Spark Discharges. On the basis of volt- 

ampere cliaracteristics (see Fig. 15.1) and external appearances it is 
convenient to distinguish between three vei-y different kinds of steady- 
flow gaseous conduction of electric current. In order of increasing 
current magnitude, these are To\vnsend currents,glow dis¬ 
charges, and electric arcs. 

Townsend currents are typically measured in microamperes or 
fractions of microamperes. They may begin to be measurable at 
around 25 to 50 applied volts and in general increase more rapidly than 
in proportion to the voltage. The upper limit of voltage for Townsend 
currents is determined by the appearance of a glow discharge, or an 
electric arc, or a transient arc called a spark; such a change may occur 
at perhaps 75 to many thousands of volts, depending on electrode 
spacing, gas pressure, and the gas employed. Glow-discharge currents 
are usually measurable in tens or hundreds of milliamperes, at voltages 
of perhaps 75 to 1000; observations on glow discharges are ordinarily 
made at gas pressures ranging from a few hundredths of a millimeter 
to a few millimeters of mercuiy. The upper limit to glow-discharge 
current is established by an abrupt transition to an arc. Electric-arc 
currents range from a few hundred milliamperes to hundreds of 
thousands of amperes, at relatively low voltages (usually less than 100 
\'olts overall, except for very long arcs). Electric arcs are obtainable 
at any gas pressure from perhaps a feAv tenths of thousandths of a 
millimeter of mercury up to indefinitely many times atmospheric 
pressure. There is no upper limit to the current an electric arc may 
carry, except the survival of the environment; large-current arcs are 
A'ery destructive. 

Problems involved in the initiation of arcs and glow discharges are 
discussed in Chapter XVII, also in Chapter IX of Floidamentals of 
Physical Electronics. Townsend-current flow is an essential element 
in the mechanisms of starting electric arcs and glow discharges, 

* See especially the bibliography references 15A, B, C, D, G, a, c, /, t, A*, »i, 

n, Ifi/. 
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Gas amplification in a phototube, discussed in Sections 14.10 through 

14.lo, represents the behavior of a particular variety of Townsend 

curient. Phut analysis illustrates a distinguishing characteristic of 

lownsend currents: a reasonably adequate treatment of their behavior 

can be built up from a study of the orderly behavior of individual 
charge-carrying particles. 

Aluch more evident in engineering experience are the larger currents 
carried by group nwvrments of particles, of such complexity that analysis 
must deal uith behavior of the groups rather than of individual par¬ 
ticles, this is the nature oi current flow in glow discharges, electric 
arcs, and electric sparks. Phe.se statistically studied discharges are 
characterized by the “plasma” tyi)e of conduction, 
mentioned bri(‘fly in Sections 12.12 and 12.13, and dealt with in the 
present and following chapters, and also in Chapters X and XI of 
Fundamentals of Fhy.sical Flccfronics. 

Probablj^ the most familiar form of electric arc is that drawn be¬ 
tween two separating contacts, as between the blade and jaw of a knife 
switch. Such an arc consists chiefly of a well-defined and extremely 
hot core, of small diameter, surrounded by a flame. The core termi¬ 
nates at extremely hot, well-localized, small electrode areas called the 
cathode spot and the anode spot. 

Arcs in gases at low pressure d(j not usually have well-localized, 
extremely hot anode si)ots, nor well-defined arc cores, but many of 
them do have small, well-localized, very. hot cathode spots. The 
cathode “hot spots” of mercuiy-pool-type mercury-vapor rectifiers 
dodge about erratically on the mercury surface. Many commercially 
used mercury-vapor rectifying tubes have electrically heated oxide- 
coated cathodes that release electrons thermionically; arcs in such 
devices do not have cathode spots. 

A typical light pattern for a glow discharge is shown in Fig. 10.16. 
The most familiar form of glow discharge is that in colored commercial 
display lights. The most striking form is the laboratory display which 
exhibits striafions, that is, alternate bright and dark regions, in the 
positive column. 

The mechanism by which electrons are relased from the cathode of 
a glow discharge demands an overall discharge potential of at least 75 
volts, more often several hundred volts, whereas electric arcs can be 
maintained by much smaller voltages. Current densities in glow- 
discharge cathode spots are small fractions of a per cent of those in the 
very much smaller and hotter arc cathode spots. A glow discharge 
cannot exist adjacent to a thermionically emitting cathode; rather, an 
arc will be formed. 
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Spark discharges should be thought of as high-energy-density, tran¬ 
sient forms of electric arcs. The spectrum from a spark differs from 
tliat from an arc because of the greater energy density. 

16.2 Definite Values of Arc Current, Not of Arc Voltage, Required 
by Circuits. An arc in a knife switch is in reality part of the switch 
for the circuit is not open until the arc breaks. The electric arcs in 
circuit breakers and in gas-filled electronic rectifying devices are parts 
of switching mechanisms, A six-phase power rectifier is essentially a 
high-speed switching device that performs the same functions as the 
I’otating commutator of a d-c generator. 

Now it is typical of any switch, and of any arc used as a switch, that 
the current is either zero, or has a magnitude determined almost 
entirely by the external circuit. The voltage across a current-carrying 
switch or arc switch is then just the small value necessary to compel 
passage of the required current. Thus external circuit conditions im¬ 
pose a definite arc current, not a definite arc potential, in an arc used 
as a switch. 

A d-c electric welding arc is not used as a switch, yet it is the welding 
current, not the voltage, that is selected by the operator to suit the 
work he is doing. Powxr supply equipment for electric-arc welding is 
built to maintain the current constant at some selected value, the arc 
\'oltage ^-aiying according to changes in arc length. Electric arcs 
formerly used for street lighting operated at substantial currents and 
modei ate \-oltages and hence Avere always used in series rather than in 
parallel. Power was supplied to them by current generators rather 
than by voltage generators. Thus the circuits used for arc welding 
and for street lighting arcs impose definite arc currents, not definite 
arc potentials. The same is true in most other industrial applications 
of electric arcs. 

In view of these facts, it is desirable to approach most problems of 
arc behaA'ior by assuming current magnitudes dependent on circuit 
conditions external to the arcs, and Avorking toAvard evaluation of the 
A'oltages required to maintain the arcs. 

16.3 Electrical Discharge Volt-Ampere Characteristics. Figure 
15.1 illiistiates in a rather general Avay the types of volt-ampere rela- 
t ionships to bo expected for the three different kinds of current flow that 
can take place betAveen metallic electrodes (the cathode not being a 
thermionic emitter). The choice of coordinates—voltage horizontal, 
current vertical—is in agreement Avith the accepted method of pre¬ 
senting plate characteristic ciuwes of vacuum tubes, as in Fig. 9.56. 
Usual engineering practice has been to present arc-discharge charac¬ 
teristics the otlier Avay, Avith the current coordinate horizontal, as in 
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Fig. 15.1 lllu.strative volt-ampcrc relationship for gaseou.s coiuliK'tioii between 
metallic electrodes (cathode not a thermionic emitter). This complete pattern of 
behavior, from very small currents through moderately large cui-rents, is usually 
thought of in terms of engineering devices or laboratory apparatus employing gases 
or vapors (e.g., mercury vapor) at low pressures, from perhaj)s 0.01 to 10 milli¬ 
meters of mercury. However, all aspects of the curve can be observed at atmos¬ 
pheric pressure; one manner of occurrence of a glow discharge at atmospheric 
pressure is as a transient phase in the reignition of a moderate-current power- 
frequency a-c arc, during the process of cyclic current reversal; see Section 17.14. 
If the cathode is a thermionic emitter, the glow discharge portion of the curve will 
be absent, and an arc can exist at very small currents. 
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Fig. 17.3. For the purpose of coordination with circuit studies that 
may employ either high-vacuum or gas tubes (rectifier circuits, in 
particular), it is desirable to achieve familiarity with gas-discharge 
characteristics in the coordinates used in Fig. 15.1. The accident of 
historical precedent should not be given over-riding importance, as 
compared with convenience-in-use concepts. 

In the coordinate system of Fig. 15.1, the load line concept can be 
immediately transfen’ed from Fig. 9.5& to the gas-discharge representa¬ 
tion. For example, imagine that Townsend currents are being measured 
by the use of an apparatus employing a 1,000,000-ohm load resistor in 
series with a variable-voltage power supply and the gas-discharge 
device. At some point such as A along the Townsend-current curve 
the voltage is high enough so that a glow discharge will be initiated, 
following principles described in Section 17.2. The abrupt shift to the 
glow-discharge characteristic must take place between two points that 
are both on the load line for the circuit at the moment of change. Thus 
the glow-discharge current and voltage will be as at point B after the 
change, if the breakdown to the glow is initiated when the voltage across 
the device reaches the value at A. 

If a 10,000-ohm load resistor were to be used, the current would jump 
abruptly by about 7000 microamperes, rather than by 70 microamperes. 
This veiy large abrupt current change might cause serious over- 
current damage to the instrument being used to measure the To^vnsend 
current; this is an important problem in experimentally studying gas- 
discharge characteristics. Partly because of this it has been customary 
in such experimentation to employ relatively high d-c power supply 
voltages, and correspondingly high series resistances. 

It is usually possible to determine by experiment a reasonably 
definite and repeatable value of “breakdown voltage,” as at A in 
Fig. 15.1, at w^hich a glow discharge or arc is initiated. Note particu¬ 
larly that: 


(а) The breakdown voltage, as at A, is dependent on electrode spacing and gas 
concentration according to Paschen's law, Section 17,8; this law states in principle 
that the breakdown voltage is a fairly complicated function of the length of the 
gap between electrodes, as measured in mean-free-path units (/-units, as used in Fig. 
14.10). For most engineering devices (but there are very important exceptions) 
this makes the breakdown voltage increase about in proportion to electrode spacing 
and to ga^pressure. Tlius the point A could be moved outward indefinitely along 
the Townscn<l-currcnt line; however, breakdown cannot in general occur at poten¬ 
tials below the glow-discharge voltage, no matter how close together the electrodes 
may be. 

(б) The glow-discharge voltage is, under the usual conditions described as a 
"normal glow discharge,” dependent primarily on the gas employed and the mate- 
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rial used for the cathode; see Section 16.1. Thus the potential after breakdown, 
as at , Mg. 15.1, is roughly independent either of electrode spacing or gas con- 
centration, over very wide ranges of both quantities. 

It is reasonably evident that, if the breakdown voltage were very 
large (for the electrode material and gas supposcdlj" employed in pro¬ 
ducing the Fig. 15.1 curves) and the load resistance sufficiently small, 
the load line would not intersect the glow-discharge portion of the volt- 
ampcie chaiacteristic at all. In that ca.se breakdown occurs directly 

to the electric-arc condition, there being no intermediate glow-dis¬ 
charge state. 

In accordance with (a) above, some engineering devices ma}’’ have 
breakdown potentials only moderately higher than the glow-discharge 
voltage, whereas others employing the same gas and electrode materials 
may have breakdown potentials of thousands of volts, many times the 
glow-discharge voltage. In the latter case, when breakdown does 
occur, it will he to an arc rather tlian to a glow di.scharge. 

The elapsed time after applying a voltage at or a little above the 
breakdown value at A, I'ig. 15.1, and before the abrupt change from 
A to B takes place, may vaiy considerably from test to test, for volt¬ 
ages a very little above the bixaikdown potential. However, a fairly 
definite average time to breakdown is usually determinable. This 
average time to breakdown for small over-voltages is measurable in 
microseconds or fractions of microseconds at atmospheric pressure, in 
milliseconds at pressures of a few millimeters of mercury, and perhaps 
in seconds at still lower pressures. In all cases, however, there is a 
reasonably definite minimum potential below which breakdown will 
not occur, no matter how long a time may have elapsed subsequent to 
the application of the voltage. 

The transition from glow to arc, as along the 1500-ohm load line 
CD, or along C'D\ displays a less regular behavior than the initial 
breakdowm to the glow. 5Vhen the current is a little below the value 
as at C, Fig. 15.1, the glow-discharge current might flow for many 
minutes, perhaps even an hour or so, without showing any signs of 
instability, then abruptly and without waming shift to D. The prob¬ 
ability of such an abrupt transition’s occurring within any given small 
interval of time is greater for a larger current, as at C', than for a 
smaller current as at C. Presumably there is for any given physical 
arrangement a definite minimum current below whicli the transition 
to arc cannot take place. 

The time lag to voltage breakdown follows the general type of 
probability analysis given in Section 18.18 for the firing time of an 
ignitron type of mercuiy-pool rectifier tube.*®** Probably that analysis 
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can be extended, in principle, to include the glow-to-arc transition, the 
independent variable being current rather than voltage, the average 
time again being very short at atmospheric pressure, and longer for 
lower pressures. 

In Fig. 15.1 the 8-ohm COO-volt load line shown terminating at 75 
amperes is illustrative of the application of the diagram to a mercury- 
pool-type 60-cycle power rectifier. The voltage terminus of the load 
line varies cyclically in magnitude. For this 8-ohm load line, at the 
moment illustrated, the a-c supply voltage is 600, and the tube drop 
about 15 volts; thus the momentary conversion efficiency, from a-c 
power to d-c power, is 585/600 = 97.5 per cent. 

The electric-arc portion of the Fig. 15.1 volt-ampere curve is shown 
as having a negative-resistance section, ending in a minimum value of 
arc voltage, or “arc drop”; then the curve exhibits a very gradual rise 
of arc voltage with increasing current. For very large power rectifiers 
the arc drop may be only 15 to 20 volts at currents of many thousand 
of amperes. 

The glow-discharge cuive may also show a decline to a minimum 
Avith subsequent very gradual rise; the gloAv-discharge voltage can 
hoAvever, in a properly designed tube, be sufficiently constant over a 
wide range of current values to serve as a voltage-regulating device 
as in the VR-75, VR-105, and VR-150 commercial tubes. 

If the cathode is a thermionic emitter, the glow-discharge phase of 
the characteristic is completely absent, and the very-small-current 
portion is subject to a rather different interpretation than that applied 
to the ToAATisend-ciirrent portion of the Fig. 15.1 curA^e. There Avill still 
be a distinct and rather marked increase in arc drop for veiy small 
currents, although the equivalent of the breakdown potential Avill in 
general be a veiy small fraction of its value for an unheated metallic 
electrode. 

Electric arcs operating along the negative-resistance portion of the 
arc characteristic have been used as the active elements in negative- 
resistance oscillators. 

Further comments relative to arc characteristic curves appear in 
Sections 17.11, 17.12, and 17.13. 

16.4 Plasmas and Plasma Boundaries.*‘^^*®-c.D.o Electric arcs 
ordinarily cany large currents at Ioav voltages, glow discharges small 
currents at relatively high voltages. HoAvever, there is much greater 
similarity between electric arcs and gloAV discharges than is usually 
realized; their contrast in appearance and in electrical characteristics 
are so prominent as to mask the essential similarities in their internal 
makeup. The contrasts betAveen them are incidental to the existence 
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of different mechanisms of electron release from the catliotle. Both 
can exist at either hij^h or low gas pressures, and both assume definite 
normal cross sections unless restricted to smaller ones by jDliysical 
boundaries. 

A discharge of either type consists essentially of: 

(a) A main current-canying region, named by Langmuir the 
/j/aswa.^®"’A plasma is similar to the interior of a metal conductor 
in that it contains electrons and positive ions in ecpial concentrations, 
hence no space charge, and a considerable drift current of electrons can 
be driven through it by a moderate potential gradient. 

(h) A set of plasma boundary regions, analyzed in Chapter XVI, 
which have properties very different from those of the plasma. For 
example, space charge is a prominent feature of the boundary regions. 

The plasma of an electrical discharge usually has a different potential 
from the regions outside it. Figures 15.2a, 15.25, and 15.2c illustrate 
typical longitudinal and transverse potential variationsforelectric arcs. 
Transverse variations are shown both for an atmospheric-iDrcssure arc 
in open air, and for an arc at a low pressure, perhaps 1 millimeter of 
mercury or less, in a metallic vacuum enclosure. The curves and beiuls 
in the potential lines in these figures indicate the existence of consider¬ 
able amounts of space charge in the boundary regions. There is usually 
a slight radial gradient in a plasma, as shown in both transverse 
diagrams. 

Plasma boundary regions may be classified as: 

(a) The cathode fall space, containing the cathode fall of potential, located between 
plasma and cathode. Arcs and glow discharges differ primarily as to conditions in 
this one boundary region, through which the main electron str(>am enters from the 
cathode. The cathode fall of potential of a glow discharge is often a matter of 
hundreds of volts, wherea.s the cathode fall of potential of an are is of the ord(“r 
of magnitude of the ionizing potential of the active ga.s, so always le.ss than 25 
volts; see the next section for the use of this as a criterion for distinguishing an 
arc from a glow discharge. The cathode fall of potential may be less than the 
ionizing potential, but it does not exceed the ionizing potential, in an are. The 
various problems regarding the initiation of an arc or glow, that is, arc-over, spark¬ 
ing, arc reignition, and electrical breakdown generally, have to do with the setting 
up of the cathode fall space mechanism for electron release from the cathode surfact;. 

(b) The anode fall space, containing the anode fall of potential, between anode 
and plasma. The main electron stream leaves through this boundary region. 

(c) All other boundary regions, whether between plasma and free space, or 

between plasma and material surfaces. In this book these regions will sometimes 
be called ''inactive boundary regions,” more often by the widely used name 
“sheaths.” The current through the inactive boundary regions is either 

zero or small and is incidental to the main current. The sheath around the gricl 
of a grid-controlled gas rectifier (thyratron) is an example of an inactive boundary 
region through which there is .some current flow. 
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(«) Longitudinal potential distribution in an arc. 



(h) Detail of transverse potential variation for an open-air arc, core diameter 
perhaps a very few millimeters; see Section 16.12. 
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(c) Detail of transverse potential variation for a low-pa'ssure arc in a metallic 
enclosure, plasma diameter perhaps a very few centimeters. 


Fig. 15.2 Potential variations in and around an electric arc. Note that within 
I le plasma there is little or no space charge, because ions and electrons are present 
in about equal concentrations. The sheatlis contain substantial space charge. 
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16.6 Criterion for Distinction between an Arc and a Glow Dis¬ 
charge. A criterion, proposed by Compton and quite universally 
accepted, for unambiguously distinguishing between an electric arc 
and a glow discharge may be expressed as follows: 

An electric arc IS a current-carrying gas discharge in which the cathode 

Jail of potential is of the order of magnitude of the ionizing potential of 
the gas or vapor involved in the conduction. 

Phis criterion is unmistakable and convenient, because experi¬ 
mentally observed discharges liave cathode fall potentials that are 
either (a) at or below ionizing potentials, or (h) liigher than the 70 
volts and up t>qncal of low-current, cold-cathode discharges. Cathode 
fall potentials in the in-between range are in general not observed. 

16.6 Properties of a Plasma.* A plasma contains gas particles, 
electrons, and positive ions, the latter (wo kitais of particles in essen¬ 
tially equal concentrations. The ion-electron concentration is rarely 
moio than a very few jier cent, more often a small fraction of a jier 
cent, of the gas-particle concentration. A drift current of electrons 
driven by the relatively gentle longitudinal electric held, accounts for 
the observed current how. The longitudinal ion drift current is 
negligibly small because the ions are too heavy to move rapidly; the 

radial ion drift current is important, as it represents the principal cause 
of loss of ions from the plasma. 

The radial ion motion takes place because of 

(a) 1 he existence of a pronounced concentration gradient of ions, 
the ion and electron <lensity generally decreasing from the center out¬ 
ward, resulting in an ion ditTusion current, 

{b) The existence of a very gentle radial electric gradient, as sug¬ 
gested in Figs. \i).2b and l.'3.2c. 

These two types of flow are intimately connected; see the ambipolar 
diffusion analysis and related studies in Chapter X in Funda¬ 

mentals of Physical Electronics. 

The longitudinal electric gradient accelerates the electrons, giving 
them kinetic energy, which appears first as energy associated with 
movement in the direction of the held. This originally directed kinetic 
enei’gy is immediately scattei-ed into random directions and magnitudes, 
giving the electrons a high average random energjL that is, a high 
temperature. 

If the gas pressure is low, the electron temperature becomes much 
higher than that of the gas, or of the ions, often exceeding 15,000° K 

simultancous existence of different temperatures in tlie 


* In the bibliography, see 15A, 13, C, D, G, e through s, ij, 16/. 
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Kame region is easily explainable by means of heat transfer concepts 
It is a familiar fact that a heated substance has a higher temperature 
than an adjacent unheated substance, even though the two are in 
intimate contact. Heat energy floAvs from the heated to the unheated 
substance at a rate dependent on the temperature difference and the 
intimacy of contact. In a plasma the electrons are heated by the 
receipt and subsequent scattering of energy from the electric field* 
the ions and gas particles are not so heated. The ions also are acceler¬ 
ated by the field, but power input is the product of force by drift 
velocity, and the ion drift velocity is very small, so that direct input 
of energy from field to ions occurs at a very modest rate. 

Because the electrons are heated as a result of exposure to the field 
while the gas particles are not, the electrons must be hotter than the 
gas particles. At low pressures, heat transfer from the electrons to the 
gas particles occurs veiy slowly, because at elastic collisions the light 
electrons rebound from the much heavier ions with very little transfer 
of energj’^ per collision, and there are relatively few collisions. There¬ 
fore at low pressures there can and does exist a large temperature 
difference betAveen electrons and gas particles. Much of the energy 
given up by the electrons is transferred by means of exciting and 
ionizing collisions, Avhich extract kinetic energy from (i.e., cool) the 
electrons but do not heat the gas particles. 


At pressures up toAvard atmospheric there are enormously many 
collisions, so that the heat transfer occurs rapidly in spite of the very 
small energy exchange per collision. Therefore there can be only a 
veiy small temperature difference betAveen the electrons and the gas 
particles; near to and above atmospheric pressure there is essentially 
thermal equilibrium as betAveen electrons, gas particles, and ions. 


The electron temperature must ahvays be high enough so that a 
feAv electrons have energies sufficient to cause ionization at collisions 
Avith gas paificlcs. This is necessary because the sIoav radial drift 
motions of the ions cause them all eventually to reach and pass through 
the lateral plasma boundaries; this loss of ions must be made up by the 
production of fresh ions Avithin the plasma. 


TAA I lA at ion of electrons and ions to foi-m neutral 
particles is negligible in plasmas, for reasons discussed in the next 
section. Becombination occurs freely beyond plasma boundaries. 


16.7 Recombination Occurs in Boundary Regions, Not in Plasmas. 
Practically no recombination of electrons and ions to form neutral 
particles occurs in plasmas. Analyses of the mecha¬ 
nisms of recombination have indicated that the probability of attach¬ 
ment of tAvo approaching charged particles is very small if the relative 
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velocity of approach is high. Also, large attachment energy favoi’s 
the existence of a small probability of attachment.*^®'" 

The average velocity is high among plasma electrons, because of 
their small mass and high temperature. Therefore there are in a 
plasma only veiy few low-velocity electrons, yet only low-velocity ones 
are at all likely to recombine. Furthermore, the energj'’ of attachment 
(that is, the ionizing potential) for direct electron-ion joining is rela¬ 
tively large. Thus the rate of direct electron-ion recombination in a 
plasma is negligible. The rate of a two-stage recombination process, 
invoh'ing negative ion formation by electron attachment to a gas 
particle, followed by mutual neutralization at collision between this 
negative ion and a positive ion, is also negligible, largely because plasma 
conditions are not favorable to the survival of the negati^'e ion between 
the two events. The energy of electron attachment in the n(*gative ion 
is so little that it is easily dislodged, either by even ver>'-low-energy 
collisions, or by low-energy photons (licat radiation). 

However, in the relatively low-energ>Mlensity and relatively cool 
fringe or “flaming sheath” around an unrestricted plasma, for example 
an open-air arc, recombination occurs rapidlj"; see Section 1().12. 

In either high-pressure or low-pressure plasmas the presence of any 
material surface in the path of ion and electron lateral motion pre¬ 
cipitates recombination on the surface. Electrons enter or attach 
themselves to the surface, and ions steal them from it by conta<'t. 
Thus material-surface plasma boundaries are “ion sinks.” This ion- 
removing property of material surfaces explains the effectiveness of 
many design features used in a-c circuit breaker construction. It is 
important to make the ion concentration in circuit-breaker arcs fall 
otT as nearly as possible in proportion to the cj'clic decrease in arc 
current, in order to discourage arc reignition after the cyclic current 
zero; see Section 17.14. Removal of ions, called deionization, is 
favored by a large exposure of the plasma to surfaces. Forcing the arc 
to play in narrow slots increases tlie plasma surface exposure, and the 
introduction of oil spray exposes the plasma to oil drop surfaces. In¬ 
dividual oil drops do not last long, for the energy released at their 
surfaces by recombination heats them rapidly to vaporization. 

Whatever the details of the situation, ions and electrons within a 


plasma rarely recombine, whereas those that adventure outside a 
plasma recombine veiy quickly. 

16.8 Scattering of Electron Energies. Experiments have shown 
that at pressures so low that the electron mean free path [equation 
(15-21)] is several centimeters, plasma electrons do in fact have 
essentially Maxwellian velocity distributions. Collisions of electrons 
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with gas particles are, in such plasmas, so infrequent as to invalidate 
any attempt to account for the randomizing of electron energies by a 
collision mechanism. There are not enough collisions to do the job.*®”-y 

Tlic originally directed energies of such low-pressure plasma electrons 
can acquire the obser\'^ed Maxwellian random energies only as a result 
of an exchange of energj^ between electrons. Those that acquire energy 
bec(nne the high-velocity members of a Maxwellian distribution; those 
that lose it, the low-velocity members. The question arises: What 
mechanisms are possible for this electron-to-electron interaction, if 
collisions with gas particles are ruled out? 

Where\'er electrons and ions are present in unequal densities, space 
charge exists, and the potential gradient is modified as required by 
Poisson’s equation. This is a form of gross-aspect or macroscopic inter¬ 
action, introducing an effect on a large group of particles in one region 
as the result of the existence of another remotely located group. Such 
gross-aspect interaction does not produce scattering of electron energies. 

Superposed on this macroscopic interaction will be a similar micro¬ 
scopic effect closely related to plasma oscillations (Section 15.17). 
There always exist, in any gas, small random local and time-varying 
deviations in particle concentration, above and below a mean. The 
less the particle density, the larger the percentage deviation from the 
mean, within any given small volume. Such rapidly changing devia¬ 
tions in electron density within a plasma give rise, by way of Poisson’s 
equation, to similar time-varying deviations of potential about a mean. 
Thus presumably the line representing the actual potential distribution 
between a cathode and an anode through a plasma must have pro¬ 
nounced, small-scale, irregular, unstable variations above and below 
the smooth line (Fig. 15.2a) that represents the average condition; 
similar local transverse potential variations are to be expected. Thus 
the plasma may be likened to a stretched tarpaulin flapping in a strong 
wind. The fluttering-potential hills and valleys can make major con¬ 
tributions toward randomizing the electron energies. 

Interaction on a still finer ultramicroscopic scale may exist. Neutral 
gas particles may be thought of, electrically, as dipoles, qiiadripoles, 
etc. At distances greater than the collision radius, such particles ex¬ 
hibit electric field forces vaiying inversely as the third or higher powers 
of the distance, as contrasted with the inverse square dependence of 
tlic coulomb field of an electron or a positive ion. Therefore the 
coulomb fields of electrons or ions may be able to produce direct effects 
on other individual charged particles at distances many times those 
for which their interactions with neutral gas particles can occur. 
Statistical analysis shows that such direct interactions between elec- 
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Irons tends toward randomization of their energies. Any sucli effect 
increases greatly as the electron density goes up, because it involves, 
inversely, the square of the mean distance between adjacent electrons. 

At high gas pressures, as in open-air arcs, the electron mean free path 
is short enough so that collisions between electrons and gas particles 


can account for the conversion of electron energies from directed to 
random form. Studies by Suits and others show that in atmos¬ 
pheric-pressure arcs there exists essentially thermal equilibrium among 
gas particles, ions, electrons, and even the excited states of gas particles. 
This implies that the densities of gas particles in various excited staU's 
sliould obey the Boltzmann relation (see Section 12.10). For an ex¬ 
cited state, the exponent in the Boltzmann relation is Ee/Er, where 
Ec is the excitation energy. 

In view of the experimental evidence for energy scattering, and 
relale{l considerations just discussed, electrons in both low-pressure and 
high-i)ressure plasmas will be considered to possess Maxwellian velocity 
distributions. 


16.9 Plasma Cross Section; Equilibrium and a Least-Energy Re- 
quirement,*^'^-*^-'^-''-^-"-'' The plasmas of atmospheric-pressure arcs and 
glow discharges, also of low-pre.ssure ones in chambers large enough to 
permit unlimited expansion, arc ob.scrvcd to have more or less definite 
cross sections. The cross-sectional area of a plasma grows as the 
current increases, the current density changing but little. The restric¬ 
tion to a delinite cross section can be explained reasonably well on the 
basis of etiuilibrium conditions and a least-energy requirement.'®'''" 
The magnetic effect” force, that acts radially inward on any 

current carrier, maj^ be partly responsible for the restriction of pla.smas 
to limited cross sections. 


A plasma must satisfy two equilibrium requirements, as follows: (a) 
tine rate of ion production within the plasma volume must equal the 
rate of ion loss laterally through the boundary; and (6) the rate of 
energy input (current times voltage) must equal the rate of energy loss 
thro\igh the boundary surfaces. This energy loss includes that due to 
radiation, heat conduction, and the removal of energy of ionization in 


the escaping ions. 

As indicated earlier, arc circuits demand definite arc currents and 
provide whatever arc voltages the specified currents require. At any 
given gas concentration the two equilibrium requirements just stated 
can be satisfied, for any given arc current, by a plasma of almost any 


cross section. 

However, if the cross section were to be veiy large, there would be a 
high rate of energy loss because of the large exposed boundary surface, 



468 


CURRENT FLOW IN GASES 


and a considerable gradient would be required to introduce the energy- 
necessary to maintain equilibrium. A very small cross section would 
also result in high total energy loss, because the plasma temperatures 
and charged-particle concentrations would be so great as to make the 
energy loss per unit boundary area excessive. At some intermediate 
cross section the product of exposed boundary area by the energy loss 
per unit area has a minimum value; an arc of this cross section requires 
the least energy for its maintenance and is the one automatically as¬ 
sumed by the arc. 

V 

Because energy' and ions pass out through the boundaiy surfaces, 
but ar(' produced within the plasma A'olume, the least-energy shape of 
plasma cross section is that having a minimum ratio of surface to 
volume, which is a circle. If plwsical boundaries restrict the plasma 
to a smaller cross section than that naturally assumed, or to a non¬ 
circular section, the gradient and overall voltage become greater than 
without the restriction; this is significant in the design of circuit 
breakers for electric power systems. 

The cross section of a high-pressure arc is much smaller than for a 
low-pressure one, because the mean free path is the yardstick by which 
a discharge lays out its own pattern. If the yardstick is small, as at 
high pressure, the diameter will be small. This is an illustration of 
“similitude": sec v'^ection 

16.10 Criterion by Which the Value of the Plasma Longitudinal 
Gradient Is Established. In the light of the concept that a gas-dis- 
chaige circuit imposes a certain current, and provides whatever volt¬ 
age the discharge then demands, the discussions of the last several 
.sections may be summarized into the following statement of the 
ciileiit>n by which the longitudinal gradient is determined: 

The potential yradient along the plasma mast be large enough to cause 
the rate of power introduction into the plasma electron stream to be great 
rnongh, to make the electron temperature become high enough, to cause 
ionizing collisions to occur with sufficient frequency to provide replace- 
incuts for the ions lost at the lateral boundaries. 

The rat(' ot ion loss at the lateral bouiuiaries is discussed briefly in 
the next chaj)ter.**'^-^- 

16.11 Distributions of Free Paths of Particles.* The velocities of 

<lriit ol ('leefrons and ions in response to electric fields, and the rates 
oi jjrodiict i(tn ol ions by collisions of electrons with gas particles, depend 
on tlu* imli\ idual “tree paths," these being the distances traveled by 
j)articl(‘s bctwtvn collisions. The free path length is measured along 

• In the bibliography, sec 12A, R, C, D, 15A, B, C, D, G, a, r. 
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the path traveled. The term inean free path, symbolized I, of course 
signifies the average free path. 

It has been pointed out earlier that the electron mean free jiath (or 
sometimes the ion mean free path) is a sort of yardstick bj'' which a 
gas discharge lays out its own pattern, or by which electrode sj^acings 
and sizes should be measured in studying the dependence of properties 
of the discharge on environmental geometries. 

Figure 15.4 illustrates the distribution of free paths relative to the 
mean. Approximate mathematical expressions for the free path dis¬ 
tribution and for the mean free path are derived in the following para¬ 
graphs. The method involves probabilities or “chances” and can be 
illustrated by the following example. Suppose that it is required to 
estimate the chance that a football plaj^er will gain between fifteen and 
sixteen yards on a play. In order to make this gain he must first 
succeed in advancing fifteen yards, then he must be stopped within 
the next one yard. Two distinct chances are involved: first, that of 
advancing any amount greater than fifteen yards; second, that of being 
stopped within one yard. 

Suppose that, in the game in question, it is reasonable to expect him 
to gain fifteen yards or more in 5 per cent of the plays; that is, the 
probability of his advancing fifteen or more yards is 0.05. Suppose 
also that he has a 20 per cent chance of being downed in any one yard 
that he reaches; that is, the probability of his being stopped in any one 
yard is 0.20. The i)robability of going more than fifteen yards, then 
being stopped within the sixteenth yard, is the first probabilitj^ multi¬ 
plied by the second, that is 


0.05 X 0.2 = 0.01 


(15-1) 


This set of events should therefore be expected to occur in about one 
per cent of the plays. The chance of his going wore than sixteen yards 
is that of going more than fifteen, minus that of stopping within the 
sixteenth yard, or 0.05 — 0.01 = 0.04. 

Now to return to the gas particles: let the solid-line, crosshatched 
circle at A, Fig. 15.3, represent a gas particle at a moment when it has 
already advanced distance x from the point of the last collision, and 
the dotted-line crosshatched circle at B the same particle after it has 
gone distance dx farther. The increment dx corresponds to the one yard 
between fifteen and sixteen in the football example. Presume that all 
gas particles are spheres of radius b. If the center of any other ap¬ 
proaches closer than 25 to the center of the one illustrated, collision 
takes place. Spheres of radius 25 are drawn at both positions in the 
figure to indicate the limit of approach of other noncolliding particles. 
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Let Px symbolize the probability that a gas particle will go a distance 
greater than x without collision; that is, it is the ordinate of the inte- 



Fig. 15.3 Increment dx of an atom’s free path. Volume swept out in distance 
dx by imaginary sphere of radius 2b is 7r(26)^ dx. Chance of collision therein is 
NTr{2hfdx. 


grated distribution cuiwe, Fig. 15.4a. \\Tien the football player’s x 
was fifteen yards, his Px was 5 per cent. 

Let p dx symbolize the probability of a collision’s terminating the 
free path within the distance dx\ thus p dx corresponds to the football 
player’s 20 per cent chance of stopping in any one yard. 



Px = exp 


—X 

~T 


X Individual free path 

7 "" 


dPx 1 —X 

See equations (15-11), (15-16), 
(15-20), and (15-21) for L 


Mean free path 
Fia. 15.4 Distribution of free patlis of gas particles. 


The change dPx in Px while dx is being traversed is of course the 
probability of reaching and passing x without collision, but of ex¬ 
periencing a collision before x + dx is reached. Therefore dPx is the 
product of (a) the probability of advancing a distance greater than 
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by (6) that of stopping within dx. This product is negative, because Px 
decreases as x increases. Mathematically, 

This can be written 

dPx = —Px-pdx 

(15-2) 

and integrated into 

— = ~pdx 

Px 

(15-3) 

or 

\nPx = — px + K 

(15-4) 


Px = exp (-px- -h K) 

(15-5) 


Ihe probability of a free patli’s terminaling at a distance greater 
than zero is 100 per cent, so that Px ~ \ when a* = 0. Hence the 
integration constant K vanishes, giving 


Px ~ exp ( —p.r) (15-0) 

llie quantity p is determinable in the gas particle case from the fact 
that p dx must be the probability of collision with another gas particle 
within the distance dx. While going from A to P, Fig. 15.3, the sphere 
of radius 2b sweeps out a volume 7r(25)^ dx. The chance of collision 
meanwhile is tliat of finding the center of another particle within this 
volume, which is the volume itself multiplied by the concentration N'g 
of particles. Therefore, for spherical gas particles, 

pdx = Ng-Tri2bfdx (15-7) 

so that 

p = -iwNgb^ (15-8) 

This derivation for p has assumed all particles but the one illustrated 
in Fig. 15.3 to be stationary. Actually, they have jMaxwellian veloci¬ 
ties, which make some particles initially in the volume ‘kirb^ dx move out 
in time to escape being hit, and make others move in from the outside 
in time to be hit. Analysis shows the chance of moving in to be greater 
than that of moving out, so the actual probability of collision within 
dx is greater than that given by (15-8), by the factor .y/ 2 .i 2 A.B.D. 

With this relative-velocity correction 

p = 4\/2 7rWg5“ (15-9) 

Use of this in (15-6) gives 

Px = exp ( —4-v/2 TrNgb~x) 


(15-10) 
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Let a distance Ig be defined as 


1 

' "" W2 


’called Maxwell's mean free path, 
for a spherical gas particle raov- 
-ing among others like itself 


(15-11) 


Equation (15-10) can then be written 


= exp — (15-12) 

This is the equation for the integrated distribution curve of Fig. 15.4a. 
Its negative derivative is the equation for the free-path distribution 
curve, Fig. 15.45, that is, 


dx 



(15-13) 


For this particular distribution the tAVo curves have identical shapes. 

The average free path is obtained by averaging the distribution 
equation, (15-13), in the usual way, as described in Section 12.5; the 
result is /g, which justifies calling Ig the mean free path, as in (15-11). 

16.12 Approximate Magnitudes of Mean Free Paths.* Gas par¬ 
ticles are far from being perfectly elastic spheres, as was assumed in 
the derivation based on Fig. 15.3. Therefore the meaning to be 
attached to the “radius” b is rather uncertain, and different experi¬ 
mental values for b result from different methods of measurement of 
the mean free path. Table XV presents useful approximate infor¬ 
mation as to values of b for various gases. It also gives millimeter 
values of a sort of standard-of-comparison mean free path symbolized 
as Igo, and defined in meter units by applying (15-11) to a particular 
standard pressure and temperature, thus 


1 1.592 X 

"" 4V2 7 rN^b^ ~ 52 


'Maxwell’s mean free path, in" 
meter units, at 273° K and 
a pressure of 1 millimeter 
of mercury, for gas particles 
.moving among themselves . 

(15-14) 


Here iVy is the number of gas particles per cubic meter of any gas at 
273° K and a pressure of 1 millimeter of merciuy. Use of the Losch- 

* In tho bibliography, see 12A, B, C; 15A, B, C, D, G, a, q, r, ta. 



APPROXIMATE MAGNITUDES OF MEAN FREE PATHS 473 


midt number, Table I, shows that 


2.087 X 1025 

^0 =--= 3.536 X 10^^ 


'gas particles per cubic meter,' 
for any gas, at a pressure 
of 1 millimeter of mercury, 
.temperature 273® K 

(15-15^/) 


The ideal gas law may be expressed as follows in terms of units 
presently useful, first for any pressure and temperature condition, then 
tor a standard condition useful in vacuum practice: 



1.030 X 10" 




at any pressure and temper¬ 
ature 



(15-15/;) 


I = 1.03() X 10"25,Vy X 273® 


at a pressure of 1 
millimeter of mer¬ 
cury, temperature 
273® K, therefore 
concentration Nq as 
in (15-15a) 


(15-I5c) 


Here Pg — gas pressure in millimeters of mercury. 

Tg = gas temperature in degrees Kelvin. 

Ng — gas concentration at temperature Tg, pressure Pg. 


The proportionality factor 1.030 X 10“25 has been determined by 
employing in this last equation the value of from (15-15a). 

From (15-11), if h is considered to have the same value for all 
pressures and temperatures (this is true in relation to pressures, but 
only a ratlier poor first approximation in relation to temperatures; see 
Cobine ^^^) Ig will vary inversely as the gas concentration, that is 



go 



(I 5 -IO 0 ) 


Here Nq/Ng can be expressed b}'’ dividing (15-15c) by (15-15/;), leading 
then to tlie useful form 



go 


111 

Pg 273 


(15-166) 


Actually, 6 decreases appreciably with increasing temperature, because 
a high energy of mutual approach permits particles to come closer 
together before significant deflection than in case of a low energy of 
approach. 
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Tlie mean free paths of positive ions, even when moving among gas 
particles of their own kind, are affected by various complicating factors 
discussed in Chapter VII in Fundamentals of Physical Electronics 
The most obvious effect differentiating the mean free path of an ion 
from that of a gas particle is the fact that the ion may be driven by an 
electric field and therefore may have a much higher total velocity than 
the gas particles among Avhich it moves. Kinetic theory analysis shows 
that for perfectly elastic spherical particles this difference in velocity 
can be accounted for by expressing the ion mean free path as follows: 



1 

“ 1 + (77V^) 


(15-17) 


where cf^ are the mean square velocities of the ions and gas par¬ 
ticles respectively. 

U is the mean free path of an ion among gas particles of 
its own kind, for example, a mercury ion in mercury 
vapor. 


It is evident from (15-17) that: 


(а) If the ions and gas particles have the same mean square velocity, the radical 
in the denominator becomes \/2, so that the equation for h then becomes the same 
as that for in (15-11). 

(б) If the ions have a much higher mean square velocity than the gas particles 

the radical in the denominator becomes unity. * 


Therefore, to a first approximation. 


li^l 


i 


U ^ \/2 I 


g 


if the ion temperature is the same as the gas 
temperature I (I5-I8a) 

ion temperature is veiy much] 
tlian the gas temperature J 



The important conclusion to be drawn here is that marked differences 
in mean square velocities that may exist between gas particles and ions 
will have only modestly important effects on ion mean free path esti¬ 
mates. This is true because the factor of uncertainty in experimental 
knowledge of the value of cither or Ig is likely to be substantially 
greater than the \/2 factor differentiating (15-18a) from (15-186). 

For mercuiy ions in mercury vapor, = 0.024 millimeter is fre¬ 
quently employed. This value was used by Compton and Van 
\ oorhis in 1925, and checks back (by way of an early book by Bush¬ 
man 2 E) to viscosity measurements. German workers tend to use 
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ho = O.OlGo millimeter, as given in the table on page 39, Vol. I, of 
Kngel and Steenbeckd^^ See Table XV for /go values for other gases. 

The mean free path of an air molecule at atmospheric pressure and 
room temperature is about cm. 

A formal expression for the mean free path of an electron is obtain¬ 
able by recognizing that the space occupied by an electron is negligible 
relative to that of a gas particle, so that the crosshatched circles in Fig. 
15.3 shrink to points representing the electron, h is still the gas-particle 
radius. As collision occurs if an electron approaches within a distance 
h of the center of a gas particle, the sphere that describes the 
limit of approach without collisions has a radius h rather than 2h. The 
volume swept out during the electron’s advance from .1 to B, Fig. 
15.3, becomes irb^ dx. Because of the large mass ratio, the electron is 
moving so rapidly that the gas particles may be considered at rest; 
therefore the \/2 relative-velocity factor is not used. dx is related 
as before to the mean free path, so that: 


The mean free path of an electron moving 
among solid-elastic-sphere gas particles 




(15-19) 


Note that, with b considered constant, In becomes an inversely pro¬ 
portional measure of gas concentration; /„ is frequently used in just 
this way. 

Table XV presents values for a sort of standard-of-compari.son eleo 
tron mean free path /„„, defined as 




4 V 2 X 1.592 X 10‘2-i 

52 


The counterpart of (15-165) is 


’standard-of-comparison mean free 
path for an electron moving among 
solid-elastic-sphere gas particles, 
temperature of the gas 273° K, 
.pressure 1 millimeter of mercury. 

(15-20a) 



no 


Pg 273 


Tg in degrees Kelvin 

Pg in millimeters of mercury 


(15-205) 


The variation with temperature as well as with pressure is satisfactorily 
expressed by this relation. The velocities of the electrons are enor¬ 
mously greater than those of the gas particles, for any gas temperature. 
Therefore changes of gas temperature have no particular effect on /„, 
e.xcept as indicated by (15-20). 
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Actually, the last two equations lead to a rather arbitrarily estab¬ 
lished approximation to the electron mean free path. Note that they 
are based ultimately on nonelectrical measurements that permit de¬ 
termination of gas-particle free paths, then modified to give electron 
mean free paths by use of the theoretically determined factor 4'\/2, 
Direct electrical measurements have shown that the probabiltty of 
collision [comparable with p in (15-9), not very well named] of an 
electron Avith a gas particle is strongly dependent on the energy of the 
attacking electron (the Ramsauer effect) because of the complex detail 
structure of the outer aspect of any atom or molecule. Reasonably 
good agreement has been attained between the quantum-mechanical 
theories of this dependence and experimental determinations. 


Thus ^ 

-- leo — hoi^) 


(15-21a) 



symbolizes the fact that the mean free path of an electron having 
energy E electron volts is a function of E, this function being different 
for each gas. Here leo 1® the Ro.7ns(iucr mean free path, and pgQ the 
“probability of collision” at 273° K and 1 millimeter of mercury pres¬ 


sure. 


Obviously, as in (15-206) 



P, 273 


(15-216) 


where h is tlie energy-dependent Ramsauer mean free path at temper¬ 
ature Tg and pressure Pg. 

Table XYl is a chart containing the essential information relative 
to the dependence of ho on E for a number of gases, in terms of its 
reciprocal peo- 

In engineering devices employing gaseous conduction the electron 
energies are always distributed according to some more or less well- 
determined energj^ distribution, as for example the Maxwellian dis¬ 
tribution corresponding to a particular electron temperature. The 
actual mean free path is therefore /^, Avhich is h averaged with proper 
weighting for the energies; similarly for standard conditions there is 
an averaged leo- The values and ho as in (15-20) are employed be¬ 
cause there is no satisfactoiy knowledge, either from theor^r experi¬ 
ment, as to the properly Aveighted and averaged values ho\ see the 
handling of a similar problem by Kenty, Easley, and Barnes. 

16.13 Electron Mobility Relations.* In any plasma practically all 
the current floAv between anode and cathode is accounted for by the 
longitudinal drift motion of the electrons that takes place as a result of 


• III bibliography, see 12B, C, 16A, B, C, D, G, K, a, m, n, p, «, u, to, *. 
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the gentle longitudinal electric gradient that sustains the discharge. 
The electron drift current density«/«is related as follows to the electron 
concentration Nc, the electron drift velocity Vg, and the electronic 
charge Qe : 

Je = NcqeVe ( 15 - 22 ) 

Electron mobility is defined in terms of and field strength F by 
the relation 

I’e = OcF [this defines the electron mobility (15-23) 

Mobility is expressed in meters per second per volt per meter. Similar 
e(iuations relating to ion motions are obtained by using subscripts i 
instead of e. 

Dviring each free path the forward component of motion of an ion 
or electron, of mass m, is increased by means of an acceleration g^Ffm 
caused by the electric field of strength F. Each free path terminates in 
a collision. ^lost of the collisions are elastic, not inelastic (see Section 
14.11), although the few inelastic collisions have important effects. 

Consider an elastic collision between a moving electron and a 
stationary gas particle. If the electron strikes squarely head-on, the 
forward component of the electron’s velocity will be just reversed, as 
is that of a tennis ball which makes a direct hit on a post and bounces 
directly backward. If the electron makes only a grazing collision, its 
forward velocity component is unchanged, as when a tennis ball barelj^ 
grazes the side of a post. In the course of many collisions, these two 
extreme kinds occur with equal frequency, so that the average per¬ 
sistence of forward motion as between them is zero. Any particular 
angle of partially reversing bounce can be similarly paired with the 
same angle of forward glancing bounce to give an average of zero 
forward persistence. Thus on the average the forward energy acquired 
by the electron between collisions is immediately converted into 
randomly directed energy, providing the particle hit remains stationary. 
In colli.sions between electrons and gas particles, the gas particles hit 
do for all practical purposes remain stationary, because of the large mass 
ratio. 

Thus there is, on the average, no persistence of forward motion into 
subsequent free paths, in the case of collisions between electrons and 
gas particles. 

For this reason a fairly good approximation to the average drift 
velocity of an electron is the average of the forward velocities that 
would be acquired during individual free paths if there were zero 
forward motion at the beginning of each free path. The average 
velocity during any uniform acceleration a enduring for time t after 



478 


CURRENT FLOW IN GASES 


a start from rest is ^aL Therefore if i represents the time between 
collisions, and if the forward velocity is zero at the beginning of each 


free path, 

1 

Ve — - ( 

2 


(15-24) 


The average time between collisions is le/^, the mean free path Z* 
divided by the average velocity. (A car going 60 miles an hour passes 
a town eveiy quarter of an hour if the towns are 15 miles apart; 
^^^0 = 34 ) ^ is the average electron total velocity regardless 

of direction. The use of le/^ for t gives 



1 qeF le 

2 nie ^ 


(15-25a) 


The derivation just given has assumed all free paths to be equally 
long. A derivation that is similar to the above but takes into account 
the free path distribution of Fig. 15.4 leads to 


QeFle 

Ve = —z: (15-256) 

nieCe 


Fe will be evaluated differently for different situations. In a plasma 
the electron random velocities greatly exceed the drift velocities, so 
that (12-746) may be used for Zl. Equation (15-256) ignores the 
actual velocities with which free paths begin. 

Expressions that take these into account have been derived for 
and Qe, employing the assumption that the random velocities are 
Maxwellian and that the gas particles are solid elastic spheres, with 
results as follows: > 2 b. isa.b, c, d.g.o.u. 

Due to Langevin: 


3 gePle 

O’ 

1 

1 


= 0.75- 

4 rrieCe 

nieCt 

3 


Oe ~ , - 

= 0.75- 

4 rn^Ce 



(15-26a) 

(15-266) 


Due to Compton,according to a derivation appearing in 
Chapter X of P^itndamcnfals of Physical ElcctronicSj 


8 

qeFle 





= 0.85 - 

(15-27a) 

37r 


ifieCc 

8 

Qch 



„ 


= 0-85 -— 

(15-276) 

or 


nieCt 
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c'c may depond on the electric field strength F, so that these e piations 
for f'c do not necessarilj'’ imply a linear dependence of Ve on F. Thus 
Oc may itself be a function of field strength. 

Uncertainties as to values to be used for /<. and FI are likely to be 
considerably greater than the numerical differences between (15-25a), 
(15-25?;), (15-2Ga). and (15-27a), so that the selection between them 
is more or less arbitrary. In specific problems involving numerical 
values the usual important need is to establish the order of magnitude 
of Vp or Qc', uncertainty by a factor of 2 or 3 is in many cases not dis¬ 
turbing. The important conclusion to be drawn from a comparison of 
these four equations for Vc is that they resemble one another so closely. 
Many authors quite properly use (15-25?;) because of its simplicity of 
form and the ea.se of statement of its origin; in this text the Compton 
forms (15-27) will be used. 

A convenient manner of employment of the drift velocity ecpiations 
will be outlined using (15-27a). It is presumed that Te and Ere, the 
electron temperature and its voltage equivalent, are known as a result 
of probe measurements, as outlined in Section 10.11. For U there can 
be used the value of obtained from (15-20a), (15-20?;), and Table 
XV; this is only a rough approximation, because of the variation of 
le with electron energy,as mentioned briefly at the end of Section 
15.12; sec Table XVI. It does, however, have the correct order of 
magnitude, which is the primary need. It is presumed that the longi¬ 
tudinal electric field strength F is known, as, for example, by probe 
measurements of plasma potential at various points; sec Fig. lG.3a and 
Section 10.11. From (12-74?;) and (12-51), 



(15-28) 


Introduction of this into (15-27a) and use of h for U leads to 





Fin 


y/ Ere 


(15-29a) 


also expressible as 


o PI PI 

IV = 5.93 X 10^ —^ - 5.93 X 10® X 0.376 (15-29?;) 


SV TT 


Te 


Ve 


Te 


from which Ve can be evaluated. 
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To obtain the ratio vdKe of drift to characteristic random velocity- 
divide (15-29a) by (12-54) and simplify; the result is 


Ve 2 Fin 

Z\/Tr Ere 


Fin 

0.376- 

Etc 


(15-29c) 


In a typical low-pressure plasma, F might be 0.1 volt per centimeter 
and In about 1 centimeter; might be 2 volts, making Fln/E^e = 

This illustrates the fact that in ail cases it will be found that 

the plasma electron drift velocity will always be very small relative to 

the random electron velocities. 

Non-plasma electrons, as in Townsend currents, Fig. 15.1, must be 
studied by an analysis based on the saAvtooth type of diagram, Fig 
14.10; see Chapter VUI in Fundamentals of Physical Electronics, 

It is important always to bear in mind that all equations for electron 
and ion drift velocity give only rough approximations to the true values. 

16.14 Ion Mobility The equation 


Vi = giF [this defines the ion mobility 


(15-30) 


is the counterpart of (15-23), in that it relates ion drift velocity v,* to 
ion mobility gi. The chain of logic leading to the electron drift velocity 
and mobility equations can be applied to positive ion drift velocities 
and mobilities. HoAvever, the folloAving significant differences appear: 

(a) Weak-Ficld vs. Strong-Field Conditions. A major distinction must 
be made betAvecn weak-electric-field conditions, for which the ion and 
gas-particlo mean energies (described in terms of ion and gas tempera¬ 
tures) are about the same, and strong-electric-field conditions, for 
Avhich the ion temperature greatly e.xceeds the gas temperature. In 
the Aveak-field cases the total velocities for the ions and gas particles 
are about the same, whereas in the strong-field cases the total velocities 
for the ions greatly exceed those for the gas particles. The weak-field 
ion drift velocity equations differ someAvhat in form from the strong- 
field equations. Electron drift velocity equations do not exhibit this 
difference, because the electron velocities enormously exceed the gas- 
particle A’elocities, regardless of equality or inequality of electron and 
gas particle temperatures. 

(5) Mean Free Path Dependence on Random Velocities. The ion 
mean free path should be expressed in the (15-17) form Avhich accounts 
for the fact that the total velocities of the ions and gas particles may 
either be about the same or markedly different for the contrasting 
weak- and strong-field cii-cunistanees. It is frequently convenient, in 
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dealing with ions moving among gas particles of their own kind (for 
example, mercury ions in mercury vapor) to use in (15-17) the relation 

^ 'p E r among gas par- 

^ = —If. tides of their own kind, (15-31) 

c? r,- En LgQ = jYii 

Here T*,-, En, Tg, and Ets describe respectively the ion and gas temper¬ 
atures and voltage equivalents of temperature, measuring tlie respec¬ 
tive random energies. 

(c) Persislencc of Forward Motion. If a positive ion, having been 
accelerated by the electric field, makes a direct hit on a gas particle 
of equal mass, the gas particle will just come to rest; the forward 
persistence is zero. If it makes a grazing collision, the forward per¬ 
sistence is 100 per cent. The average condition lies between these 
extremes, obviou.sly a substantial percentage, as compared with zero 
average persistence for electrons; see the di.seussion preceding (15-24). 
Forward persistence obviously tends to increase the mobility. 

These (a), (5), and (c) considerations can be illustrated by extreme 
(‘a.scs. For the weak electric field, from (a), T,- = Tg, so, from (15-31), 

(15-17) reduces to (15-19), therefore, approximately 
\i = Ig [in a weak electric field, for which Fig « E-pg] (15-32) 


This is subject to pronounced modifications owing to induced dipole 
moments in the gas particles,as discussed in Chapter VII of Funda^ 
ynenfals of Physical Electronics, but is adequate for a study of concepts. 

As the field increases from weak to .strong values, the ratio Cgfc? 
= Erg/Epi in (15-17) approaches zero, because the ion temperature 
becomes much greater than the gas temperature. Therefore the i*adieal 
in (15-17) approaches unity, .so that, to a first approximation 






= V2I 


[ in a strong electric field, | 

for which Fig » Epg J 


(15-33) 


It will be seen, from the elementary form (15-255), that in so far as 
the mean free path is concerned, the growth of the field strength from 
weak to strong values should tend to increase the ion mobility. In 
contrast with this mean free path effect, which involves a ^nly in¬ 
directly, there is a direct effect caused by the appearance of a in the 
denominator of the elementary form {lp-25b). This direct effect tends 
to make the ion mobility decrease as a rises with a growing Fig. 
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A Compton derivation [see also (15-27)] treats these two con¬ 
flicting tendencies in combination; the net result, in form applicable 
either to weak or strong electric fields, is 


S ge F I 

Stt nig 4:TrNgb^ a 


(15-34) 



The use of (15-11), also of (15-31), permits this to be expressed as 



8V2 Qe Fig 

rrig 




8V2 Qe h 

Ztt nig 



(15-35a) 


(15-355) 


These are in form con^’enient for comparison with equations (15-27) 
for electrons. 

Tlie extreme \'alues the radical can take are: unity, when Etx = E^g 
(weak field), and when En'^ Erg (strong field). Thus the 

extreme change in the appearance of these equations between the weak- 
field and the strong-field cases is by the factor -\/2. This is relatively 
insignificant, for uncertainties in experimentallj' available magnitudes 
for Ig represent a greater factor than this. 

Note particularly the following Aveak-field form, for which the 
radical has the \/2 value: 


10 qe Fig 

y. =-— 

Stt nig a 


This is also expressible as 


weak electric fields,' 
for which Fig « Erg, 

-SO that Eti = Efg 





if Fig « Ergy 

Etx = Erg 



(15-36o) 


(15-366) 


I'lierc is an obvious need here to be able to find Erg^ The gas ^vithin 
a laboratory dischaige tube or an industrial gas tube must exceed the 
temperature of the enclosing vacuum envelope sufficiently to transfer 
to the enveU)pe the heat generated in the gas by the discharge. Kenty, 
Faisley, and Barnes made gas temperature determinations in a 
mcrcuiy-argon discharge of the fluorescent lamp type, at argon pres- 



approximate magnitudes of ion drift velocities 483 

sures between 1 and 5 millimeters of mereuiy. They found tempera¬ 
ture rises of the gas above the glass envelope to lie between 10° and 
60 C, at wall ternpei’atures ranging from 230° to 3o0° K. 

The temperature rise above the walls was found to be approximately 
proportional to the gas pressure, which suggests that in most industrial 
gas tubes the gas temperature is approximately that of the walls, be¬ 
cause most such tubes operate at pressures much lower than used in 
these experiments. However, their envelope temperatures range to 
considerably higher values than 350° K. Because in the drift velocity 
equations Ejg ordinarily occurs to the power, no great precision in 
the knowledge of its value is usually needed. 

16.16 Approximate Magnitudes of Ion Drift Velocities. Determi¬ 
nation of the ranges of Fig over which weak-gradient and strong- 
gradient behaviors apply is important in any quantitative problem. 
This implies determination of the ion temperature in the “terminal- 
energy” condition usually achieved, in which the rate of gain of energy 
by an ion from the field equals the rate of loss to gas particles at elastic 
collisions.(The ions do not make appreciable exciting or 
ionizing collisions with gas particles, at ion energies achieved in either 
strong-gradient or weak-gradient conditions.) The terminal energy 
problem is analyzed in some detail in Chapter VTIl of Fundamentals 
of Physical Electronics. The results will be summarized here. 

At very weak fields, the terminal-energy ion temperature is the same 
as the gas temperature. Above a not sharply <lefined range of Fig 
values, the ion temperature becomes approximately proj)ortional to 

Fig, making a in (15-36) proportional to Fig, so that for these higher 


field strengths: 


Vi varies as ^FIg, not as FI 


(15-37) 


Before stating (luantitatively the weak-field and strong-lield ranges, 
(15-36a) will be rearranged to express e,- in terms of En, the procedure 
being the same as in similarly' converting I’c to the (15-29a) form. The 
result is 







Erg 

En 


(15-38a) 


which can also be expressed 



5.93 X 10^ 

\/ Ulglme 


X 0.53 





(15-385) 


Also, the ratio of drift velocity to the random velocity f,• characteristic 
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of the ion temperature can be set up in a manner analogous to (16-29c); 
the fonn is 


that is, 



(15-39a) 



(15-396) 


The terminal-energy analysis shows that strong-gradient, weak- 
gradient, and intermediate-gradient conditions may be distinguished 
on the basis of the magnitude of the ratio Flg/Ergy as follows: 

Case I. Strong Electric Gradients. 


When ^ about 6, then En S 0.8 Fl^ (15-40) 
Erg 

(The original numerical form is En — Fig.) Use of this con¬ 

verts (15-38a) into 





2qe y/fi 


m 


g 


(strong gradients] (15-41a) 


becoming numerically 


5.93 X 10^ 

V mg/nJe 


X 0.59 


Also, (15-39) becomes 


[strong gradients] (15^16) 



[strong gradients] 


(15-42) 


Note that, in this strong-gradient case, the ion drift velocity is only a 
little less than the random velocity characteristic of the temperature. 

The strong-gradient point of view can be pushed to a still further 
extreme, for which no collisions occur because /,■ has become large 
relative to the length of path of ion motion being considered. This is 
the situation within the sheath adjacent to a metallic plasma boundary, 
or adjacent to a grid or probe, as suggested by the sharp potential drop 
through a veiy thin sheath in Fig. 15.2c; see Section 10.7. In this case 
the velocity in the direction of the field is obtained from the energy 
equation (5-2), with iiig used for this concept replaces that of a 
mobility-governed drift velocity. The random ion velocities are now 
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meiely those iniierited from the ion temperature at the start of the 
free fall a.nd aie superposed on the free-fall velocity; of course the free- 
fall velocity rapidly becomes so large as to mask the random velocities. 
Case II. 11 cak Electric Gradients. 

When ^ about - , then En ^ Et. (15-43) 

i^Tg 2 

This converts (15-38a) into 





becoming numerically 


[weak gradients] (15-44a) 



5.93 X 10^ 

y/viglnie 


X 0.75 



Also, (15-39) becomes 


Iweak gradients] (15-445) 


V 


FI 


f 3 Vtt Erg Erg 

As here {Fig/Erg) ^ one may restate this as 


= 0.75 


FI 


i 


[weak gradients] (15-45a) 



[about 'J-, and decreasing tol 
[lower values as Fig declines] 


(15-455) 


Thus over the entire weak-gradient range the drift velocities are modest 
fractions of the random velocities, becoming veiy small fractions as 
Fig/Erg declines. 

Case III. Intermediate Gradients. 


1 FI 

When - < —- < 6, then Erg < En < 0.8F/ 

2 Erg 


(15-46) 


Here En/Erg is given by the following approximate dimensionless- 
ratio equation for the ion temperature under terminal-energy con¬ 
ditions: 



(15-47) 


This reduces to the Case I and Case II values at the extremes. With 
En/Erg known, values of Vj and r./f,- are obtained from (15-38) and 

(15-39). 
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For all cases, strong, weak, and intermediate gradients, the above 
relations can be very useful first approximations. They are only 
approximate, primarily because of the uncertainties surrounding the 
relationship between U and Zg, and the values of Ig itself, also because 
of the not altogether valid assumption, employed in certain steps of 
the terminal-energy analysis, that the random velocities are Max¬ 
wellian and are large relative to the drift velocities. 

The ratio Fig/Erg takes on values from perhaps 10 “® to 10"^® in 
engineering apparatus of various kinds; in most cases the ratio lies 
outside the (15-46) range and so can be treated by either the Case I 
or the Case II relations. Thus in the majority of cases, either (a) the 
ion temperature is determined entirely by the electric gradient, being 
unaffected by the gas temperature, or ( 6 ) the ion temperature is the 
same as the gas temperature. However, a number of plasma problems 
of engineering interest do involve values of Fig/Erg which lie within 
the Case III range. 

15.16 Ratio of Drift Current Density to Random Current Density, 
It is frequently desirable to know the ratio of the drift current density 
NeVcQc, or NiViqe, to the corresponding random current density, as 
given by (12-100). Thus, in general, 

Drift current density Nvog v 

-=-^— 7 =- = 2 V x - (15-48) 

Random current density {N^qe/2y/ w) f 

Application of appropriate forms for v/^ will show that: 

For strong gradient {Case I) ionSj not in general being plasma ions, 
from (15-42) and (15-48): 

Drift current density 4 

-^ ^ - 7 - ^ 2.3 (15-49) 

Random current density V 3 

Thus in strong-gradient situations the ion drift current density is 
materially greater than the random ion current density, by a factor 
that is about the same for all large gradients. The precise numerical 
value 2.3 is not dependable, but the concept is correct. 

For weak gradient {Case II) ions, including many but not all plasma 
conditions, from (15—loo) and (15—18): 

Drift current density 8 FL FL 

-;-;—^ =-^ = 2.67 — (15-50a) 

Random current density 3 Erg Erg 

For plasma electronSy from (15-29c) and (15—18) 

Drift current density 4 Fin FL 

-;-^ 1 = 1.33 —?■ (15-505) 

Random current density 3 Et« Et« 
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is significant, for in any 

Llow 1 ^- 90 ” ‘'™ '''I'lations, As indicatoil 

IX ^ p’,' ‘■‘:«s™al'le to expect that FIn/Erc will be perhaps 

X 20 o ess. I asma ion conditions range somewhat both ways from 

r weak and intermediate gradients; therefore 

Horn (15 43) It IS reasonable to expect that for plasma ions FI„ Er, 

>; bo a facdiir of perliaps 2 or 3 one way or the other of 

leie 010 10 m (l,i .50(7) and (l.i-.lOh) it may be expected that, as 
to orders of magnitiulo: 

For plasma conditions: 


r Electron drift 1 
L current density J 


r Electron random I 
L current density J 


[ 


Ion drift ] 
current density J 


r Ion random 


Lcurrent densit^ 


m 

sitv- 


A very markedlj' small 
fraction, usually of the 
order of 3-^0 o*' less, for 
any plasma 

Hanging modestly both 
ways from 1, probably 
being below 1 in more 
cases than aboye 1 J 


(15-51a) 


(15-516) 


16.17 Plasma Electron and Ion Characteristic Frequencies.^®'-'^-" " 
In Chapter X of Fundamentals of Physical Electronics eejuations are 
derived for the plasma electron characteristic fre(iuency, at which 
sustained internal plasma oscillations occur, and at which interchanges 
of energy wit-h microwave-frequencj' radiations are possible. These 
resonances involve tlie propagation of wind may be called space- 
charge waves. 

The plasma electron characteristic frequency/<. is 


/e = 


2l 



N. 


€om 


= 9.05V^ 


(15-52) 


where Ne is of course expressed in electrons per cubic meter. As an 
illustration, when there are on the average 10’^ electrons per cubic 
centimeter (a possible value for a mercurj^-vapor plasma), AT in (15-52) 
is 10*®, making = 9050 megacycles. This illustrates the fact that 
typical plasma electron characteristic frequencies lie within the range 
of well-established microwave-frequency measurement techniques; 
measurements of /« are sometimes employed for the determination of 
plasma electron density. Equation (15-52) is identical with the 
equation for the “critical frequency” for an electron density Ne in the 
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ionosphere; radio waves of lower frequency than this (a few mega¬ 
cycles) are totally reflected back to the earth's surface from the iono¬ 
sphere. 

The plasma ion characteristic frequency, of more complex de¬ 
pendence, is given by 



(15-53) 


Here X is the wa^’elength of the propagation taking place within the 
plasma; the denominator term involving X corresponds to a sort of 
electroacoiistical propagation in which the electron temperature is in¬ 
volved. Whenever the electroacoustical propagation is significantly 
inv olved, X is related to the dimensions of the enclosure. 

Ob^’iously when X is small, the frequency expression has a form 
resembling (15-52). When X is large, the electroacoustical propagation 
predominates, with a propagation velocity characteristic of the electron 
terapeiature, even though it is the ion mass that is involved. 


PROBLEMS 

1. As explained in Section 15.8, local random variations in charged-particle 
concentrations may result in local random variations in plasma potential. Suppose 
that at a certain moment a local region has the one-dimensional sinusoidal potential 
vaiiation of Fig. 15.5. The uniform positive ion concentration is 10*^ per cu cm; 



-X- 

Fig. 15.5 Local variation of j)otontial in a plasma; distances in centimeters. 

at the potential crests the electron concentration is 0.1 per cent greater than this, 
at the valleys 0.1 per cent less. Find the potential difference between crest and 
valley. 

2. (a) In Fig. 14.106, determine the slope of the rising front of each sawtooth, 
in electron volts per /-unit; see (14-12). 
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(b) Calculate the average velocity of electron .Irift taking place in l.’ig p, ,ob 

assuming that all sawteeth ternunate at the excitatioti enetgy a.ul begin again at' 
zero energy. ^ <u. 

3 Experiments show that an electron's tnean free path in a certain gas varies 
With the electron s total velocity r a^s follows 4n° r’ .x, i k 'ar u ^ 

of mercury I = (4 ^ ^ pres-sure of 10 nun 

T uvite ,1 ^ information.) 

(a) ^\nte the correspoiuling equation for 273» K anil 1 nun of mercury gas 

pressure. ^ ^ 

(b) At -lO" C, 10 mm pressure, how many collisions ,,er .scconil will be inaile 
in tins gas by at. electron whose velocity has a constant value c, its mean free 

D0iri^ 

(c) Use the above relation between and r in setting tip an integral from whiel, 

the number of col tsio.is per electron per second can be determine,1, tl.e electrons 
having a ‘an velocity distribution. Ren,ember that the Maxwellian ex- 

presston for rfA'./A' sfatlds for tl.e/ructm,,,,/ li,„e per ,s,ro,„/ u hirh „„ rlrrtron\ 

velocuy Ues between c and c + i/c, as well as for the fractional number of electrons 

having this velocity at any one instant. Do not carry nut the integration- inerelv 
set up the integral. ' '' 

4. A certain j)lasma in mercury vapor lia,s the following attributes' N = V 
= 10 electrons, also ions, per eu cm; A, = lO*-* mercurv atoms per eu enr V 

(а) Find the value Fi of electric gradient such that when /■’ ^ I'\ the ion drift 

velocity varies about jis n//- ; state ion temperaturt* and ion drift velocity for 
F = Fi. 

(б) Find the value F 2 of gradient such that when F ^ F^ the ion drift velocity 
varies about as F. State ion temp(nature and ion drift velocity for F = F-i. 

(c) State electron drift velocity as a function of /■’, if the eiectron ternpcMatuiv 

is 23,200® K. 


6. In a certain pla.sma, in order to produce ions rapidly enougli to make up 
for loss by diffusion througli tin' houinlaries, the eleedron temiierature must be 
16,000® K. Gas-particle radius is 2 X lO"** cm; the atomic weight of the gas is 
40; there are 3 X 10' ' atoms per eu cm. Tlie ion temperature is 8000® K, the gas 
temperature 400® K. Determine: (a) the gas pressure, {U) ion and electron mean 
free paths, (c) ion ami electron mobilities. 
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PLASMA BOUNDARY REGIONS 


16.1 The Cathode Spot and Cathode Fall Space of a Glow Dis¬ 
charge, Plasma boundary regions were classified in Section 15.4. The 
actiA'e boundaiy regions of a glow discharge will be discussed in con¬ 
nection with Fig. 16.1, which illustrates a typical glow-discharge poten¬ 
tial variation and light pattern. 

The cathode fall space, which emits little or no light, extends out¬ 
ward some distance from the cathode spot area. The termination of 
the cathode fall space on the side toward the plasma is marked by 
the edge of the negative glow. Beyond the negative glow there can 
usually be obser\'ed a less brilliant region called the Faraday dark 
space, Avhich merges into the luminous positive column or plasma. 
The catliode spot is sometimes covered by a luminous layer aptly de¬ 
scribed as the “velvety glow.” 

The velvety glow, cathode fall space, negative glow, and Faraday 
dark space arc all pai ts of the plasma boundary region through which 
the electron stream enters from the cathode. The properties of these 
bright and dark regions are described in various books and technical 
papers. 

In either a glow discharge or an arc the between-cathode-and-plasma 
boundary region accommodates the mechanism for causing emergence 
from the cathode of enough electrons to carry the current demanded 
by the circuit. A glow-discharge cathode is bombarded by positive 
ions accelerated by passage through the cathode fall of potential. 
Each of these on striking the cathode removes from it the electron re- 
(luired for recombination to form a neutral gas particle. The part of 
the current so accounted for is called the positive ion current at the 
cathode.*®* 


The ion bombardment of the cathode causes ejection from it of 
additional electrons,besides those required for recombination, in 
much the way primaiy electrons produce secondaiy electrons at the 
dynotles of photomultiplier tubes. Also, there is photoelectric emis¬ 
sion from the cathode due to high-energy photons resulting from 
exciting collisions of electrons with gas particles in the negative glow 
ami i)lasma.**“ The flow toward the plasma of electrons released by 
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e/e H photoelectric action constitutes tl.e 

S Inle Lr u <^^thocle 

fall space ,s the sum of the electron and positive ion cun ents. 


Cathode 


Cathode 

spot 


Anode 



(o) 


.. (f>i 

Faraday dark space 
Negative glow 

^ Crooke s dark space (cathode fall space) 

Velvety glow (if present) 

(a) Potential distribution. (Compare with Fig. 15.2a.) 

(b) Illustrative light pattern. Positive column, negative glow, and velvety glow 
are often brightly but differently colored. 

Fio. 16.1 Glow discharge properties. 


The thickness of the cathode fall space (distance it extends outward 
from the cathode) is, as to order of magnitude, an electron mean free 
path. Thus the edge of the negative glow roughly marks the termina¬ 
tion, with resultant excitation and ionization, of the first free flight of 
the electiFons released from the cathode. A set of equilibrium require¬ 
ments and a least-energy limitation, remotely similar to those apply- 
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ing for the plasma, determine for any required current the normal 
values of cathode fall of potential and of area of cathode spot. 

As in the plasma, the equilibrium conditions could be satisfied by a 
discharge cross section (in this case, cathode spot area) of almost any 
value. For one particular area, corresponding to what is called the 
normal current density, the cathode fall of potential is a minimum. 
'I'hi.s minimum is the value that exists normally and is called the normal 
cathode fall of potential. In laboratory glow discharges at gas pres¬ 
sures of modest fractions of a millimeter of mercury, cathode spots of a 
few square centimeters area will usually pass normal currents measured 
in milliampei’cs through normal cathode fall potentials of a few hun¬ 
dred volts, the cathode fall spaces extending outward a very few 
millimeters from the cathodes. 

As the current increases, the cathode spot enlarges, the current 
density and cathode fall of potential remaining at the normal values. 
If the electrode area is restricted, so that the current density is com¬ 
pelled to be abnormally large, the cathode fall of potential also be¬ 
comes abnormally large, and an abnormal glow discharge is said to exist. 

The normal value of the cathode fall of potential of a glow discharge 
is determined by the nature of the gas and the material of the cathode, 
but is unaffected by changes in gas pressure. Normal cathode fall 
voltages range between perhaps 50 and 500 volts.^®^^®® Cathodes 
made of the alkali metals, sodium and potassium, permit a low cathode 
fall of potential with any gas, because they have small work functions. 
Glow discharges in the inert gases, helium, neon, and argon, have low 
cathode fall potentials with any cathode material. The neon-sodium 
combination luis a 75-volt cathode fall of potential, and the mercuiy- 
vapor-iron combination is at the other extreme with a normal cathode 
fall of potential of about 390 volts. These values are considerably 
modified by small amounts of impurities, either on the surface or in 
the gas. Slepian gives empirical formulas for determining the abnor¬ 
mal cathode fall in terms of the normal cathode fall and abnormal cur¬ 
rent densities. 

The distinguishing featui-e of a glow discharge is the mechanism it 
provides for releasing electrons from the cathode. Therefore a glow 
discharge with a thermionic cathode cannot exist, because the thermi¬ 
onic cathode provides its own electron release mechanism. 

16.2 The Effect of Changes of Gas Concentration in a Glow Dis¬ 
charge; Similitude. In electrical dischares in which ionization and the 
obstruction to movement of charged particles are due to collisions with 
other particles, the mean free path is a yardstick by which the dis¬ 
charge lays out its own pattern. This expresses the ‘^principle of simili- 
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. for electrical discharges in which collision mechanisms 

exercise a controlling influence; see also Sections 15.9 and 14.14. 

ge remains geomelri- 

cMy s^m^ ar or extens.vo cliangos in ga« concentration; only the di¬ 
mensional scale IS altered by gas concentration changes. 

The cathode fall space of a normal glow discharge illustrates simili¬ 
tude nature of the gas and the cathode material deter¬ 

mine the cathode fall space voltage. If the external circuit maintains 



I'lG. 1G.2 Change in potential distribution witliin glow discharge cathode fall 
space as a result of increase in ga.s pre.ssure, illustrating the principle of similitude. 


the cuiicnt constunt, the mcun tree puth is \'a,i'i(‘d by cluinging the gus 
pressure, and dimensions change accortlingly. 

In a common type of laboratory demonstration of glow discharge 
the mean free path is made to grow from a few hundredths of a milli¬ 
meter to several centimeters by a gradual reduction in pressure. The 
associated increase in extent of the cathode fall space is made evident 
by the receding of the negative glow and Faraday dark space to gi eater 
and greater distances from the cathode. At a sufficiently Ioav pressure, 
the cathode fall space occupies the entire distance between electrodes 
many centimeters apart. 

The mean free path can serve as a yardstick in measuring distances 
along the potential distribution curve extending outward fiom the 
cathode. This curve must have the same shape regardless of the scale. 
The curve in Fig. 16.2 marked E = f(x) illustrates a type of potential 
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variation that might exist originally. Suppose the gas concentration 
to be tripled, so that the yardstick shrinks by a 3 to 1 ratio. The new 
curve is the one labeled E = /(Sx). It is evident that: 

(а) The electric field (— dE/dx) at any given potential is 3 times its original 
value; 

(б) Therefore the force that accelerates electrons and ions is 3 times its former 
value; yet the velocity of the charged particles at any given potential is the same as 
before. This is obvious for an electron that traverses the entire cathode fall space 
without collision. It is also true of electrons and ions that experience collisions* 
although the force accelerating them between collisions is 3 times its original value 
the distance between retardations due to collisions is its former value. Driving 
force and retardation are both tripled, so that the velocity at any given potential 
along the new curve is the same as along the old one. This is indicated mathemati¬ 
cally by the constancy of Fli. As ion velocities are unchanged, the energy of impact 
at cathode surface is unchanged. 

(f) The scale factor (3 in this illustration) occurs twice in obtaining dFE/dx^. 
Thus the flexion, therefore the space-charge density (by Poisson’s equation) is 9 
times as great as originally. Current density, being J = py, is increased in a 1 to 9 
ratio. As the total current is unchanged, the cathode spot area is reduced by 9 
to 1, and its diameter in the ratio 3 to 1, the original scale factor. 

Note tlmt, while the gas particle concentration is increased by the 
scale factor 3, the space-charge density and ion concentration are 
increased by 9, as the square of the scale factor. The percentage of 
ionization is increased by 3, that is, in proportion to the scale factor. 
\\lth a sufficiently large pressure increase, this undermines the simili¬ 
tude relation; the nature of the discharge changes, not merely its 
dimensions. This is undoubtedly a factor in determining at what 
current density the transition from glow to arc occurs, in Fig. 15.1. 

16.3 Sputtering of Cathode Material.*®" The bombardment of a 
glow-discharge cathode surface by positive ions is often severe enough 
giadually to wear away the surface material. The wearing-away 
process is called “cathode sputtering,” and it results in a deposit of 
cathode material appearing on the interior walls of the tube. Surfaces 
near the cathode are more rapidly affected than remote ones. 

Sputtering wears away the electrodes, giving them limited life. It 
forms an opaque conducting deposit on the interior of the glass walls, 
cutting down the passage of light, and increasing electric leakage 
current along tlie interior walls. Because the sputtered deposit is gas 
absorbant, it accelerates the process of “clean-up,” or disappearance 
of gas from the tube. Sputtering has been usefully employed to pro¬ 
duce surfaces having unique optical and rectifying properties. 

The major problem in early glow-discharge light sources was the 
a\'oidance of blackening of the tube walls caused by sputtering. 

I, J. r, 16c 
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16.4 The Cathode Spot and Cathode Fall Space of an 
As iiulicatod in Section lA.:). in an arc the cathode fall of potential is 
appioximately equal to or less than the ionizing jxitential of tlie active 
gas or vapm-. hence almost invarial)ly less tlian 25 volts. In an arc. as 
in a g ov { isdiaige, llie electron emergimce from the cathode is limited 
to a \u -defined area called (he cathode spot, I)ut cathode-spot cm- 
rent densities in ares are very imieli larger tliaii in glow diseliarges. A 

scluaie-millimetei cathode spot may pass scores or hundreds of 
.impeies, dejjending on the gas pr(*ssure. 

1 he details of the meclianism of electron emergence from an arc’s 
cathode spot are not fully understood.The mechanism is 
not the same for all arcs hut is in all ca.ses very difTerent from that in 
glow discharges. Thermionic emission of the usual sort cannot be 
consideied the prevailing mechanism, for copper, brass, aluminum, 
nickel, and many other metals used for arc electrodes vaporize at 
temperatures below tlio.se necessary for appreciable thermionic emis- 
Sion, furthermore, there is evidence that an arc can exist momentarily 
on a piactically cold surface; in the Westinghouse Deion cii'cuit break- 
eis, arcs carrying many thou.sands of amperes are driven by magnetic 
fields so rapidly over copper electrodes that the electrode sui'faces are 
scarcely marked. I he heating of the cathode .spot may be an incidental 
result rather than a necessary part of the electron-releasing mecha¬ 
nism. However, cathode spots on refractory materials, such as carbon, 
tungsten, molybdenum, and platinum, become so hot that thermionic 
emi.ssion can provide the required current. 

Whatever its details, the arc’s cathode fall .space mechanism per¬ 
forms two more or le.ss distinct functions: 

(a) It rc*sult.s in the cincrgtaice of electrons from the cathode. 

(h) It gives the.se electrons enough kinetic energy, directed, or random, or both, 
to enable them to maintain ion production ecjual to ion lo.ss, and power input 
equal to power los.s, in the terminating en<l portion of the plasma immediately 
adjacent to the cathode fall space. 

If the cathode is an electrically heated thermionic emitter, as in 
various thermionic gas rectifiers, the electron-relea.se function is accom¬ 
plished more or less independently of the action of the arc. The elec¬ 
tron emergence is not then limited to a well-defined cathode spot but 
occurs over as much of the thermionic surface as is expo.sed to the 
plasma. The cathode current density is then much le.ss than in a t3'pj" 
cal arc cathode spot. The emi.ssion from oxide-coated thermionic 
surfaces is materialh' increased b}' an electron-accelerating electric 
gradient; see Section 7.14. The arc cathode fall space provides such a 
gradient, so that the current densitj^ at a thermionic arc cathode 



496 


PLASMA BOUNDARY REGIONS 


can be greater than is usual for high-vacuum devices with similar 
cathodes. 

The energy-giving function must be accomplished whether the elec¬ 
trons come from an electrically heated thermionic surface or from a hot 
spot maintained by the arc. Therefore the cathode fall of potential 
has approximately the same upper limit for either type of cathode. 

The distance that the cathode fall space extends outward from the 
cathode is extremely short; see measurements by C. G. Smith.*®'* 
Hot cathode spots with extremely thin cathode fall spaces exist at 
pressures so low that the electron mean free path is measured in milli¬ 
meters or even in centimeters. Thus there is no well-established de¬ 
pendence of the thickness of an arc’s cathode fall space on mean free 
path. A glow discharge having a cathode fall space thickness of several 
millimeters may abruptly collapse into an arc whose cathode fall space 
is a very small fraction of a millimeter, at the glow-to-arc transition 
illustrated in Fig. 15.1. 

Any discussion of the electron release mechanism at an arc’s cathode 
spot is necessarily speculative. However, in general it is believed that 
the cathode fall space is so thin that the gradient within it is steep 
enough to produce the observed current by one or the other or a com¬ 
bination of the following effects: led 

(а) Field emission through the work function barrier, made thin by the extreme 
gradient; see Section 8.23. 

(б) Reduction of the work function, as described in Section 8.22, to a value 
permitting a high thermionic current density at a modest electrode temperature. 

16.6 The Anode Fall Space. In passing out of the plasma into the 
anode the main electron stream passes through the “anode fall space” 
within which it traverses the “anode fall of potential.” Electrons are 
receivable at any part of the anode exposed to the plasma; thus there 
does not exist a limitation to an anode spot whose area is independent 
of the plasma cross section. The electrons “fall into” the anode; the 
work function aids their entrance. 

The anode fall of potential may be either positive or negative, 
and it is usually not more than a few volts. The anode is not in gen¬ 
eral a positive ion source, and the electric field tends to drive positive 
ions away from it. The consequent scarcity of ions near the anode may 
requiie the main electron stream to pass from' plasma to anode as a 
space-charge-limited current, which demands an electron-accelerating 
potential. On the other hand, the large random electron current den¬ 
sity in the plasma tends toward a large random electron current into 
the anode, if the area of exposure of anode surface to plasma is very 
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large. A small negative anode fall of potential may then be ret|uired 

to imit the late of electron entrance to the anode to the current called 
for by the circuit. 

16.6 Sheaths (“Inactive Boundaries”). “Inactive” boundary re¬ 
gions, enveloping all the surfaces of a plasma except tho.se through 
w lith the main electron stream enters and leaves, are u.sually referred 
to as sfwafhs, or po.siV/Vc ion .^hvaths. They are called sheath's becau.se 
they surround (torm slieaths around) any objects, .such as grids or ex¬ 
ploring electrodes, that intrude into pla.smas. They are called positive 
ion sheaths because they are practically free from electrons but con¬ 
tain positive ions in concentrations that are substantial, though on the 
average less than in adjacent pla.smas. 

Wheie there are no material bounding surfaces, as in an open-air arc, 
the inactive boundary region (flame) that .surrounds the plasma may 
occupy a much greater volume than the plasma, and it merges gradu¬ 
ally into the surrounding atmosphere.The extent of a plasma 
may be limited by its own equilibrium reciuirements, as in open-air 
aics, or by physical boundaries, .such as the gla.ss walls of a tube, the 
arc chutes of an air circuit breaker, the oil of an a-c oil circuit breaker, 
or the grid of a thyratron. A .sheath study may conveniently distin¬ 
guish between: 


(n) Current-Carnjiiuj Sheatha: Tlie shcatii.s separating plasinjus fiom conduetitig 
boundary .surfaces which are electrically coniH*ete(l into the (li.scharge circuitry, 
as by moans of a high re.sistan(*e aiul battery. Tlie .sheaths between plasma and 
grid of a grid-eontrolhsl ga.s rectifier, and between any plasma and an exploring 
(dectrode, or probe, are illustiations. .\nalysis of such sheaths follows tlie piobe 
study principl(‘s developed by Langmuir and «)thei-s.‘**’ 

(/>) Insulating Sheaths: Similar to (a) except that the boujidary surfaces are 
insulates! from the main elective circuits, .so that no current eati pa.ss through the 
sheaths. The boundary wall nniterial may be? eithei’ a coiuluctor or an insulatoi'. 
The sheath between a plasma anel a “floating” metal grid (one* having no external 
connections), and that between the plasma of a laboratory glow discharge an<l its 
enclosing ghuss tube are examples of the.se conditions. 

(c) Flaming Sheaths: Boundary regions surrounding plasmas who.se ci'o.ss sections 
are* elctermine'd l)y their e)wii eejuilibrium e-onelitions.*^^' * * 


16.7 Current-Carrying Sheaths; Probes and Probe Characteristic 
Curves.* Consider a plasma contained within a long cylindrical glass 
tube, perhaps 2 inches in diameter, the cathode being at one end, the 
anode at the other. At a location reasonably remote from either end 
a small flat metal plate is mounted flush with the interior wall of the 
tube, to .serve as an exploring electrode, employed to inve.stigate 
plasma properties. Such an exploring electrode may be called a collec- 


* See bibliography references 15.A, B, C, D, G, 16a (Emeleus), e, /, 17n, 18w. 
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tor, or more commonly a probe. Because the circumferential extent 
of the probe is small relative to tube radius, the probe may, in analysis, 
be treated as having a plane surface (a planar probe). 

Probes may have other shapes and locations; fine wires, spheres, 
rings, and hollow cylinders may be used, located variously within the 
plasma. 



(rt) ^'l)U-u^lpc.•lT curve for probe or grid introduced into a plasma. 
(/>) Circuit diagram. 


Fig. 10.3 Properties of a current-carrying sheath adjacent to a probe or grid 
immersed in a pla.'Jina. The bond at D, shown as somewhat more abrupt than is 
usually obs(*rved experimentally, occui*s when tlie probe is at plasma potential; 
pla.sma potential is often determined experimentally as the potential at this bend. 

Figure l().3n may bo thought of as the volt-ampere curve (voltages 
measured relative to the cathode) for a side-wall planar probe. How¬ 
ever, a probe of almost any shape and location will give a qualitatively 
similar volt-ampere characteristic. The grid of a thyratron (Section 
18.9) exhibits a similar volt-ampere eharaetcristic; a thyratron^s grid 
ma,^' veiy satisfactorily be thought of as a large-area probe immersed 
in a plasma. 

The circuit of Fig. may be used to obtain experimentally the 

volt-ampere characteristic cuitc for either probe or grid, and from 
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Uiis cuive many significant facts about the plasma may be learned; see 
laptei XI, in Fuuffamcntals of Physical Electronics. In particular, 
plasma potential and electron temperature (Section 10.11), electron 
and ion density, and in some cases ion temperature are determinable 
by caieful interpretation of data taken with properly designed probes. 

Foi leasons stated later, the high-current bend at 1), Fig. 10.3a, 
indicates that at that point probe and plasma have the same potential. 
Note the breaks in the vertical and horizontal scales; the current 
density at I) may be numerically several hundred times the negative 
curient along the AB horizontal. As the current density at I) is very 
large, a piobe of ai)i)reciable area would at that potential draw a cur¬ 
ient comparable with the main discharge current, thereby seriously 
alteiing the properties of the plasma being investigated. Thus if the 
point D is to be reached on an investigational volt-ampere cuiwe, the 
piobe aiea must be very small. The area of the grid of a thyratron is 
always substantial; thereiore the grid volt-ampere curve of a thyi’atron 
can never be measured out to J), or to anywhere near that point. 

16.8 Planar Sheath Potential Distributions.Figure 
U>.46 shows a t^'pical potential distribution curve for the insulating 
sheath adjacent to the glass wall enclosing a plasma, d'he current 




(«) Shoatii adjacent to 
a conducting .surface. 


(6) Sheath adjacent to 
a nonconducting surface. 


Fig. 10.4 Potential distribution in po.sitive ion sheaths adjacent to surfaces 


through such an insulating sheath must be zero; the potential of the 
wall must therefore be as at point C, in Fig. lG.3a, because only at 
point C is the current zero. Thus the potential of the surface must be 
lower than the plasma potential, because point C is lower in potential 
than point D. 
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Figure 16.4a illustrates the potential distribution through a sheath 
adjacent to a conducting surface, such as the grid of a thyratron or a 
planar side-wall probe. Note particularly that; 

(a) The wall is an equipotential in Fig. 16.4a, whereas it sustains a substantial 
gradient in Fig. 16.45. 

(5) The value of Eg in Fig. 16.4a may be anything at all, from a few volts to a 
few hundred volts, whereas in Fig. 16.45 Es must be the potential difference be¬ 
tween points C and D in Fig. 16.3a. 

In Figs. 16.4a and 16.46, the short horizontal potential curve portions 
marked “plasma potential” may be thought of as near-the-sheath por¬ 
tions of the plasma potential curve in Fig. 15.2c, but to such a scale as 
to appear perfectly horizontal in Figs. 16.4a and 16.46. 

It is apparent from the flatness of these portions of the potential 
curves that there is little or no space charge in the plasma, and that 
therefore N,- = where Ni and Nc stand for electron and ion concen¬ 
trations. More definitely, a basic fact of the plasma is that {Ni — Ne) 
« Ni. The analysis used later for the potential distribution curve of 
Fig. I6.4a employs, within the sheath, the opposite extreme assumption, 
that Nc « Ni. In the sheath the ion density is about the same as in 
the plasma, but the electron density is essentially zero. 

The overwhelming ion predominance in the sheath results from the 
fact that only very few (high-random-energy) electrons can enter the 
sheath from the plasma, because of the retarding field they encounter 
in the attempt. On the other hand, all the ions that reach the plasma 
face of the sheath fall through it to the probe. Thus the plasma face 
of the sheath, distant s from the probe surface, identifies a location 
where the transition takes place from the {Ni — Ne) «.Ni condition 
to the opposite extreme, Nc « Ni. The Boltzmann relation (12-113) 
governs the change in electron density; the exponential nature of this 
relation calls for a very rapid response of Ne to spatial changes in 
potential. Therefore the transition between these extremes may be 
thouglit of as occurring within a distance modest in comparison with s. 

The plasma face of any such fiat sheath as here discussed is an “ion 
sink.” Any plasma positive ion whose motion brings it to the face of 
the sheath falls through the sheath to the probe, or grid, or glass-wall 
surface, and recombines there. If the wall surface is conducting, each 
ion steals an electron from the surface to become a neutral gas particle. 
If t he wall surfat^e is an insulator, the ion may have to wait on the wall 
until a high-random-energy electron penetrates through the sheath 
to the wall in the immediate neighborhood of the waiting ion, before 
recombination can occur. 
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Tile rate of entry of positive ions into the sheath from tiie jilusma is 
determined by the ton molwns in (he plasma, and not in any way by tin* 
potential ditTerenee E, aeross tlie slieatli. 'I’herefore, the potential of 
a grid or probe may lie lowered to several hundred volts Ix'low cathode 
potential without appreciable change oc<*urring in the ion cui-rent; this 
IS why the probe volt-ampere characteristie of Fig. is essen¬ 

tially horizontal between .1 and E, a range of sevcnal hundred volts. 
Throughout this entire range the probe or grid potential Er is so low 
that no plasma electrons are able to penetrate through the sheath: 
hence within this .1 to H range tlie current to the prol)e or grid is just 
that corresponding to the plasma-determined ion flow from the plasma 

into the sheath. See Chapter X in Fundamentals of Physical Elee- 
ironies for an analysis of this flow.'^" 

When the grid or probe potential rises above values in the neighboi-- 
hood ot H, the potc'iitial across the sheath Ix'comes small enough to 
permit an appreciable fraction of the plasma ehx-trons to pem^trate to 
the probe or grid. Tlie resulting electron current flow is opposite in 
polarity to that due to ion flow. As the total cui-rent is the algebi-aic 
sum ot that due to ions and to electrons, the growth of the electron 
current is indicated by a rise in the curve. At some such iioint as T 
the electron and ion currents combine algebraically to give a net cur¬ 
rent smaller numerically than either alone. .\t C the two ai-e tx|ual, 
so that the total grid or probe current is zero. 

At D the probe and plasma potentials are e(|ual, .so that neithei- 
electrons nor ions experience any fon-e action in pa.ssing from plasma 
to probe; in fact, E^ = 0, so that there is no sheath. The entire ran¬ 
dom electron current density is entering the probe, therefore a rise of 
probe potential above its value at I) will pr<xluce very little if any 
increase in electron current. Hence there is a more or less sharply 
defined bend in the probe volt-ampere curve at the plasma potential; 
this fact may be used to determine experimentally the plasma poten¬ 


tial at the probe location. 

At E, only a few volts above plasma potential, the grid or probe 
abruptly becomes a new anode of the discharge and can then no longer 
properly be called a probe. The grid or probe becomes a new cathode 
only when pushed to several hundred volts below the original cathode’s 
potential, as at A. The difference is due to the fact that electrons pass 
freely into a metal but are removed from it with difficulty. 

16.9 Sheath Voltage and Thickness.® For thin planar 

sheaths as illustrated in Fig. 10.4, especially at relatively large sheath 
potentials, the following adaptation of (5-11) provides good approxi- 
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mations relating sheath potential Eg, sheath thickness s, and ion 
current density through the sheath, Ji". 


Numerically: 





2.33 X 10-^^ Eg"^ 

y/ mgjmc ^ 


(16-1) 

(16-2) 


Note that ./,• is the ion current from plasma to sheath, governed hy 
conditions in the plasma. These space-charge-limited forms apply here 
because: 


(а) The sheath is assumed thin enough so that the ions fall freely through it, 
just as the electrons fall freely from cathode toward anode in Section 5.4; also, the 
ions start falling from the plasma with negligible initial energies (En «.Ea) just 
as the electrons leave the cathode of Section 5.4 with negligible initial velocities. 
Therefore, the energy equation (5-2) applies to the ions of the sheath, but with 
nig used rather than nie. 

(б) Carriers of one sign only are present in the sheath, because the retarding 
field largely excludes electrons from the sheatli; therefore Poisson’s equation (5-1) 
and the equation of flow (5-4) apply in the planar sheath, as in Section 5.4, except 
that here p becomes pi ~ Niqe- 

(c) The potential gradient is essentially zero at the plasma face of the sheath, 
where the ions begin their rapidly accelerated free fall, just as the electrons of 
Section 5.4 start falling from a cathode at which the potential gradient is zero. 

These (a), (6), and (c) conditions lead to a differential equation and 
boundarj^ conditions identical with those leading to (5-11), except 
that Wg replaces hence the validity of (16-1) and (16-2). This 
validity has been demonstrated experimentally by visual observations 
of the sheath thickness. The sheath outline can be observed because 
veiy little light originates in the sheath in comparison with that 
originating in the adjacent plasma, owing to there being very few 
electrons, and therefore very little excitation of atoms, in the sheath. 

Note that the gentle radial gradient in the plasma and the plasma 
random ion current govern and circuit operating conditions govern 
Eg] thus (16-2) is usually employed as an equation for (he detennina’' 
lion of s. 

16.10 Th 3 rratron Grid Shut-Off; Recovery Time.’®"' In many thy- 
ratrons (see Sections 18.9 through 18.16) it is possible to cause shut-off 
of small plate currents by driving the grid strongly negative. This 
happens when the sheath around the grid becomes so thick that it 
entirely fills the openings of the grid. This prevents passage of the 
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main plasma electron current, because the grid sheath is a low-poten¬ 
tial region that electrons of the plasma cannot enter. 

Ihis grid shut-ofT action is ordinarily of no great utility, because it 
occurs easily only at small plasma currents. It does, however, often 
play an important part in the periodic extinction of current in tlie 
small thyratrons (Tube Xos. 2050. 2051) used for cathode-ray oscillo¬ 
scope sweej) circuits; see Section 18.Hi. 

If, in a thyratron, plate current goes out because of normal i)late 
circuit behavior, there remains in the interelectrode spaces a dying 
plasma. In course of lime tlie ion concentration of the plasma decays, 
l)ecause of continuing loss of ions to the lateral boundaries. With far 
fewer ions present, the ion cvirrent to the wall is mucli reduced; 
(10-2) then recpiires that s i>ecome greater, for given d’his con¬ 
tinues until eventually the sheath around the grid wires or other 
conducting surlaces entirely tills tlie gritl openings. If the plate volt¬ 
age ot the thyratron is driven positive before this closure of the grid 
holes occurs, the plasma will become re-established immediately in 
spite of a negative grid voltage; the grid has not yet recovered its 
normal control function. Thus the least value of the “recovery time,” 
also called the “deionization time” (time reijuired for the grid to re¬ 
gain control), is the time reejuired for the ion concentration to decay 
to such a value that the sheath tills the grid holes. By employing this 
criterion it is possible to coordinate satisfactorily^ with theory the 
observed dependence of recovery time on grid voltage, plate current, 
conden.sed-mercury temperature, etc.Sec Chapter XI in Funda¬ 
mentals of Physical Electronics for a detailed discussion of recovery or 
deionization time. 

16.11 Probe Measurements of Plasma Electron Temperature and 
Plasma Potential.An experimental volt-ampere curve 
from either a probe or a thyratron grid can be used to measure the 
plasma electron temperature, and such a curve from a sufficiently 
small probe can be used to determine plasma potential. 

The ion current is not affected by sheath potential, so that its value 
at some such point as T, Fig. 10.3a, can be determined by prolonging 
the line AB toward the right beyond the B region. This prolongation 
is shown lightly in the figure. The total current and the ion current 
for any such point are then known, so that the electron current can be 
found' The natural logarithm of the experimentally determined elec¬ 
tron current is then plotted vs. the probe or grid voltage Ec, as in 
Fig. 10.5. In general, with Alaxwellian electrons, this plot will estab¬ 
lish a straight line, whose slope is \IEtc, as will now be shown. 

The behavior of jXlaxwellian velocity electrons entering the retard- 
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ing electric field of the sheath was anticipated, for illustrative purposes, 
in connection with (12-1006), which states the random electron cur- 
lent density within the plasma, and (12-103), which states the elec¬ 
tron current density penetrating through the sheath to the grid or 
probe. Using the notation employed there, the electron current ig to 



Probe or grid volts. Cc 


Fig. 16.5 Experimental determination of the electron temperature in a plasma. 


a probe surface exposed where the electron density is is obtained 
by multiplying .7cs the surface area S of the probe. Thus, Avith e* 
signifying the potential drop across the sheath, 



7 ^ eS 

2\/ TT 


exp 



(16-3) 


If Epi symbolizes plasma potential, and Cc probe or grid potential, it is 
evident from Fig. 10.4 that 

f, = Epi - Cc (16-4) 

4'heiefore tlie probe current can be expressed as 


= 


2\/ 


.S / 

^ exp I - 

TT \ 


Taking natural logarithms gives 




(16-5) 


( 16 - 6 ) 
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Ihis lepresents a straight line, if the variables are In ic and Cc. Tlie 

slope of this straight line is HEtc, hence the interpretation given above 
to Fig. 10.5. 

Phis general method of determining electron temperature is valid 
for almost any shape or placement of probe, and for both long-mean- 
iree-path (very low pressure) and short-mean-free-path (only moder¬ 
ately low pressure) conditions. There are, however, many plasma 
conditions in which the plot of In vs. does not give a very close 
approach to a straight line. In sucli cases the slope, even though not 


Plasma 

e 



Conducting but J \Planar side-wall probe, insulated 

electrically isolated^ ^ from plasma envelope 

plasma envelope 


Fig. IG.G Planar (flat) side-wall probe. Dashed curves a, h, c, d, and e describe 
probe sheath ouflin(*s for successively more negative values of probe voltage <v. 
Curve a is for tlie zero-current sheath, having the same thickness as the .sheatli 
adjacent to the conducting but electrically isolated envelope. 


constant, can still be used to give a general measure of the mean elec¬ 
tron energy: the concept of temperature may then not be significant 
because of departures from a Maxwellian electron energy distribution. 

Care must be exercised in the extrapolation of the AB portion of the 
volt-ampere curve, Fig. 10.3a, preliminary to determining the electron 
current. For example, Fig. 10.0 indicates how the sheath of a planar 
side-wall probe may grow as Cc goes more negative. This sheath 
thickening obviously exposes more sheath surface area to the plasma 
and so causes an increase in ion collection by the plasma. The AB 
portion of the characteristic in that case is a straight line sloping 
gently upward from left to right, and the extrapolation should exhibit 
the same continued gentle upward slope. 

The potential of a low-pressure plasma can often be determined as 
the potential of the probe at the bend at D, Fig. 16.3a. Usually an 
experimentally obtained probe characteristic exhibits enough round¬ 
ing-off of the bend to introduce a modest uncertainty as to the precise 
value of plasma potential. However, measurements at longitudinally 
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separated probes behave similarly, so that relative potentials, and 
therefore potential gradients, can sometimes be rather well determined 
when absolute plasma potentials cannot. The probe surface area must 
be veiy small, because the electron current density to the probe is very 
huge, yet the total probe cui rent must be a very small fraction of the 
main plasma anode current, in order not to modify the plasma being 
studied. 

16.12 Flaming Sheaths around Unrestricted Plasmas. 

Perhaps the most important difference between currenf^cari’ying and 
insulating sheaths on one hand and the flaming sheaths that surround 
open-air arcs on the other hand (see Fig. 15.26) is in the manner and 
place of recombination of ions.*^'^ ®'“ 

Any plasma ion that enters any of these sheaths is lost from the 
plasma: it is certain to recombine. In a sheath adjacent to a wall, the 
recombination takes place at the wall. In flaming sheaths the ions 
continue to diffuse outward for varying distances before recombining. 
Such sheaths do not have sharply defined outer boundaries; they 
merge gradually into the surrounding atmosphere. It may be that 
the two-stage mechanism mentioned in Section 15.7 accounts for 
much of the recombination in flaming sheaths. 

The electrons that take part in the recombination, like the positive 
ions, move outward from the plasma into the flaming sheath. This 
diffusion-like movement takes place in spite of the electric force due to 
the radial potential gradient in the sheath, and because of the very 
considerable temperature energies of the electrons. In case the two- 
stage recombination process is important, a flaming sheath will con¬ 
tain negative ions in appreciable concentration. 

The potential distribution curve for a flaming sheath must merge 
gradually into the space-charge-free potential distribution pattern 
established by the circuit as a whole. Both positive and negative 
space charge may exist in a flaming sheath, the latter enveloping the 
former, because there must always be a hollow cylinder of positive 
space charge immediately surrounding the plasma. 


PROBLEMS 

1. Tests on a certain mercury-vapor thyratron show that, as the grid voltage 
is decreased below about -12 volts (relative to the cathode), the grid current 
reaches a constant value of about 114 ma (positive ion current); grid current is 
zero when grid voltage is —2. Assume that ion and gas temperatures are both 
500® K; grid area of 20 sq cm is exposed to the plasma. Plasma is 16 volts above 
cathode potential. Find: (a) the electron temperature; (b) the sheath thickness 
when grid voltage is —100. 
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2. To what electron leniperalure cloths Pig. Hi.o conespond? 

3. A flat proh(\ sui faeo area 0,3 stj cm, i.s exposed to a plasma in mercury 
vapor at a point wliere there are 10*- ions per cu cm ami an equal electron concen¬ 
tration. The ion current density to the probe is 0.0012, and the random electron 
current density 2.80, both in amp per sq cm. 

(a) Find the temperature of the electrons and r, from plasma into sheath. 
(6) Assuming that tlie (dectrons in the plasma liave a Maxwellian velocity distribu¬ 
tion, determine the current to the probe when its potential is 3 volts low(?r than that 
of the plasma, (c) Oetermine the current to the probe and the sheath thicknes.s 
when the probe is 225 volts below plasma potential. (<l) At. what potential, relative 
to the plasma, will tlu* piobe current be zero? 

4. A low-pressure mercury vapor arc carrying a current of 4 amp is operating 
in a long glass lube <)f fi cm diameter. The glass wall interior surface is 7 volts 
negative relative to the plasma: the ion cuiTent density to the glass wall is 2 ina pei‘ 
.sq cm. IClectron, ion, and gas temperatures are respectively 18,000'’ K, 0000° K, 
and 000° K. 

(a) Find the power delivered to the glass wall, per centimeter length of tube, 
by the ions and electrons arriving at the wall. (6) The rate of ion production in 
the plasma mu.st ecpial the rate of ion loss to the gla.ss wall, per centimeter of tube 
length. Find the number of ions produced per second per cubic centimeter of 
plasma, (c) .X.ssume that there are 8 times tis many exciting as there arc- ionizing 
collusions, and that the average energy radiated following each exciting collision 
is 6 electron volts. Find the total power radiated from tlu; phusma, per centimeter 
length, (d) Find the potential gradient necessary to maintain this plasma, taking 
into account till the («), (h), (c), power losses. 

6. In a certaiti thyratron the holes in the grid (see Section 18.51) are 3 mm in 
diameter. When the plate current fj, is 1 amp, the ion current density to the grid 
is 8 nm per sq cm. 

(«) .‘\t about what negative value of gri»l potential will this plate current be 
extinguished? (h) When tlie grid potential is —80 volts, what is the polentuil 
{inulient at the surface of a flat portion of the grid lying between the holes? (c) If 
the diameter of the holes in tin* grid wer(‘ increased by 50 per cent, would the 
recovery lime (see Sections 10.10 and 18.10) be made greater or less? Explain. 

6. One hypothesis of electron emergence from the cathode hot spot of a metallic 
or mercury-vapor arc is that there exists a high-current-density positive ion sheath 
adjacent to the spot, that results in an extremely high gradient at the metal surface, 
with resulting ‘'field emission,” at very high current densities. 

(a) On the basis of this hypothesis, determine what the voltage gradient at 
the emitting surface would be under the following conditions, in a mercury-vapor 
discharge, with a mercury-pool cathode: condensed-mercury temperature 40° C’ 
(.see S(*ction 18.8, flow equilibrium); 100 per cent ionization of gas particles in the 
gjis adjacent to the cathode “sheath”; temperature of the ionized gas adjacent 
to and in the cathode sheath 800° K; ion current density entering the sheath is the 
random ion current density from the adjacent 100 per cent ionized gas; sheath 
potential is tlie cathode fall of potential, assumed to be 10.4 volts. (6) If under 
these conditions the field emission from the spot gives an electron emission 12 times 
the ion current to the spot, what is the total cathode spot current density? 
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ARC AND GLOW TRANSIENT PHENOMENA 


17.1 Initiation and Extinction Considerations. In the majority of 

engineering devices employing gaseous conduction, important problems 
of design or of use center around the initiation or extinction of the gas 
discharge. The following tj'^pes of such events occur commonly: * 


(a) Voltage *** that is, the initiation of either a glow or an 

arc discharge between an anode and a cold cathode. (A cold cathode is a cathode 
that does not emit electrons thermionically.) Illustrations of this are: lightning; 
transmission-line flashover due to high-voltage surges; the initiation of current 


flow in r/^-type voltage regulator tubes, in neon and similar commercial display 
lights, in cold-cathode triggering triodes, and in sparks employed for switching 
purposes or for spectroscopic analysis of the electrode material; and the sudden 
appearance of a destructive glow discharge in a gas phototube. 

(b) Abrupt transition from a glow discharge to an arc it* from C' to D' 
Fig. 15.1. 

(c) Arc initiation in the presence of a thermionic cathode, as in domestic fluo¬ 
rescent lights, in thermionic gas rectifiers (phanotrons), and in ihyratrans (grid- 
controlled gas rectifiei's).**''-^-’^'^'^-^®*-'-* 


(d) Initiation of an electrodeless discharge, that is, a high-frequency plasma sus¬ 
tained without entry or exit of electrons to or from active electrodes. 

(e) Initiation of a hot-spot arc cathode resulting from an extreme local electric 
gradient set up by current flow across a surface discontinuity, as in an ignitron.^^'^^ 

if) Initiation of a hot-spot arc cathode at the moment of separation of a pair 
of contacts through which current is flowing, as at the opening of a knife smteh 
or a circuit breaker, or the excitron igniter. 

ig) Abrupt convei-sion of an inactive plasma boundary (sheath) to an arc 
cathode, as at point .1 in Fig. 16.3a; in a gas rectifier this is called arc-back or back- 
yirc.'** It is very similar to the transition from glow to arc. 

(h) P^xtinction of a d-c arc by the creation of a demand for a larger voltage 
gradient than the circuit can supply"; this applies particularly to the long arcs in 
d-c circuit breakei'S.*'^ '^ 


(i) Extinction of an a-c arc by the creation of conditions unfavorable to arc 
reignition following the normal cyclic current zero.*’* 


m, n 


Several kinds of plasma-initiating events exhibit a random time 
delay between the moment the initiating voltage is applied and the 
moment the plasma comes into being; Sections 17.3 and 

18.18. 


• In the bibliograpliy, see book references 15A, B, C, D, F, G, H, I, 17A, B, C. 
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17.2 Cold-Cathode Voltage Breakdown Mechanisms at Low Pres¬ 
sures.* Figure 14.0a is employed later, in Sections 17.0 and 17.7, in 
setting up analytical expressions for voltage breakdown at low gas 
pressures, in the presence of a cathode surface that is not a thermionic 
emitter. lo begin with, it is customarily assumed that the cathode is 
illuminated. However, the end expressions derived are independent 
of the strength of the illumination, which can therefore be thought of 
as vanishingly small in the limiting case. 

In the I'ig. 14.Oo situation, the voltage gradient causes gas ampli¬ 
fication. If the tons resulting from the amplification process strike 
the cathode with sufficient kinetic energy, they will knock electrons 
out ot the cathode surface,somewhat as electr{)ns do in causing 
secondary emission from a dynode. If sufficient voltage is applieti, 
this release ot new electrons by ion bombardment will occur so rapidly 
that the charged particles more than reproduce tliemselves. (piite 
independently of the initial photoelectric emission. When this con¬ 
dition is reached, the current flow grows very rapidly, resulting in the 
establishment ot a plasma. Voltage hrealcdown has then occurred, and 
the current How is thereafter determined primarily by the external 
circuit. 

It is analytically imaginable that voltage breakdown may occur by 
a process involving at the cathode photoelectric action alone, electron 
release by ion bombardment playing no part in the process. As the 
electrons move toward the anode, there will be exciting as well as 
ionizing collisions. The exciting collisions produce photons; many of 
these photons will strike the cathode, and photoelectric emission will 
result. The charged particles may in this way more than reproduce 
themselves, with resulting initiation of a plasma. 

Presumably in actual low-pressure devices the ion bombardment 
mechanism and the photoelectric mechanism act simultaneously. It 
is shown in Sections 17.(5 and 17.7 that for the planar geometry of Fig. 
14.(5a the form of the equation for voltage breakdown is the same for 
the two mechanisms. This has made it difficult to establish experi¬ 
mentally the circumstances under which each mechanism predominates. 

There is a difference in the geometrical dependence of the two mech¬ 
anisms. All the ions produced will reach the cathode, both in the 
planar system of Fig. 14.(ia, and in a system in which the cathode is 
the inner member of a pair of concentric cylinders, because the direction 
of ion motion is determined by the electric field. However, the photon 
directions are not affected by the electric field. Thus for an infinite 
planar system one-half of the photons will terminate on the cathode, 

* In the bibliography, see especially 15.4, B, C, also 15D, F, G, 17a, h, c, rn. 
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wheica.s in an inner-cathode concentric system somewhat fewer than 
half will terminate on the cathode. It should therefore be possible to 
study 1 ho predominance of one mechanism over the other by comparing 
the relative performance in different geometries. 

There is a third mechanism of ion replenishment, employing meta- 
stable atoms. In addition to producing ions and, indirectly, photons, 
the advancing electrons may excite atoms into metastable states. In 
course of time these metastable atoms diffuse to the boundaries, because 
of Oldinary thermal motions. Some of these metastable atoms may 
release electrons on arrival at the cathode, providing the energy of the 
metastable state is greater than the work function of the metal. The 
analysis of this mechanism parallels closely that of the photon mech¬ 
anism. 

In the present di.scussion and in Section 17.6 no attention is paid to 
the possibility that the ion replenishment might result from volume 
ionization by positive ion impact with gas particles. Experiments 
have shown that the probability of such ionization, described quanti¬ 
tatively by Townsend’s (3 coefficient, is in engineering environments so 
very small that it has no influence on breakdown processes. 

17.3 Voltage Breakdown Time-Lag Mechanisms. The 

ion bombai'dment mechanism for low-pressure voltage breakdown re¬ 
quires that the ions move from the interelectrode space to the cathode 
before the replenishment mechanism can be initiated. Ions move 
relatively slowly: therefore, this mechanism should exhibit an appreci¬ 
able time lag, of the order of 10“^ second, between application of volt¬ 
age and establishment of the plasma. In contrast, the photoelectric 
mechanism involves a time lag due only to the electron transit time. 
Electrons move very rapidly; therefore, the time lag for this mechanism 
should be very short, of the order of 10“*® second. Diffusion of meta¬ 
stable atoms occurs very slowly, suggesting a time lag of the order of 
10“’* second for the metastable-atom mechanism. 


Thus, the three mechanisms presumably exhibit different time-lag 
characteristics. However, these systematic time lags may be masked 
by statistically random time lags of different origin. 

In most de\'ices exhibiting low-pressure ^*oltage breakdown, the 
cathode is not in fact illuminatetl by light capable of producing the 
initial photoelectric current. However, in any earthly environment 
there are raiulomly occurring processes producing occasional ionization. 
One such evimt at or near the cathode will trip off the chain of events 
leading to voltage breakdown; this first event occurs randomly, in 
time, after voltage application. This is one reason for the statistically 
random nature ot the impoidant time lag; with any given set of physical 
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d.-cunjstance.s and applied voltase there will exist this ran.lom time 

ag. roi this typo of eausation, the distribution of individual time 

lags about the mean for many observations will be of the same nature 

as m Uie hring of an ignition; see Figs. 18.19, 18.20, and the a.ssoeiated 
equations. 

As the gas pressure is inerea.sed, the presence of the larger number of 
gas particles leads to an increase in the probability of occurrence of 
the initial event, so that the mean time lag becomes le.ss, other things 

^eing equal. near at rnosphorie pressure the streamer mechanism 

of voltage breakdown, discussed in the next two sections, supplants 

those descnbed above, but the statistically ramlom time-lag behavior 
persists. 

The mean time lag is in all cases a declining function of the excess 
ot the applied “step’' voltage above a critical value called the break¬ 
down voltage. The higher the pressure, the less is the exce.ss voltage 
that corresponds to any given value of mean time lag. 

17.4 Voltage Breakdown at Atmospheric Pressure; Corona.'^-' **- 
n.vB.c.r.d..,/.. ^.Vs indicated in Fig. 17.1. the breakdown voltage in air 
at atmosphciie pressure is, at high voltages, very nearly proportional 
to spacing, providing edge effects are eliminated as in’a sphere gap. 
Also, just as at lower pressures (see Fig. 17.2), there is a minimum 
voltage of the order of 300 volts below which breakdown will not occur, 
no matter hou small the spacing. The slope in Fig. 17.1 corresponds 
to an atmospheric-pressure fiashover gradient of about 30,000 volts 
per centimeter, or a little over 70,000 volts per inch. Because of the 
general similitude dependence of conduction phenomena on FI (volts 
per mean free path), the high-voltage fiashover gradient changes in 
proportion to the pressure. 01 course, at any pressure, the fiashover 
gradient diffei-s markedly as between different gases. 

At pressures exceeding a modest fraction of an atmosphere, and for 
appreciable spacings and correspondingly high voltages, the mean free 
path is extremely short relative to the distance between conductors. 
When this is true, the method of electron release at the cathode be¬ 
comes of secondary importance, as evidenced by the fact that the 
initial appearance of conductivity in the gas occurs wherever the 
gradient is the greatest, often remote from the cathode. This implies 
a new mechanism, involving streamers or electron avalanches, distinctly 
different from the mechanisms of Section 17.2. 

First the gross aspects, subsequently the detail aspects, of this 
streamer mechanism will be discussed. Consider first a region pos¬ 
sessing a markedly nonuniform gradient, as that between concentric 
cylinders (large diameter ratio) or between the conductors of a trans- 
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mission line. With sufficient voltage applied, the gas becomes con¬ 
ducting locally in the region of greatest field strength. This local 
conducting volume becomes essentially an equipotential region, ad¬ 
jacent to the small cylindrical conductor (wire). This enlarges the 
effective diameter of the conductor, thereby decreasing the gradient 
at the elTective conductor surface (the outer surface of the annular 
gaseous-conducting envelope). The diameter of the conducting en¬ 
velope increases until the gradient at its outer surface is inadequate 
to establish conductivity. Thus there is formed around the wire a 
conducting shell having a more or less stable diameter. The name 
corona is gi\’en to the type of gaseous conductivity represented by the 
presence of such a conducting shell around the wire. 

Corona cannot e.xist between parallel flat electrodes, because the 
appearance of the layer of conducting gas adjacent to either electrode, 
or at any local region, causes the gradient in the remaining space to 
increase rather than decrease. Thus, once the gas becomes locally 
conducting anywhere, the conducting volume rapidly grows along 
electric flux lines, and flashover ensues. 

Even in a corona-forming geometry, flashover will result at a suf¬ 
ficiently high voltage; the critical voltage is that at which a further 
increase in diameter of the corona envelope causes an increase rather 
than a decrease of the maximum gradient. Lightning is an extreme 
example of flashover. 

A corona envelope hears little apparent resemblance to an ordinary 
arc plasma. It consists, at atmospheric pressure, of myriads of hair¬ 
like and luminou.s extremely short-lived streamers. Each positive 
streamer (adjacent to the more positive conductor) resembles a tiny 
river, draining electrons from the corona envelope into the conductor. 
Similarly each negative streamer resembles a tiny river taking electrons 
from tlie more negati^’e conductor, by one or more of the mechanisms 
described in Section 17.2 and delivering them to the intervening space. 
Positive streamers resemble tiny, threadlike arcs, each complete with 
plasma and sheath. Negative streamers exhibit a more diffuse pattern, 
the detail structure being on a finer scale. 


17.6 Corona Streamer and Avalanche Details.« There 
is always a small but finite probability of an ionizing event’s occurring 
within any small gas \'olume and time increment, causing the appear¬ 
ance of a free electron, rnder short-mean-free-path conditions, with 
a gradient exceeding the breakdown value, the value of volts per mean 
free path is largo enough so that any free electron will produce ions. 
Tliat is, Townseiul's a (see Fig. 14.11) has a value appreciably greater 
than zero. Thus, while advancing a distance of a substantial number 
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of / units, the one landomly introduced electron produces several more, 
an J ^ these again many more, as in gas amplification in a photo- 
tube. thus there is produced an avalanche of advancing electrons. 

ns a\alanche, especially if near the anode, creates a local, plasma- 
like nyer of electrons flowing toward the anode, that is, a streamer. 
Ihis drains electrons away from a local volume, leaving tliis local 
volume with a sub.stantia! positive ion space charge. This space 
charge, by virtue of Poisson’s law as applied to cylindrical geometry, 
leduces the gradient that maintains the streamer; thus in due course 
the stieamei has no further source of electrons and ceases to exist. 
The positive ions then move slowly toward the cathode, reducing the 
local space charge and ultimately allowing breakdown gradient to be 
le-established. A positive corona envelope consists of myriads of these 
streamers, eacli one of extremely short duration and small size. 

?segative corona streamers take electrons from the cathode by a 
combination ot mechanisms similar to those at the cathode of a glow 
discharge; a local and rather diffuse plasma is maintained to support 
the necessary cathode fall of potential, d'he electrons are delivered, 
by the negative streamers, to a gentle-gradient region outside the 
negative corona envelope, where the electric fiehl is little enough so 
that 1 ownsend s a is vanishingly small; the electrons advance toward 
the opposite electixxle without causing ionization. These electrons 
may become (juiescent enougli to form negative ions by attachment 
to gas particles. Thus a low-current-density conduction between the 
corona envelopes exists, owing to the oppositely directed flow of positive 
and negative ions. These particles in due course experience neutralizing 
recombination, either in the between-envelope region, or on close 
approach to the conducting envelope toward which thej' move. 

If the geometiy and voltages permit the tips of a negative streamer 
and a positive streamer to make contact, an immediate local intense 
plasma is established at the junction, and both streamers rapidly grow 
indefinitely in strength and current; fla.shover has occurred. Magnus- 
son, employing Lichtenl)erg figures on photographic film, has carried 
out extremely interesting and suggestive experiments related to this 
behavior. 

17.6 Equations for Low-Pressure Voltage Breakdown; Electrons 
Released by Ion Bombardment.'"-' ”'^-^ *' ^’'Consider a planar 
geometry as in Fig. 14.(5a, with spacing s, the mechanism of voltage 
breakdown being the low-pi’essure type involving release of electrons 
at the cathode by ion bombardment, as discussed in Section 17.2. Let 

Jq = photoelectric emission current density from the cathode, due 
to light from an external source. The light must be ultra- 
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violet if it is to produce photoelectric emission from an 
ordinaiy metal surface. 

./fr = total current density, due to flow of both ions and electrons. 
At the anode surface this is wholly electron-bome. 

J ca electron-borne current density just off the cathode, consisting 
of Jq plus the current carried by electrons knocked out by ion 
bombardment. 

a = the number of new electrons produced per unit distance of an 
electron’s advance; see Fig. 14.11. 
yi — the probability that an ion bombarding the cathode will re¬ 
lease an electron. When a substantial rate of ion flow exists, 
this is 


electrons released by ion bombardment per second 
ions striking the cathode per second 

It is reasonably evident that 


(17-1) 


Ion current density arriving at cathode — Jb — Jea (17~2) 

Therefore 


Electron current density at cathode, 
due to electrons knocked out by 
ion bombardment. 


yiiJb - Jea) ( 17 - 3 ) 


It follows immediately that 


Solving for Jea gives 
From (14-9) 



^0 “b yJJb J ^a) 

(17-4) 

_ Jq yiJb 


Jea = - 

(17-5) 

1 + yi 


J b — J exp CtS 

(17-6) 


Thei’ofore, from the last two equations, 


Solving for Jb gives 



Jo yiJ b 

-exp as 

1 + 7 .- 



Jo exp as 

1 7 i(exp as — 1) 


( 17 - 7 ) 

( 17 - 8 ) 


The usual criterion for voltage breakdown is the vanishing of the 
denominator in this expression. This criterion is independent of Jq, 
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except that Jo must he finite. Practically, this implies that voltage 
breakdown should occui- if one electron appears in the neighborhood 
ot the cathode, becau.se one electron is the smallest finite charge that 
can e.xist. If there is no intentional ultraviolet illumination of the 
cathode the appearance of this first electron is an event occurring 
randomly in time; therefore the time lag to inilwlion of breakdown 
should bo of random duration, as dis<aissod in So<‘t.ion 17.3. 

1 lie vanishing*; ot tlio donominator in (17-8) requires that 


1 


7/ = 


exp as — 1 


leriterion for breakdown] 


(17-9) 


At potentials respectively a little less than, eciual to, or a little greater 
than that causing (17-9) to be satisfied, the probahtVh/ of any initial 
electron’s repnxiucing itself is a little less than unity, equal to unity, 
01 a little gieater than unity. For such a probability concept, indi¬ 
vidual events will agree with (17-9) only on an average basis. Thus 
an individiial electron may occasionally produce breakdown at less 
than the ciitical \'oltage; also, an (dectron released into a field greater 
than the ciitical value may fail to produce voltage breakdown. This 

behavior modifies in some details the statistical time lag discussed in 
Section 17.3. 

1 he arguments associated with (17-9) imply circuitry “stiff" enough 
(low enough impedance in series with the voltage source) to maintain 
the electrode voltage close to breakdown value in spite of the current 
flow associated with the initial electron “avalanche." Time constants 
are ordinarily such that this requirement involves attention to capaci¬ 
tances and inductances of wires leading to the electrodes and to measur¬ 
ing devices. The details oi the transient behavior after the appearance 
of the first electron, and before the final stable existence of a plasma, 
are relatively complex, and intimately related to the speed of response 

of the circuitry. 

% 

17.7 Equations for Breakdown; Electrons Released by Photons 
Originating in the Interelectrode Space.'®'^-^-Consider a situation 
as in the previous section, except that yi is now zero, and the break¬ 
down mechanism is that of photoelectric emission at the cathode due 
to photons originating between the electrodes, as discussed in Section 
17.2. In addition to the symbolism of the previous section, let 


^ = the number of photons produced in the gas per unit distance 
of an electron’s advance toward the anode, these photons re¬ 
sulting from excitation of the gas particles. 
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h — sl geometrical coefficient describing the fraction of the photons 
that arrive at the cathode surface. For infinite parallel planes, 
as here considered, h — 

7) = the probability that one of the photons that is produced in 
the interelectrode space, and that arrives at the cathode, will 
release an electron by photoelectric emission. 
dx = the thickness of a flat increment of space distant x from the 
cathode. 

Ua = the flux of photons arriving at the cathode, having originated 
by excitation of the gas (the ^ mechanism). 
dU = the flux of photons, destined to arrive at the cathode, that 
originates within dx. 

Jea = electron-borne current density just off the cathode, consisting 
of Jo plus the current carried by photoelectrons emitted by 
the photons originating between the electrodes. 

Absorption of photons by the gas will be neglected. 


From the principles of gas amplification, especially equation (14-9), 


Therefore 


Electron-borne current density 
at distance .r from cathode 


Jca e.xp ax 


dC = ^hJca exp OCX dx 


(17-10) 

(17-11) 


Integration from 0 to s gives 





a 


«/e..[exp (as) - 1 ) 


(17-12) 


Use of (17-0) makes this become 

C\. = ~Jt - Jca (17-13) 

a a 


The counterpart of (17-4) is, of course, 

Jea “ J0 a 


Use of (17-13) to eliminate i’a leads to 


J ea ~ 


Jo (vh^/oc)^b 

1 '+ ('nH/a)~ 


This is identical with (17-5) if yph replaces 7 ,-, where 



(17-14) 

(17-16) 


(17-16) 
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Treatment paralleling that subseciuent to (17-5) leads, therefore, to 
the following counterpart of (17-8): 


J,, = 


•/() exp a.s 


I “ 7m(oxp a.s - 1) 


(17-17) 


The formal criterion f<,r lou-pressure voltage breakdown is obviously 
the same as in the previous section, except for tlie reiilacement of 7 , 
Kv yph- In the absence ot intentional ultraviolet illumination the time 
lag is dependent on the randomly occurring appearance of a first 
electron, just as in the previous case. However, as mentioned earlier, 
in Section 17.2. the photoelectric mechanism: 


(«) Contains a Kcomotrir factor h, not prc.scnt in ll.c ion h<.n.l,anlincnt inccl.a- 
nisms; and 

(h) Involves no time laR i),.tween the production of the photons and tl.eir 
appearance at the catluHle, wliercas tlie ions of tlte previous .section do take aj)i)rc- 
ciable time for transit to the cathode. 

Note that foi most electrically important ga.ses a \'ery substaiiti.il 
proportion of the photons will lie in the ultraviolet portion of the 
spect'ium and tlierelore easily ctipabh* ot pi'oducing jihotoeletdric emis¬ 
sion, although at a relatively low (luaiitum yield. 

Analysis of the metastable-atom mechanism referred to in Section 
1 /.2 leads to the derivation ot a third c()(*flicient 7 ,,,., obeying an eipia- 
tion like (17-1()), but with ri describing the probability of release of an 
electron at the cathode by a metastable atom, and $ de.scribing the rate 
of production of metastable atoms in the space. 

To cover the overall situation simply, the total current density for 
a short-of-breakdown condition is sometimes stated 


J, = 


Ji) exp as 


1 — 7 (exp a.s — 1 ) 


(17-18) 


where 


7 = 7« H- 7p/. -f 7 


ffin 


(17-19) 


Time constants associated with the establishment of the current by 
these various mechanisms have orders of magnitude as follows: for 
70 10“^ second; for 7 ^;,, 10~‘® second; for 7 „,.,, 10“^ second; see Section 
17.3. 

17.8 Paschen*s Figures 17.1 and 

17.2 illustrate, for air, the approximate dependence of breakdown volt¬ 
age Ee on the product of “pressure” Po by electrode spacing s. The 
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PqS, millimeters of mercury x spacing in meters 



0 0.38 0.76 1.14 1.52 


PqS, millimeters of mercury x spacing in meters 


Fig. 17.1 Approximate breakdown voltages for air at atmospheric pressure, at 
about 20® C, as a function of distance between sphere gaps; data from Loeb 
(see also Fig. 17.2). (a) From 2 to 20 centimeters. (6) From 0.2 to 2 centimeters. 
Paschen’s law distance coordinate Pq$ also shown; sec (17-20). 
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fact of the dependence on this product is known as Paschen's laiv, 
expressible formally as 

-/p(/V) (17-20) 


where/p(Pos) is an empirically determined function of the product Pqs. 
Actually, the dependence of is on the product of gas conceniradon 
by spacing; this is a similitude relationship, going back fundamentally 



Fig. 17.2 Illustrative approximate graph of dependence of br(*akdown voltage 
El, in air on the protluel Ens of pressure by electrode spacing s (Paschon’s law); 
data from Loeb.*^*’ This portion of the curve is experimentally observable only at 
low gas pressures. See al.so Fig. 17.1. 


to a dependence on volts per mean free path FI; details appear in 
Chapter IX, in Fundamentals of Physical Electronics. Therefore Pq 
in (17-20) must describe in fact a concentration, not a pressure; for 
this reason Po is defined just as in Section 14.14, that is, 

273 

Pq = Pg-= 2.83 X lO^^A/'g (this defines Pol (17-21) 

e 

where, as earlier, Pg and Tg are the actual observation-condition values 
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of gas pressure in millimeters of mercury and of gas temperature in 
degrees Keh in, and Ng is the number of gas particles per cubic meter. 

Pasehen’s law indicates that a series of curves of breakdown voltage 
vs. pressure, taken at different electrode spacings, should coincide if 
plotted on the coordinates of Figs. 17.1 and 17.2. With sufficient care 
given to details of laboratory procedure, such curves do coincide very 
closely in the region to the right of the minimum in Fig. 17.2, and 
reasonably so to the left of the minimum. 

The minimum ^'alue of is not less than and in general about the 
same in magnitude as the normal glow discharge cathode fall of po¬ 
tential, for any given gas and cathode surface. 

For portions of Fig. 17.2 in the neighborhood of and to the left of 
the minimum, the analytical verification of Paschen's law rests on the 
vanishing of the denominator of (17-18) as a criterion for breakdown. 
For the highei’ P^s values, cathode phenomena are not involved, but 
details of the emergence from zero of the ToMmsend’s a curve of Fig. 
14.116 are involved. 

17.9 Cold-Cathode Diodes and Triodes.*^"-' Cold-cathode glow 
discharge diodes, called VR (voltage regulator) tubes, are commonly 
used to maintain a nearly constant cathode-to-anode voltage over a 
wide range of currents, thus employing the constant-voltage property 
of the glow discharge portion of the general volt-ampere curve, Fig. 
15.1. Design features are chosen to make the cathode fall of potential 
constitute practically the entire tube voltage. The cathode spot area 
increases in proportion to current. 

Because the operating \'oItage is essentially the normal cathode fall 
of potential, it is determined by the material and processing of the 
cathode and the composition of the gas, but it is relatively independent 
of the geometiy or pressure employed in the tube. However, the 
starting voltage obeys Paschen’s law and is therefore considerably 
dependent on pressure and geometry, as well as on gas composition 
and cathode material and processing. Thus an important VR tube 
design problem is to make the starting voltage as little as possible 
abo^'c the opei*ating voltage. This implies designing for operation 
near to the minimum on Fig. 17.2. In Fig. 15.1, the shift from A to 
B is illustrative of VR tube current initiation. 

By placing a third electrode properly with respect to a suitably 
designed anode and cathode arrangement, it is possible to cause an 
impulse on the ti*iggering electrode to establish a glow discharge in 
which the chief current flow is to the main anode. Design details as 
to electric gradients at electrode surfaces, proportioning of minor 
constituents in the gas, and cathode surface processing are very im- 
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portant. Such tubes are used in A-ery large quantities to provide 
selective linging on telephone lines serving two or four svibscribers. 

17.10 Radiation (Geiger) Counter Tubes. > It is possible to select 
a combination of tube geometry, gas composition, gas pressure, and 
circuiti’y for which the random appearance of a single electron, or of 
several elections simultaneously, will initiate an avalanche that does 
not result in a sustained discharge. The avalanche represents a current 
pulse that can be amplified by the methods of Section 14.11; the 

amplified pulse can excite a counting circuit to register the occurrence 
of these triggering events. 

Tubes employing this principle, called radiation counter tubes or 
Geiger tubes, are employed to record the passage of various kinds of 
high-energy particles or photons of nuclear origin, including cosmic 
rays. 

X7.ll Static Arc and Glow Volt-Ampere G nr ve<g, c, <•.«/. *, c. k-. i6<t 
Figure 17.3a presents an illustrative set of static an* and glow volt- 
ampere curves, for some definite electrode geometry and material, and 



(a) Volt-ainpcre diagram. (5) Circuit diagram. 

Fig. 17.3 Static arc and glow di.scharge characteristic volt-ampere curves. 


in a definite gas at definite vahies of gas pressure and ambient temper¬ 
ature. The axes are oriented in accordance with historical practice in 
engineering papers, in contrast wdth Fig. 15.1. The term static implies 
that such curves apply only in d-c or moderate-frequency a-c circuits. 
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A useful empirical formula for static arc volt-ampere curves is 


B 

ea = A + -- (17-22) 


Here e« is the arc voltage, ia the current, and A, and n are empirical 
constants, n appears to vary directly with the boiling or sublimation 
temperature Tb of the anode material, according to the relation 


n = 2.62^6 X 10“^ 


(17-23) 


A and B vary with arc length, B more so than A, A is primarily 
characteristic of the electrode materials, and B of the gas in which the 
arc plays. If both electrodes are hot enough to supply vapor to the 
arc, that from the anode rather than from the cathode tends to be¬ 
come active in the discharge. 

For the circuit of Fig. 17.36: 


di 

Eb = €a V 

dl 


(17-24) 


The meanings of the symbols are evident from the figure. If the 
inductance is zero, or the current not changing, this can become 

ea = Eb - iRl (17-25) 

This describes a straight line, a load Ime, having zero-current and 
zero-voltage intercepts at Eb and Eb/Rl^ 

The circuit requires operation along the load line, while the device 
requires operation along an arc or glow volt-ampere curve. Therefore, 
steady d-c operation can occur only at an intersection of the load line 
with a volt-ampere curve. 

Suppose that the device is operating at C along the glow discharge 
curve, with load line DCBA. If now Eb is increased, Rt remaining 
constant, the operating point shifts to the right, as to E, along a new 
load line through EF, corresponding to the new Eb. If the pressure is 
more than a few per cent of one atmosphere, and particularly if this 
shift has resulted in a change to an abnormal glow (in that case Cq 
should be materially higher at E than at C), a transition from glow to 
arc becomes probable. If such a transition occurs, there will be a fast 
circuit transient stabilizing at a higher-current point F on the load 
line EF and the arc volt-ampere curve. 

17.12 Arc and Glow Stability; Oscillating Arc Circuits. Transients 
in the Fig. 17.36 circuit may result from abrupt changes in Eb, or of 
/f/,, or of L, or by transition from glow to arc. Suppose that at a 
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particular moment during a transient the current has the value and 
that and /?/, leciviire the load line DCBA. During the transient 
the complete form (17-24) applies. The values of i\RL and c„ applicable 
to this moment are determinable trom the figure. Kvidcntly the gap 
between and is the value that L{(li ^<U) must have. 

If the current has at any instant the value the (luantity L{di/di) 
is not at that instant zero, so that the eurrent must be changing. As 
L{di/dt) is positive, the change is an increase of current, which must 
continue until the current has the value i.i, for only then does L{di/dt) 
vanish. If the initial current is ^ 2 , the rate of change of current is 
negative; the current tlecreases to the value i.i. 

Evidently the intersection A is a point of .'Stable operation, for, if any 
momentary departure from that point occurs, the circuit promptly 
forces the current back there. This occurs for any magnitude of L. 
If L is large, changes occur slowly, if small, they occur rapidly. Any 
real circuit has some inductance. 

Intersection B is not a point of stable operation. Although L{di/dt) 
has no value there, any slight increa.se in current above in makes 
L{di/dt) positive, requiring travel along the curve to A. Similarly any 
slight deci*ease below in trips otT a continued current decrease. Points 
B and D describe conditions of unslatdc equilibrium; A and C represent 
conditions of stable equilibrium. 

This analysis shows why load (“ballast”) resistors are needed to 
maintain steady operation of d-c arcs. The load line of a zero resist¬ 
ance circuit would be horizontal, the only intersections being at the 
unstable point B, and at in —» x. With a-c arcs, ballast reactors arc 
used. 


If an arc is connected to a resonant tank circuit, sustained pulsa¬ 
tions of arc current may occur if the arc is operated under conditions 
that give the volt-ampere curve a negative slope in the operating range. 
The circuit analysis and equations for such an oscillating arc circuit 
are somewhat similar to those for a dynatron oscillator; see Section 
10.13. The freciuency of pulsation must be low enough so that the 
cyclic current-voltage locus lies along or near to the static characteristic 
curve, rather than along or near to a high-frequency characteristic, as 
discussed in the following section. 

17.13 Voltage and Current Variations in a High-Frequency Pul¬ 
sating During operation at any point along an arc’s static 

volt-ampere characteristic there is a certain definite energy storage 
in the plasma. Each ion represents the storage of Ei electron volts of 
energy ; also, the random energies of the gas particles, the electrons, 

and the ions all represent stored energy. 
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If either the voltage Eb or the resistance Rl in Fig. 17.36 is changed 
operation shifts to some new point along the static volt-ampere curve. 
The electron-ion concentration, the various temperatures, and the 
plasma cross section all change; thus such a shift causes a change in 
the energy stored in the arc. Time is required to introduce or remove 
energy. Therefore static (equilibrium-condition) curves like those in 
Fig. 17.3a are obtained experimentally only if the current is altered 
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{a) Volt-ampere diagram. 
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(6) Circuit diagram. 


Fig. 17.4 Arc current-voltage loci at high, intermediate, and low frequencies 


slowly enough so that readjustments to the new energy and ion balance 
conditions can keep pace with changes in current. The cyclic variations 
of current and voltage in CO-cycle atmospheric-pressure pulsating arcs 
follow the static arc characteristics reasonably closely. Those in 600- 
cycle arcs depart considerably from the static curves. 

The plasma of an arc has been compared to a metallic conductor; 
this comparison is especially apt when the are current is unidirectional 
but rapidly pulsating, as in Fig. 17.4a. Iq is the average current, and 
lac the a-c component. If the current pulsates very rapidly, the 
electron and ion concentrations and temperatures and the arc cross 
section remain steady at values corresponding to the /q, Eq condition. 
The plasma resistance then remains constant, and the plasma gradient 
is proportional to the current (Ohm*s law). If the arc is long enough 
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SO that the voltage drop in the plasma provides most of the are tlrop. 
the high-frequency dynamic characteristic becomes practically a 
straight line directed away from the origin, as AH in Fig. MAa. 

At an intermediate frequency the current-voltage locus pursia-s a 
loop, as indicated. During current down-swing, the existing i>lasma 
is one originally provided for a larger current. During the vip-swing, 
it is one originally provided for a smaller current. At any given current, 
the plasma gradient must be greater for current growth than for 
current decay. During growth the higher gradient is building in 
energy toward a high-current plasma; during decay it is permitting 
the plasma to shrink, so that full energy maintenance is not necessary. 

17.14 Voltage and Current Relations in A-C Arcs; Reignition. 
c.i7/.m.n If i\^Q current in an arc is alternating, not pulsating, acurrent 




Fig. 17.5 Wave forms of voltug<* and ourront in a-o arcs. 


reversal occurs at the end of each half-cycle. Ordinarily the arc volt¬ 
age is a small fraction of the total circuit voltage. The magnitude, 
wave form, and phase position of the current are therefore conti-olled 
by the circuit external to the arc, whereas at each moment the arc 
voltage has the value specified by the arc characteristic, for the current 
flowing at that moment. Most power arcs operate at curi-ents so large 
that the arc voltage is practically independent of the curi-ent; see Fig. 
15.1. Therefore the arc voltage wave form is rectangular, as in Fig. 
17.5a. Some a-c arcs have high-voltage peaks of short duration at the 

beginning and end of each half-cycle, as in Fig. 17.55. 

All significant problems relative to the extinction or continuance of 
a-c arcs have to do with the mechanism of reignition of the arc following 
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the cj^clic current zero. If after any given current zero reignition 
occurs, the arc continues; if reignition fails, the arc is extinguished. 
An ordinary metallic electrode that has been serving as an anode prior 
to current zero will not develop a “cathode spot” for electron release 
in the new direction until a potential of at least 250, sometimes 400 or 
more, volts appears between the electrodes in the new direction, this 
being the minimum-voltage condition for maintenance of a glow dis¬ 
charge in the new direction. Circuit capacitances cause the voltage rise 
to reignition to require appreciable time, so introducing a brief zero- 
current interval. Westinghouse Deion (not deion grid) circuit breakers 
make use of the minimum reignition voltage requirement. Subsequent 
to reignition to the glow discharge condition, a transition from glow 
to arc reduces the voltage abruptly to the low arc-drop value. This 
completes the explanation of the rise and fall of voltage just following 
current zeio,'^" in Fig. 17.55. 

A 110-volt a-c circuit never reaches the required reignition value, so 
tliat such a circuit will, not support an arc between nonrefractory 
electrodes. Electrodes of refractory materials, such as carbon and 
tungsten, become and remain hot enough to supply electrons thermi- 
onically; this behavior permits reignition at relatively low voltages 
after current zero. Therefore a 110-volt a-c circuit will support an 
arc between such electrodes. 

To explain the voltage crest before current zero, in Fig. 17.55, note 
that an electric arc cannot persist at a current below some minimum 
value, of the ol der of a few tenths of an ampere to a few amperes. When 
in its approach to zero the arc current reaches this minimum value, 
the arc cathode spot disappears. There is always some little series 
inductance, and some little shunt capacitance. The series inductance 
demands momentaiy persistence of the current in the external circuit, 
thereby charging the shunt capacitance in the old direction. This 
causes the \'oltage to rise in the old direction until the glow discharge 
voltage is reached. The glow discharge then formed persists until 
cyclic current zero is reached. 

Thus in Fig. 17.55 the voltage crests before and after reignition 
both represent short-duration atmospheric-pressure glow discharges, 


PROBLEMS 

1. Data for a curve of a/F vs. Po/F, as m Fig. 14.11a, are as follo\\'s: 


a/F 

0.008 

0.028 

0.022 

0,004 

0.0005 

Po/F 

10-* 

10“® 

io-« 

10"’ 

10~* 

a/Po 

80 

2800 

22,000 

40,000 

50,000 
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Also, 7 in tl»e voltage breakdown equation obeys the relation 



where A is an empirical constant. When Pq/F = 8 X 7 = 0.2. 

Determine points for, and plot approximately to scale, a Paschen’s law curve 
of breakdown volts Et vs. Pqs (pressure X distance). 

2. (a) From each of the three sawtooth diagrams of Fig. 14.10 determine a point 
on a curve of al vs. FI, therefore also on a curve of a/Po vs. F/Pq, assuming that 
the gas involved is air, and that the electron mean free path is 5 X 10"^ cm at 
700 mm pressure and 273® K. Sketch in an estimated form of this curve, pa.ssing 
through these three points. 

( 6 ) From the curve so prepared, determine what would be the breakdown 
voltage in air at atmospheric pressure, between sphere gaps, expressed in volts 
per unit distance (state the distance unit carefully). There is no reason to expect 
the result to agree with the known value, because the data do not have that firm 
a basis. 

3. The static arc characteristic for a certain gas and electrode arrangement 
passes through these points: (1) la = 10 amp, Ea = 40 volts; (2) la = 50 amp, 
Ea ~ 15 volts. Boiling temperature of the anode material 2000® K. 

(a) Evaluate A and D in (17-22). (5) Plot a graph of the static arc charac¬ 

teristic. (c) This arc is part of a circuit as in Fig. 17.35. If Eq = 220 volts, find 
values of Hi to give arc currents of 50 amp and of 10 amp. 

4. Arc static characteristic as in Prob. 3, circuit like that in Fig. 10.14a. Select 
circuit constants to produce small-amplitude dynatron oscillations at a frequency 
of 300 cycles about a point Q for which Ea = 30 volts. 

5. Find mathematically the low-frequency, also the high-frequency, a-c resist¬ 
ance of the arc of the two preceding problems at the point for which Ea = 30 volts. 

6 . Show that the intermediate-frequency loop. Fig. 17.4«, must have vertical 
tangents at the intersections with the static characteristic. 
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GASEOUS-CONDUCTION RECTIFYING DEVICES 

18.1 Gas Rectifiers Are High-Speed Switching Devices. The 
name rectifier applies to any device that can pass current freely in the 
“forward” direction but does not permit equally free flow in the “in¬ 
verse” direction. Rectifying devices employing low-pressure arcs in 
mercury vapor, or in an inert gas, or in hydrogen, are used for a great 
variety of engineering services. 

Ratings of gas (or vapor-arc) rectifying devices range from a few 
milliamperes at a hundred or so volts to a few thousand amperes at a 
few thousand (inverse) volts. The basic principles of operation are 
the same regardless of the size, type of cathode, or purpose for which 
they are used. All are essentially high-speed switching devices. 

It is important to keep constantly in mind the sharp contrast be¬ 
tween the current-throttling action of high-vacuum devices and the 
simple switching action of gas rectifiers. A throttle controls rate of 
flow; a switch either denies passage or permits flow at an unlimited rate. 
A gas rectifier has no more control over the magnitude of the instan¬ 
taneous current through it than a knife switch has. 

The circuit through a gas rectifier is closed when the arc exists, open 
when it does not exist. The closing and opening can be controlled by 
creating conditions that permit or forbid the existence of the arc. The 
device is an imperfect switch because of the “arc drop,” which (a) uses 
some power which might otherwise be usefully employed, and (6) de¬ 
mands that the device itself be able to dissipate power. Gas rectifiers 
are expensive, and they require auxiliary apparatus which costs money, 
occupies space, and requires more or less attention. Thus radio re¬ 
ceiver rectifier tubes require auxiliaiy filament transformers; 10,000- 
kilowatt steel-tank rectifiers for the metallurgical industries require 
vacuum pumps and arc-initiating and keep-alive rigs. 

However, these various gas or vapor switches can close and open 
circuits repeatedly and with extreme rapidity, and the time and rate 
of such switching can be subject to the will of the operator. The ex¬ 
tremely rapid, quiet, and easily controlled switching more than com¬ 
pensates for the cost and complication, for many services. 
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18.2 Classifications of Gas Rectifiers.^^**®^’®’*^'^’^'^'^ Gas rec¬ 
tifiers maj’^ be classified as to type of cathode. Thus there are: 

I. Mercury-pool rectifiers, in which the electrons enter the arc 
through a hot wandering cathode spot on the surface of a pool of 
mercury. The pool must contain enough mercury to permit continu¬ 
ous evaporation at the cathode spot. 

The evaporated mercuiy returns to the 
pool by gravity after condensation on 
the walls. An important limitation in 
mercurj^-pool rectifier applications is 
the fact that a more or less definite 
minimum current, of the order of 2 to 
4 amperes, is necessary to maintain 
the cathode spot. If the current mo¬ 
mentarily drops below this minimum 
value, the spot disappears and the arc 
must be re-initiated. Thus for light¬ 
load operation an excitation or keep¬ 
alive arc is necessary, operating to a 
separate anode connected to a low- 
power-level d-c auxiliary source. The 
following methods of initially producing 
the cathode spot have been employed: 


(o) Mechanical tilting of the entire recti¬ 
fier tube or tank, causing separation between 
the main mercury pool and an auxiliary mer¬ 
cury well in a side-arm, at a time when d-c 
current of modest value from an auxiliary 
source is flowing from the well to the main 
pool. At the point of separation an ar<- is 
drawn, which establishes the cathode .spot. 
After this initiation the cathode spot is main¬ 
tained either by an excitation or keep-alive 



Fig. 18.1 Illustrative electrode 
arrangement in an ignitron recti¬ 
fier; an early model. 


arc, or by having the arc positive terminal shift cyclicly between two or more 
anodes. Initiation by tilting is industrially obsolete. 

(6) In devices called Excitron rectifiers,made by the .Vllis-Chalmers Manu¬ 
facturing Company, by using an excitation anode connected to the cathode through 
an external circuit, wdiich is provided with a source of direct current. The arc- 
starting device consists of an iron plunger having at its upper end a graphite tip, 
the bottom end of the plunger extending into a “well” in the bottom of the mercury 
tank; a solenoidal coil surrounds the well. When the coil is not energized, the 
plunger is maintained in contact with an excitation anode by the flotation action 
of the mercury. When the coil is energized, the plunger is pulled down agaiiust 
the flotation action, thus breaking its contact with the excitation anode. When 
this contact is broken, an arc starts between plunger and excitation anode, with 
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its cathode spot on the plunger. As the plunger is drawn down it becomes sub¬ 
merged in the mercury, the cathode spot then transferring to the mercury surface. 
Thus a keep-alive or excitation arc is established. 

(c) Use of devices called ignitrons^ or ignitron rectifiers ,manufactured by 
the Westinghouse Electric Corporation and the General Electric Company, which 
omplo}'' tapered igniter rods, of sintered material physically and electrically resem¬ 
bling boron carbide or silicon carbide (Carborundum), extending from above to a 
little below the mercury surface, in the manner illustrated in Fig. 18.1. A momen¬ 
tary auxiliaiy rod current (usually from a few to a score or so amperes), sufficient 
to establish an average gradient in the rod of the order of 15 to 150 volts per 
centimeter, will initiate a hot cathode spot at the rod-mercury junction, in a 
manner described in Section 18.17. In apparatus employing ignitron rectifiers 
each anode may have its own cathode pool in its own separate chamber, without 
necessarily employing a keep-alive arc, because arc initiation may take place anew 
at the beginning of each positive half-cycle of arc. 

(d) Use of devices incorporating initiating electrodes completely outside the 
enclosing walls of glass-envelope pools, and just above the pool level. By applying 
an impulse or high-frequency voltage of the order of 5000 to 10,000 volts to such 
an external electrode, an electric gradient is established at the cathode surface 
sufficient to initiate the spot. This may set up a keep-alive arc to an auxiliary 
anode, or such a voltage impulse may initiate an arc at the proper moment during 
each cycle. A modification of this principle employs a more modest voltage applied 
to small rods encased in very thin glass and floating on the mercury surface, and 
there are other related methods.*®' Devices in this general (d) class tend to exhibit 
deterioration of the properties of the insulating dielectric, demanding progressively 
higher firing voltages. 

There are also: 

II. Thermionic gas or vapor rectifiers, in which the electrons enter 
through the oxide-coated surfaces of electrically heated cathodes. In 
the larger devices of this type, included in the category of industrial 
electron tubes, cathodes are used that approach the inward-radiating 
ideal described in Section 7.10. Their electron-emitting efficiencies are 
therefore veiy much higher than for the cathodes in high-vacuum de¬ 
vices. There is, however, the inconvenience of having to wait for one 
to several minutes after turning on cathode heating power before draw¬ 
ing anode current. Tliere is no lower limit to stable current flow. 

Evaporation from droplets of mercury, introduced during manufac¬ 
ture, supplies the necessary mercuiy vapor, in thermionic mercury- 
vapor rectifiers. 

Gas rectifiers may be classified as to tlie manner in Avhich current 
conduction to the anode may be initiated, that is, according to the 
nature of the fast switching-on mechanism. A low-power-level con¬ 
trol circuit may be enabled to compel or forbid initiation of anode 
current by the following means: 

(a) In a mercury-pool rectifier, an exciting or keep)-alive arc may be employed 
to maintain a cathode spot, with a grid interposed between the keep-alive are 
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plasma and the anode. W ith the keep-alive arc excited, but no anode current 
flowing, a grid at a moderately negative potential ean maintain a positive ion 
sheath thick enough to occlude the grid wires (see Section IG.IO), thus preventing 
extension of the plasma into the grid-anode region, even with a very substantial 
positive anode voltage. If the gi-id potential is driv en up to or near to cathode 
potential, the sheath becomes thin, no 
longer occluding the grid holes; the plasma 
at once extends into the gri<l-anode region, 
closing the circuit to the anode. The ion 
density near the grid is thereafter very 
large, because of the high current density 
through it to the main anode, so that re¬ 
ducing the grid potential will not produce 
sheaths thick enough to shut off the anode 
current. 

(6) In a thermionic gas or mercury- 
vapor rectifier, by interposing a grid be¬ 
tween the hot thermionic cathode and the 
anode. Figure 18.2 illusti ates the arrange¬ 
ment of parts in such a device, called a 
f/ij/rafron.*®'-''*-* ’" " With no current flow¬ 
ing to the anode, a modest negative po¬ 
tential on the grid prevents itutiation of 
anode current; when the grid swings up to 
or near to cathode potential, an arc is 
established in tlie tube as described later 
in Sections 18.9 and 18.10. Once this arc 
is established, reducing the grid potential 
will not ordinarily interrupt the anode 
current. 

(c) In an ignitron rectifier, the igniter 
rod initiates an arc as ordered, as discussed 
in Section 18.17. In an ignitron rectifier 
the arc cathode spot ^vill disappear if the 
load curreiit drops below some minimum 
value. This offers no problem in resis- Fig. 18.2 Typical electrode ar- 
tance welder applications,*®^-^ where there rangement in a thyratron. 

is never a need for small continuous cur¬ 
rent flow, but in industrial power rectifiers it may make necessary an excitation 
arc in addition to the igniter rod. 

(d) In mercury-pool rectifiers, one or more glass-insulated electrodes may be 
so placed that when a control impulse consisting of a high voltage at high frequency 
is applied to them an arc-initiating gradient appears at the mercury surface, 
establisliing conduction to the anode; see 1(d) above. 

(e) By magnetically affecting the flow of current.**^ 

Uses of gas and mercury-vapor rectifiers include: 9 l.i8a.b.c.d.e.f.g 

1. Power rectification, that is, conversion of electric power from 
alternating to direct current. 

2. Switching, and speed and voltage control, of electrical machinery. 
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3. Providing finely graded, efficient control of average power flow, 
as for welding, by passing current during controllable fractions of each 
a-c half-cycle; rectification may or may not be simultaneously pro¬ 
vided. 

4. Permitting control of the flow of substantial power in response 
to sensitive instruments, which provide low-energy signals. 

5. Instrumentation services, as for counting impulses and for pro¬ 
viding intermittent condenser charge and discharge in stroboscopic 
and cathode-ray SAveep circuits. 

f). Inversion of electric poAver from direct to alternating current. 

7. Applying high-energy brief impulses, as in radar modulators. 

Applications employing single-phase alternating current, either at 
the input or output or both, ordinarily provide for full-Avave operation, 
that is, operation during both halves of each cycle. For full-wave 
single-phase rectification, one cathode and tAvo anodes in a common 
glass or metal envelope may be used. For full-Avave single-phase 
switching, or for current control AAuthout rectification, two separate 
envelopes are required, each Avith its oaati cathode and anode. In 
either case current passes through one arc in positive half-cycles, and 
through the other arc in negative half-cycles. 

18.3 Commercial Classification of Gas Rectifiers. Probably the 
most familiar classification of gaseous conduction rectifiers is a semi¬ 
commercial one, Avhich distinguishes betAveen the fields of engineering 
Avork in Avhich the various types are used. Thus there are: 

L Polyphase Steel-Tank Mercury-Arc Rectifiers. These rectifiers 
are built in units rated in hundreds or thousands of kiloAvatts, requir¬ 
ing complex control and auxiliary apparatus, including vacuum¬ 
pumping systems for the tanks. They provide d-c power for electro¬ 
lytic uses in the metallurgical and chemical industries, and for electric 
l aihvay service. The rectifying elements are mercuiy-pool devices and 
may have control grids, or igniter rods, or the Excitron provisions. 
They are multiphase rectifiers, operated from three-phase power sup¬ 
ply circuits. In the type of six-phase rectifier that does not use igniter 
i*ods or exciting electrodes, six anodes may operate from a common 
mereuiy-pool cathode, as illustrated in Fig. 18.3a. The arc transfers 
from one anode to another, then to the next, and so on, but has its 
cathode ahvays on the one mercuiy pool. This particular circuit 
illustrates various essential principles A'eiy simply, but it is less eco¬ 
nomical of equipment than other comparable arrangements. 

II. Industrial Electron The devices belonging in 

this class are used for a great variety of rectifying, switching, and cur¬ 
rent-control purposes in industrial plants and power stations. Indus- 
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id) 0 - 

(а) Circuit diagram of six-phase mercury-arc rectifier and transformers. 

(б) Three-phase a-c input voltages. 

(c) The heavy wavy line is the voltage between transformer neutral and rectifier 
cathode; it is also the voltage at the terminals under no load conditions. 

(d) Voltage at the load, full-load operation. 

Fig. 18.3 Six-phase diametrical type of mercury-arc steel tank rectifier. 
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trial electron tubes are available having average current ratings from 
a few tenths to a hundred or more amperes, and they may have either 
glass or metal envelopes. The following types are of special interest: 

(а) Thermionic gas or vapor rectifiers, without either grids or igniter rods. 

(б) Thyratrons, that is, grid-controlled thermionic gas or mercury-vapor recti¬ 
fiers; see Fig. 18.2.®^ 

(c) Ignitrons, that is, igniter-controlled mercury-pool type rectifiers, with or 
without grids or keep-alive 

Thermionic thyratrons (class b) employ by far the most flexible 
combination of type of cathode and method of control. It is not, 
however, an especially cheap or durable combination. Thermionic 
cathodes are expensive in large current ratings, require continuous 
power input for heating, are easily damaged by overloads, short 
circuits, and continued vibration, and have limited life. Mercuiy-pool 
cathodes are relatively not expensive (per ampere), have large reserve 
capacities, and are mechanically rugged and long-lived. 

As ordinarily used, neither grids, as in thyratrons, nor igniter rods, 
as in ignitrons, will interrupt forward current flow, once it is estab¬ 
lished. However, the lack of circuit-opening or “shut-off” control is 
not serious in a-c switching applications, for in all a-c circuits the cur¬ 
rent automatically goes to zero twice in every cycle. Each new half¬ 
cycle presents an opportunity to open the circuit permanently by 
preventing the restarting of the arc. The grids or igniter rods may be 
excited so as to initiate arcs at controllable phase points in every half¬ 
cycle, thus making current flow take place during an adjustable frac¬ 
tion of each half-cycle. The average current is controlled by chang¬ 
ing this adjustable fraction; see Section 18.13 for details. 

In many applications involving control of substantial currents, as 
in resistance welding equipment, ignitrons carry the main current, 
but their ignition is governed by thyratrons. This utilizes both the 
flexibility of thyratron grid control, and the economy and reliability of 
mercuiy-pool cathodes. It reduces the overload and short-circuit 
hazard on the thermionic cathodes by placing them in auxiliary rather 
than in the main circuits. 

III. Low-Power Gas Tithes^ for Commitnicaiioyi and Instrumentation 
Uses.^^ Devices in this class have been developed primarily for the 
radio and communication fields, but they are extensively used for a 
great variety of laboratory purposes and in measuring and recording 
apparatus. Ratings are from a few score to a few hundred milliam- 
peres; the 2050 and 83 tubes are examples. 

18.4 Rectifying and Filtering. Rectification without voltage control 
can be accomplished without either grids or igniter rods. A rectifier 
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for such use may have a single cathode with as many anodes as the 
circuit requires. Two anodes are needed for full-wave single-phase 
operation, six anodes for tlie particular type of six-phase operation 
illustrated in Fig. 18.3a. 



Fig. 18.4 Single-phase full-wave recliher circuit with choke itiput filter. 


Figure 18.4 is an illustrative full-wave single-phase rectifier circuit, 
including filleritxj provisions. The switching function performed by 
the rectifying elements automatically interchanges in alternate half¬ 
cycles the source voltage terminals connected to the load. In the 



(c) Steady d-c voltage at filter 
output. 



Fig. 18.5 Rectified and filtered voltages at full load, in a full-wave single-phase 
rectifier circuit, Fig. 18.4. Ripple completely suppressed by the filter. 


simplest operation no filter is used, the load is purely resistive, and a 
sine loop voltage, illustrated in Fig. 18.oh, appears at the load ter¬ 
minals. 
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The rectification is completed by a filter circuit which stores some of 
the energy from the source during peaks of periodic power input and 
delivers it during the valleys. The simplest filter consists only of a 
low-resistance high-inductance choke in series with the load, as if the 
condenser and bleeder resistance were omitted in Fig. 18.4. Figures 
18.OG, 18.56, and 18.5c contrast the a-c input voltage, the sine loop 
voltage at filter input, and the d-c voltage at the load when such a 
simple filter is used under large-load-current conditions that permit 
excellent filtering. 

For light loads, good filtering will result from using a circuit like 
that of Fig. 18.4 except that the choke and bleeder are omitted. The 
solid-line curve of Fig. 18.6 then describes the voltage at filter input 



Fig. 18.6 Load and condenser voltage, for a rectifier using a filter consisting of 
condenser only. Circuit as in Fig. 18.4, except that choke is omitted. Dotted 
lines follow the sine-loop voltage. / = 60 cycles, Rl = 2,000 ohms, C = 4 micro¬ 
farads, Rb — »• 

for a modest load current. The condenser is charged through one of 
the tubes while the a-c wave is rising toward its crest. Purely because 
of circuit behavior, the tube current goes to zero at the cut-out point; 
as the tube cannot carrj’' reverse current, it then remains an open 
switch while the condenser discharges through the load resistance. 
During this discharge period, between cut-out and cut-in, both tubes 
are open switches, because their anodes are both negative relative to 
their common cathode potential. Cut-in occurs when the anode of 
one of the tubes is driven by the circuit up to and a little above the 
cathode potential; the tube then becomes conducting (a closed switch) 
until its next current zero at the subsequent cut-out point. Thus the 
circuit behavior, in combination with the rectifying properties of the 
tubes, causes the switching action to take place, without the aid of 
either grids or igniter rods. 

The higher the load resistance, the less the voltage declines during 
the discharge period. Thus such a circuit filters very well at light 
loads, and its limiting light-load d-c voltage is the sine loop crest. 

With both choke and condenser in the circuit, as in Fig. 18.4, the 
overall d-c volt-ampere behavior is as in Fig. 18.7. At light loads the 
condenser filtering action predominates, providing good light-load 
filtering at a voltage close to the sine loop crest; at heavy loads the 
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choke filtering action predominates, providing good heavy-load filter¬ 
ing close to the sine loop average. In practice, a bleeder resistance 
Rb is employed which draws the current corresponding to point B in 
Fig. 18.7, thus insuring good voltage regulation for any externally 
connected load. Such an arrangement filters well at all loads and 
provides a d-c voltage approximating the sine loop average. 



0 20 40 60 80 100 120 140 160 

Direct Current through Filter. MilUamperes 


Fio, 18.7 Experimentally observed volt-ampere curve for a rectifier with choke- 
input filter, circuit diagram as in Fig. 18.4, /« = 24 milliamperes, at B = 328 
volts. 

Figure 18.36 illustrates the voltage waves of the three-phase power 
supply for the six-phase rectifying arrangement of Fig. 18.3a.*®^-®' 
The solid line in Fig. 18.3c is the corresponding voltage between trans¬ 
former neutral and rectifier cathode, and in Fig. 18.3d the voltage 
across the load if the “ripple” is completely suppressed bj'^ the induct¬ 
ance in series with the load. In general, in a circuit containing n 
rectifier anodes, each anode is in service during the l/nth of each cycle 
for which its circuit voltage is greater than that of any other anode. 
Therefore the greater the number of anodes, the smaller is the ripple 
to be filtered out. 

18.6 Inverse Voltage Rating of Rectifiers; ® 

D. E.F.G.A As ordinarily used, the anode of a rectifying circuit element 
becomes strongly negative relative to the cathode in alternate half¬ 
cycles. The inverse voltage rating specifies the maximum safe instan¬ 
taneous value of this negative anode voltage. All such circuit elements, 
large and small, with and without grids and igniter rods, are given in¬ 
verse voltage ratings, although the word “inverse” may not always 

be used. 




538 


GASEOUS-CONDUCTION RECTIFYING DEVICES 


In multianode rectifiers, failure in the inverse direction may result 
from unwanted initiation of a cathode spot on an idle anode, called 
arc-back. This constitutes an internal short circuit between anodes. 

In spite of the placement of the several anodes in “anode arms,” or in 
partially partitioned-off cells, the presence in the main chamber of the 
plasma canying current to the active anode occasionally results in arc- 
back to an idle one. Grids enclosing the anodes discourage arc-back 
but increase the arc drop undesirably; see Section 18.7. 

Arc-back to idle anodes does not occur in polyphase rectifiers of the 
igniter type, because the anodes are located in separate chambers, each 
chamber having its individual cathode pool. However, if a keep-alive 
or excitation arc is necessary in order to permit light-load operation 
of a rectifier, the excitation plasma may encourage arc-back. Even 
without a keep-alive arc, a large load current may produce a plasma so 
intense as to result in arc-back due to residual ionization. Therefore 
it is desirable to design large-current ignitrons for maximum rate of 
ion removal, that is, a maximum surface-to-volume ratio in the plasma 

©nclosurs* 

In a multianode pool-type device, Fig. 18.3, the main current-carry¬ 
ing plasma tends to spread throughout the arc chamber and to form 
sheaths at all surfaces. Each idle anode is, during part of each cycle, 
at a very low potential relative to this plasma. During these cyclic 
periods the positive ion sheath that forms at an idle anode (see Fig. 
16.4a) terminates in a very steep gradient at the face of the sheath 
adjacent to the idle anode surface. Experiments by Slepian show 
that the presence of this steep idle-anode surface gradient results in 
some definite momentary probability of arc-back. This probability is 
much greater for large than for small inverse voltages, and for large 
than for small load currents, and is otherwise dependent on various 
operating conditions and design details. It appears likely that this 
probability is increased by the presence of impurities or mercury drop¬ 
lets on the idle anode surface. The initiation, at arc-back, of a cathode 
spot on an idle-anode surface is very similar to the transition from a 

glow discharge to an arc. 

Ignitrons employed for control of resistance welders, used very 
extensively in the automobile industry, are never required to operate 
at light load and therefore do not require keep-alive provisions. This, 
makes the probability of anode-to-cathode arc-back relatively low, 
permitting close anode-to-cathode spacing and generally small arc drop. 

The concept of probability of arc-back is veiy similar, as to statistical 
consequences, to that of the probability of firing of an igniter rod, dis¬ 
cussed in Section 18.17; (18-7) is the significant underlying equation. 
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However, the mean time 1/p to arc-back is measurable in days or 
weeks oi months, rather than in microseconds. In principle, the objec¬ 
tive of attacks on tlie arc-back problem is that of increasing tliis mean 
time as much as possible without introducing excessive arc drop and 
associated severe power dissipation problems. 

18.6 Forward Voltage Rating of Gas Rectifiers.^^-'*^-^ The 
forward voltage rating of a rectifier specilies the maximum safe instan¬ 
taneous voltage when the anode is positive but the anode circuit is 
being held open by the rectifier. Because only grid- or igniter-con- 
trolled rectifiers (thyratrons or ignitrons) are expected to maintain 
open circuits in spite of forward anode voltages, only these types are 
given forw'ard voltage ratings. 

Failure of a thyratron to maintain an open circuit in tlie forward 
direction when its grid is negative can result if the grid does not limit 
to a sufficiently small rate the entrance of electrons into the anode 
field. Various types of abuse, particularly overloads that cause trans¬ 
fer of cathode material onto the grid, making it a w^eak source of free 
electrons when heated by proximity' to the discharge, can cause 
gradual decrease of the maximum safe forw^ard voltage. 


18.7 Current Ratings of Gas Rectifiers.^^ ’*’^'^ *^ *^ Gas rectifiers 
are given average (not rms) current ratings, wiiich specify the greatest 
average current that can be carried continuously without overheating. 
Such ratings are made subject to specified limits of ambient tempera¬ 
ture. As wdth all electrical devices, the heating depends on the rate 
at which energj^ must be dissipated. Physical size, therefore cost, is 
in high-current mercuiy-pool devices largely governed by power dissi¬ 
pation requirements, so that any design change that increases the re¬ 
quired dissipation increases the cost, for given current. 

Power to be dissipated is the product of arc drop by current, plus 
any necessary filament heating power. The arc drop is usually affected 
very little by cyclic changes in load current, within normal operating 
limits; therefore the average powder dissipation is proportional to the 
average current rather than to the rms current. The arc drop is 
rarely less than 5 or more than 25 volts. 


If, for a given current rating, grids are introduced to provide control 
or to reduce arc-back frequency in a mercuiy-pool device, the arc drop 
w'ill be materially increased. Should this change double the arc drop 
(as from 12 to 24 volts), the dissipation doubles; therefore the size, 
weight, and cost increase by some comparable factor. Thus provision 
of grid control and reduction in arc-back frequency may be expensive. 
It is the added equipment cost, not the reduction in efficiency, that 
has economic significance. 
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Thus the small anode-to-cathode spacing permissible in welder- 
control ignitrons, which have anodes in separate chambers and no 
keep-alive provisions (because light-load operation is never required), 
favors a small arc drop, therefore low power dissipation, therefore low 

cost per tube. 

Ratings usually express, in one way or another, permissible short- 
time overload currents. 

Industrial thermionic-cathode gas rectifiers are usually given the 
following ratings: 

(а) Average current ratings, together with specifications of the maximum time, 
usually between 10 and 30 seconds, over which the average is to be taken. Tubes 
overheat if operated continuously at greater than the rated average currents. 

(б) Maximum instantaneous or crest ratings, which specify the maximum value 
the current should be permitted to reach in each duty cycle. The crest rating is 

likely to be several times the average current rating. 

(c) Surge current ratings, which specify the maximum momentary current the 
device can carry, in event of short circuits or other untoward events, without 
immediate destruction or major shortening of useful life. 

The arc drop in such devices is an approximate measure of the energy 
with which ions strike the cathode surface, and at laige currents the 
arc drop becomes a rising function of current. Piogiessive destruc¬ 
tion of the coating on the surface by ion bombardment sets in if this 
energy exceeds a critical value, which usually corresponds to an arc 
drop between 20 and 25 volts. The crest current rating must be small 
enough to keep the energy of ion bombardment always below the 

critical value. 

If the current continues, either steadily or intermittently, to exceed 
the crest rating, the coating on the cathode surface is giadually de¬ 
stroyed. As a result (a) the maximum safe instantaneous current 
becomes smallei', (b) the life of the tube is shortened, and (c) cathode 
material may be scattered onto the grid, making the grid surface a 
partial emitter, thereby encouraging false current initiation. 

The smaller thermionic cathode rectifiers (those developed for radio 
and communication work) are sometimes given only maximum average 
current ratings, that take care both of temperature and cathode life 

restrictions. 

18.8 Concentration of Mercury Atoms in Mercury-Vapor Rectifiers. 

During the manufacture of thermionic mercury-vapor rectifiers there 
is introduced a droplet of mercury, which remains permanently at the 
bottom of the tube. Thus in these devices as well as in mercuiy-pool 
apparatus there is present within the tube an exposed liquid mercury 
surface. The temperature of this surface controls the pressure of 
mercury vapor within the tube. 
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In a closed basement containing a pool of water the humidity eventu¬ 
ally reaches 100 per cent. This means that the water-vapor pressure 
becomes that at which condensation into the pool takes place just as 



Fig. 18.8 Dependence of mercury-vapor pressure on temperature.'^ See Table 

XVII. 


rapidly as evaporation from it. Similarly the mercuiy-vapor pressure 
inside a mercury-vapor rectifier is always that at which the rate of 
condensation into the pool or droplet just equals the rate of evaporation. 

The rate of evaporation, therefore also the mercury-vapor pressure, 
depends on the temperature of the condensed mercury pool or droplet. 
The relation between mercury-vapor pressure and temperature when 
vapor and condensed mercury have a common temperature is de- 
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scribed in Fig. 18.8 and Table XVII. This dependence is essentially 
exponential in character and is similar to the dependence of thermionic 

emission current on cathode temperature. 

In a thermionic gas rectifier the droplet is in intimate contact with 
the base of the tube, whereas the vapor is in intimate contact with the 
upper parts of the tube that may have been heated by its own dis¬ 
charge. Therefore, the vapor in the plasma may be at a higher tem¬ 
perature than the droplet. A similar situation can exist in a pool-type 
device because of the high level of energy interchange in a large-current 
plasma. If the temperature of the mercury vapor within the plasma 
is not the same as that of the pool or droplet, the vapor piessure in the 
plasma will differ a little, but relatively only a little, from that given 
in Fig. 18.8 and Table XVII. 

Suppose the mercury-pool temperature to be Tngy the mercury- 
vapor temperature Tg. If the mean free path of a vapor particle in the 
plasma region is short relative to the dimensions of the enclosure, the 
vapor in the plasma, at temperature Tg, will be in pressure equilibrium 
with the vapor, at temperature Tngt located immediately adjacent to 

the pool or droplet surface. 

In that case the gas law applies, so that 

Pressure = NgkTg = NngkTng (lS-1) 


where k is Boltzmann’s gas 
meter. Therefore, 


constant; pressure 



is in newtons per square 


(18-2) 


If, however, the mean free path of a vapor particle is long relative 
to the dimensions of the enclosure, the vapor in the plasma will be in 
flow equilibrium with the droplet, leading by the use of (12-91) to the 

relation 


NgU _ ^Hg^fig 

2y/v ~ 


(18-3) 


which give.s 




( 18 ^) 


Relative to other factors of change and uncertainty, the difference 
between (18-2) and (18^) is usually minor. 

Tug can be measured with reasonable accuracy b}’’ a thermometer 
at the base of the tube. If Tug is kno^^^l, Nug can be calculated, from 
the data of Table XVII or Fig. 18.8, by using the ideal gas law and N^ 
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as given in (15-15a). Often only a rough estimate of the value of Tg 
can be made; see comments on gas temperature in Section 15.14. 

The effect on gas concentration of variations in Tg is not important, 
but that of variations in Tug is veiy important, because of the ex¬ 
ponential nature of the dependence of Nug on Tug. 

The gas concentration is of interest chiefly because it determines the 
electron mean free path; use (15-20) for obtaining approximate 
magnitudes. 

18.9 Grid Control of Current Conduction in a Thyratron.'®^^-^ " 
The cathode, grid, and plate of a thermionic thyratron, Fig. 18.2, are 
arranged so as to provide, before arc initiation, the same sort of con¬ 
trol over the electric field between cathode and grid as exists in a high- 
vacuum triode. Figure 18.9a illustrates a mutual characteri.stic curve 
for a high-vacuum triode, with cut-off at plate and grid voltages of (100 
and —2.25 respectively. The corresponding diagram for a typical 
thyratron is shown in Fig. 18.95. If the thyratron grid voltage is 
brought up toward zero from strongly negative ^’alucs, the arrival at 
the arc initiation point, comparable with a high-vacuum triode cut-off 
point, is marked by an abrupt e.stablishment of current flow tlirough 
the tube. 

This current appears abruptly because an arc has formed between 
cathode and anode. The value of current after arc formation depends 
entirely on the circuit external to the tube. The cathode-to-anode 
voltage after arc initiation is the normal tube drop, usually between 
8 and 20 volts. 

Arc initiation occurs when the grid potential rises high enough to 
permit an appreciable “dark” electron current to flow to the plate. 
This dark electron current is the same kind of current as that flowing 
in a high-vacuum triode at grid voltage values in the neighborhood of 
cut-off. Discussions of the conditions that govern the magnitude of 
this type of current appear in Sections 8.17 through 8.19. A di.scus- 
sion of its triggering effect appears in the next section. 

At the moment of arc initiation the voltage difference between cath¬ 
ode and anode decreases with extreme rapidity to the normal arc drop 
of the tube. The cathode-ray oscillogram reproduced in Fig. 18.10 
records a typical collapse of plate voltage. In that operation the tube 
voltage dropped from several hundred volts to a very small value in 
less than half a microsecond. A corresponding current oscillogram 
showed that growth of the tube current to its steady-state value re¬ 
quired some 20 to 30 microseconds, because of the small series induct¬ 
ance of the plate circuit. In principle, the tube voltage will collapse 
very rapidly at arc initiation if the plasma can be established more 
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rapidly than the circuit permits the current to grow. This situation^ 
illustrated in Fig. 18.10, exists commonly in industrial electronic con¬ 
trol circuits. 
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(а) Cut-off in a high-vacuum thermionic triode. 

(б) Arc initiation in a thyratron. 

Fia. 18.9 High-vacuum triode at cut-off, and thyratron at arc initiation, in 
gcomotrioally similar devices. 


With a small thyratron in a low-impedance circuit, as with a 2050 
tube used in the Fig. 3.9 circuit, the tube voltage may decline more 
slowly, because the plasma may not grow in current-carrying capacity 
as fast as the external circuit permits the current to grow. 
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Onoo the arc has been initiated, a decrease of grid t)otential ordi¬ 
narily has no elTect on tlie current in the tiil)e. The grid is immersed 
in a plasma, and a decrease of tlie grid potential to a low negative valu(‘ 
merely increases the thickness of the i)ositive ion sheath that forms 
around it. in the manner discussed in Section Id.9. In the extreme 
case of a low-ion-density ])tasma, small-diameter grid holes, and a grid 
voltage many hundreds of volts negative, the .sheath may occlude the 
grid holes, thus shutting olT th(' plat(' current; this is not, however, an 
industrially useful functioning. 



Fig. IH.IO Cath<Kl(“-iay oscillogratn of the collajisc <if ainxle-to-catliodc voltaic 
at arc initiation in a thyratron (at oin* time <all«‘d l>y some authors a niid-Rlow 
tube), The irregular o.scillations after eollapsr ))rot>al)ly were caused by refh‘ctions 
in the lead-in circuit to tlie oscillograph. From Dow and Powers.'*'’ 


In practice, grid control is re-established only when changes in the 
jdate circuit external to the tube bring the arc ctirrent to zero, as at 
the end of a half-cycle of a-c current flow. Any marked rise ol grid 
potential occurring after arc initiation makes the grid become a sec¬ 
ond anode, as described in Section 18.11. 

18.10 Mechanism of Axe Initiation in a Thyratron; Grid Control 
Curves.^^-'■ * It was pointed out toward the end of Section 8.18 that 
there is no such thing as mathematically defined cut-off in a tiiode. 
lligh-vacuum triode mutual characteristic curves like that m l*ig. 
18.9fi are merely rapidly asymptotic to zero, in tlie neigliborhood of a 

value of grid voltage that is called the cut-otT value. 

As the grid voltage is made to fall below this cut-off value, the 
negative potential dip outside the cathode (curves 3 and 4. Fig. 8.9) 
becomes very pronounced, and E,n correspondingly large. At each 
value of grid voltage in the neighborhood of cut-off the plate current 
is some small but definite fraction of the thermionic current, in ac¬ 
cordance with an equation having the form of (8-20). 
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In a similar way there is a very small, but definite, plate current due 
to electron flow at each value of grid voltage just below the arc initia¬ 
tion point of Fig. 18.96. Of course the electrons that constitute this 
current produce ions along their rapid flight to the anode; these ions 
move relatively slowly to the grid. The positive space charge due to 
their presence tends to lift the bottom of the negative potential dip. 
As the bottom of the negative dip rises, the electron current is in¬ 
creased. The increased electron flow makes the positive ion space 



Fig. 18.11 Typical grid control curves for a General Electric type FG-17 thyratron. 

charge become larger, this growth in space charge lifts the bottom of 
the dip higher, so permitting more electrons to flow, giving rise to 
more positiA’e space charge, and so on. At the value of dark electron 
current that corresponds to the arc initiation point this pyramidal 
growth becomes unstable and accelerates indefinitely, the end condi¬ 
tion being the plasma of an arc. 

Tlie electron mean free path is usually greater than the cathode-to- 
anode spacing, so that only a small percentage of the dark-current 
electrons hit gas particles during flight to the anode. Furthermore, 
the high plate voltage that exists prior to arc initiation makes practi¬ 
cally all electrons that do hit gas particles acquire much more than 
ionizing enei'g^' before they hit. Under these conditions the rate of 
ion production depends primarily on how many gas particles are hit 
per second, rather than on the electron energy at impact. 

If the gas concentration is low, many electrons must flow in order 
to make enough liits per second to initiate a plasma. If the gas con¬ 
centration is high, each electron has a considerable chance of making a 
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hit, so that only a few electrons may need to flow in order to make the 
same number of hits per second. Therefore when the gas concent I'a- 
tion in a tube is high, the critical triggering current is less, and arc 
initiation occurs at a more negative potential than when the gas con¬ 
centration is low. 

Each of the various slant lines in Fig. 9.2 describes combinations of 
a triode’s plate and grid voltages necessaiy to give the plate current 



Fig. 18.12 Typical grid control curves for a General Electric type FG-O? thyjation. 

some definite value. The larger the definite value, the farther to the 
right is the slant line. The thyratron grid control curves illustrated in 
Fig. 18.11 are essentially the same kind of slant lines as those in Fig. 9.2. 
They describe combinations of plate voltage and grid voltage that 
produce definite dark electron currents just sufficient to trigger the 
initiation of a plasma. High condensed-mercuiy temperature cor¬ 
responds to high mercurj^-vapor concentration, and so to a consider¬ 
able chance of any electron’s hitting an atom, and so to little triggering 
current. Therefore, the high-temperature grid control curves lie to 

the left of the low-temperature ones. 

In tubes containing inert gases instead of mercury vapor, the gas 
concentration is unaffected by temperature. Therefore each such tube 
has a single grid control cur\'^e rather than a family of them.^®^ 

As an example of grid control curve use, suppose the Fig. 18.11 tube 
is dark, a strongly negative grid potential holding the circuit open in 
spite of a plate potential of 800 volts. Condensed-mercury tempera- 
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ture is 50° C. If now the grid potential is gradually raised toward 
zero, no change is noticed either in tube appearance or in readings of 
meters in the plate circuit until the 800-volt point on the 50° grid 
control curve is reached at about — 5 grid volts. At this point the tube 
abruptly closes the plate circuit, as a result of the formation of an arc 
between cathode and anode. Driving the grid negative will not sub¬ 
sequently reopen the plate circuit. 

The grid control curves of the General Electric FG-67 type of tube, 
Fig. 18.12, are less regular in shape than those in Fig. 18.11. 

18*11 Current-Limiting Grid Circuit Resistors. After the arc in a 
thyratron is initiated, the grid is immersed in a plasma and is sur¬ 
rounded by a current-canying sheath. Any attempt to raise the grid 
potential appreciably above that of the anode makes the grid become 
a second arc anode, as at E in the grid or probe volt-ampere curve 
shown in Fig. 16.3a. After this the current in the grid circuit depends 
almost wholly on the grid circuit external to the tube. For this reason 
it is essential to use current-limiting resistors in the grid circuits of 
thyratrons. Such grid resistors are chosen to limit average grid cur¬ 
rents to not more than the permissible rated values. 

18.12 Shield-Grid Thyratrons. The grids of thyratrons must exer¬ 
cise electrostatic control over all possible paths of emergence of elec¬ 
trons from cathode toward anode, because the production of ions along 
any such path can result in arc initiation. The grids therefore have 
rather large areas. 

In a shield-grid thyratron the shield grid forms an enclosure around 
the cathode except at the anode exposure, and is kept at a low enough 
potential (usually the cathode potential) to prevent arc initiation any¬ 
where except at the anode exposure. The arc is initiated by varying 
the potential of the control grid, which is small and so designed and 
placed as to have electrostatic control of the dark electron flow along 
the direct cathode-to-anode path. 

The operation of some very sensitive grid circuits is undesirably 
affected by small dark currents that flow to negative grids, if single¬ 
grid thyratrons are used. Shield-grid thyratrons serve advantageously 
under such conditions, because their control grids have small areas 
and are otherwise so designed that dark currents to them are very 
small. Also, the capacitance between the control grid and other elec¬ 
trodes is less than in a single-grid thyratron. 

18.13 Phase-Shift Control of To under¬ 

stand certain thyratron design problems it is necessary to have in 
mind various circuit aspects of one of the commonest uses of thyratrons: 
to produce phase-shift control of current. 
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Figure 18.13a is a diagram of a circuit that uses a thyratron to 
deliver rectified current of easily adju.stable magnitude to a load resist¬ 
ance Rl‘ The load current is varied by controlling the phase position 
at which the grid of the thyratron swings positive, thereby closing the 
load circuit. The grid circuit voltage phase position is varied by 
changing the variable resistance li. Tlie heavy line in Fig. 18.14a is 
illustrative of the resulting load current wave foim, if no filter is used. 


A 


(b) 


Circuit (liagniin. Vector diagram. 

Fiu. 18.13 Thyratron current control by means of phase shift of grid circuit 
relative to power supply circuit. Ilalf-wave op(Tation. 

If a filter is introduced between thyratron and load, the wave forms 
of filter and load currents both change markedly, but the average 
value of load current does not, if the filter constants are properly 
chosen. A condenser input filter cannot be used, for the abrupt appli¬ 
cation of circuit voltage to the condenser would pass such a large 
charging current as to damage seriously the cathode surface of the 
thyratron. 

The abrupt rise at the beginning of each cui’rent wave occurs when 
the grid swings positive. It is evident that if this occurs earlier in each 
cycle than shown in the figure the average load current will be increased, 
whereas if it occurs later in the cycle tlie average load current will be 

decreased. 

Figure 18.136 is a vector diagram of the current and voltages in the 
grid control circuit AGB, Fig. 18.13a. The current Irc in this circuit 
leads the applied voltage E,iB by some phase angle that depends on 
the relative values of R and Xc- Irc of course leads the voltage across 
the condenser by 90° and is in phase with the voltage Eqb across the 
resistance R. The grid-circuit voltage is Eog \ Fig. 18.136 shows that 
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Eog lags behind the load-circuit voltage Eqb by some angle that 
depends on the relative values of R and C. As the angle AGB must 
always be 90°, variations in relative values of R and C cause point G, 
Fig. 18.136, to trace an arc of a semicircle. The grid voltage Eqq has 
therefore a constant magnitude but a varying angle of lag relative to 
the load-circuit voltage. 

Figure 18.14a illustrates the relations between grid voltage and load 
circuit currents and voltages. The voltage eoa is applied to the cath- 


Time-► 



(a) Typical voltage and current variations in the half-wave phase-shift thyra- 
tron circuit of Fig. 18.13. 



{h) Typical load current wave form for the full-wave rectifying phase-shift cir¬ 
cuit of Fig. IS.lOn. 



(c) Typical load current wave form for the full-wave non-rectifying phase-shift 
circuit of Fig. 18.166. 


Fig. 18.14 Voltage and current waves in phase-shift thyratron current control 
circuits, with resistive loads. 


ode-to-grid path in series with a current-limiting resistor Rq- During 
the negative half-cycle of coGy no current flows between cathode and 
grid, because the grid is negative and the tube dark. After eoo becomes 
positive, the tube contains an arc, and current would flow as freely to 
the grid in its positive swing as to the plate, if no current-limiting re¬ 
sistor were provided. Rq must limit grid current to not more than the 
rated value for the tube. 

Similar operation can be obtained by replacing the grid-control- 
circuit condenser by a resistance, and the resistance by an inductance. 
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(a) With resistance 
load. (Similar to Fig. 
18.14a.) 



(6) With inductive load. 



Fig. 18.15 Plate voltage and currcut variations in a thyratron arrangcMl to pro¬ 
vide current control by phase shift in the grid circuit. Arc initiated at tlie crest 
of the appiie<l voltage wave. Ilalf-wuve operation. 



(a) Direct-current output; see (6) Alternating-current output; see 

Fig. 18.146. Fig. 18.14c. 

Fig. 18.16 Circuit diagrams for full-wave phase-shift current control by means 
of thyratrons. Variable condenser in the grid circuit shifts the phase. 


A C Pow^r Output 
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The vector diagram is then the same as in Fig. 18.136 except that the 
current vector lies along the Eag vector. 

Figure 18.15 contrasts the behavior of the Fig. 18.13a circuit with 
a similar one having an inductive load. With both inductive and non- 
inductive loads, current flow begins as soon as the grid swings positive. 
However, with an inductive load the current grows gradually rather 
than abruptly and persists well into the negative half-cycle. As soon 
as the current reaches zero in its normal transient course, the plate 
potential drops abruptly to a position along the eoB voltage wave. 

The Fig. 18.13a circuit provides only half-wave operation; that is, 
load current floAvs during a controllable portion of each alternate half- 
cycle. The Fig. 18.16a circuit provides similar full-wave operation. 
The Fig. 18.166 circuit provides phase-shift control of a-c current 
magnitude, used extensively in resistance Avoiding equipment. 

18.14 Large Grid Swing Necessary for Mercury-Vapor Thyratrons. 
It is evident from Figs. 18.11 and 18.12 that the grid voltage necessary 
to “fire” a thyratron in a given circuit is A'^ery sensitive to the tempera¬ 
ture of the mercuiy droplet. The droplet temperature will in. practice 
A'ary markedly from time to time, depending on ambient temperature, 
duty cycle of the tube, and other environmental factors. Therefore it 
is neA’er practical to employ a mercury-vapor thyratron in a circuit in 
Avhich operation is sensitive to small variations of grid control voltage. 

It is thus universal practice, in applications of mercury-vapor thyra¬ 
trons, to employ grid voltage sAvings of large amplitude, so that the 
grid A’oltage swings up through zero rapidly. For example, with a 
1200-volt plate potential in Fig. 18.11, if the grid SAAungs from —6.5 
volts to —3 volts in a couple of degrees of the a-c cyclic period, the 
operation is not appreciably affected by a change of condensed-mercury 
temperature from 70° to 20° C. This suggests AA'hy phase shift circuits 
employ grid circuit voltages of the same general order of magnitude as 
industrial poAver A^oltages. 

This letiuirement of a fast-SAvinging grid voltage is an important 
limitation to the usefulness of mercuiy-vapor thyratrons. The use of 
other gases, such as helium, argon, neon, and hydrogen, eliminates 
this difficulty; there is for each of such tubes only a single grid control 


curve. lioAvever, such tubes have suffered from a different and equally 
serious limitation, the “clean-up” or disappearance of the conducting 
gas, discussed in the folloAving section. For many years the clean-up 
limitation has led to the almost uniA^ersal employment of mercury 
ratlier than inert-gas thyratrons for industrial applications, Avhere long 
life under continuous service Avith minimum maintenance is essential, 
and Avliere large grid sAvings are easily provided. For many instnimen- 
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tation uses inert gas tubes are prelerable, and for radar modulator 
thyratrons hydrogen has been most commonly used. 

18.15 “Clean-Up** of the Conducting Gas.'*" A primary reason for 
the extensive employment of mercury-vapor thyratrons is tlieir free¬ 
dom from deterioration due to “clean-up," that is, from gradual disap¬ 
pearance of the conducting gas, as octairs with all other gases. In a 
mercury-vapor thyratron, the mercury droplet within the tube at tiie 
base is an adequate reservoir of mercury to replace that lost by clean-ui}. 

Note from Fig. 18.156 tliat a thyratron in the usually employed in¬ 
ductive type of circuit experiences an abrupt and severe drop in plate 
voltage at the moment when the i)late cui-rent goes to zero. As long 
as the plate current is dropping rapidly, the plate voltage appears as 
an L{di/dt) across the inductance, but as .soon as the i)late curnmt is 
stable at zero there is neither L{di/dt) nor Hi across tlie load, so that, 
at that moment the a-c circuit voUane appears abruptly between cath¬ 
ode and plate, the plate thus being driven strongly negative. 

At this moment there is a large residual ion content in the now decav- 
ing plasma between grid and anode. Many ions of this plasma fall 
freely through the positive ion .sheath adjacent to tlie anode; each one 
reaches the anode with an energy in electron volts about c(iual to the 


anode-to-cathode voltage. A small but appreciable fraction of them, 
perhaps one in 1000 or in 10,000, arc caused by this high energy to be¬ 
come permanently embedded either in the anode or one of the other 
material boundaries of the plasma. 

Over many millions of operations, the occasional permanent embed¬ 
ding of ions in the anode or elsewhere constitutes a serious cau.se of 
clean-up. For manj'^ years this was overcome only by the use of 
mercury-vapor tubes. It has, however, been found possible to mini¬ 
mize the rapid plate voltage drop as a cause of clean-up by the use of 
auxiliary “snubber” circuits, which employ small condensers to limit 
the rate of decline of anode voltage following current zero. 

Less serious clean-up occurs continually to the cathode; of course if 
the grid is operated at a strongly negative voltage during current con¬ 
duction there may be serious clean-up to the grid, but most circuits 
avoid such operation. 


To overcome the clean-up limitation, thyratrons have been devel¬ 
oped that employ an inert gas present in sufficient concentration to 
permit extensive clean-up without reaching an early end of life.**' 
This makes the use of snubber circuits unnecessary, yet the day-to-day 
control stability inherent in inert gas thyratrons is retained. One of 
the important design problems in such tubes was to make certain 
spacings within the tube small enough to prevent failure due to voltage 
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breakdo^vn. The point is that gas pressures within these tubes are 
such as to place the breakdown voltage to the left of the minimum on 
the Paschen’s law curve, Fig. 17.2. Thus, in order to keep the break¬ 
down voltage adequate, these spacings must be very small, if the ini¬ 
tial pressure is large enough to permit clean-up without rapid end of 
life. 

In employing any inert gas or hydrogen thyratron, care must be 
taken to make applications only within the rating limits based on end- 
of-!ifc due to clean-up. 

18.16 Thyratron Recovery Time, in Timing Circuits. In 

various types of electronic control apparatus, particularly resistance 

Thyratron a 



Fig. 18.17 Detail of rise of a timing-circuit cathode voltage, Fig. 3.9o, drawn 
to a greatly expanded time scale, for circumstances in which the thyratron is ex¬ 
tinguished (at A) by the grid shut-off mechanism. 

welder controls, circuits veiy similar to Fig. 3.9 are employed for 
governing the time intervals between the operation of fast relays or 
of gas control tubes. The overall behavior of such circuits is described 
in Section 3.8, but the explanation of the extinction of current flow at 
moments A of Fig. 3.9a was postponed to the present discussion. 

First consider the manner of extinction of current in a circuit just 
such as shown in Fig. 3.9. After the thyratron fires at moment the 
cathode potential rises exponentially, as indicated in Fig. 18.17, aiming 
toward a d-c condition in which Ca would be determined by the po¬ 
tential-divider action of R and Rz in series, if the tube drop is ignored. 
Of course Rz « R. The transient behavior is determined by replacing 
the battery Ebb by its own internal resistance, which in the ideal case 
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being discussed is zero. In the transient circuit so set uji. R and 
are in parallel; therefore 


The time constant of the rising] _ RR^ 
exponential transient j ~ (18-5) 

Note that the current in the tube is at moment R (juite largo, whereas 
if the thyratron were to remain a closed switch indefinitely the ulti¬ 
mate tube current would be very small. Thus very shortly after the 
firing moment B one would find a rapitlly increasing thickness of the 
sheath around the grid, because (a) the tube current, tlierehire with it 
the ion density, is declining rapidly, and (/>) the grid potential is rapidly 
becoming more negative than that of the cathode. If the de.sign and 
operational parameters are properly chosen, grid .shut-off due to the 
sheath occluding the grid holes will occur at some such moment as A 
in the figure. After this moment the cathode potential falls exponen¬ 
tially, the time constant being RC. 

Under certain circumstances the tube current <leclines so rapidly 
during the rise of Cq that the extinction moment A occurs much too 
early, that is, at a potential very substantially below Ebb- If a suitably 
chosen resistor R 5 , shown dotted in Fig. 3.9/j is introduced, the grid 
potential is controlled by a potential-divider action involving Ri, R^, 
R 4 , Ra] this makes the grid potential lend to follow Ca uj) during the 
exponential rise, so that the sheath potential remains modest. In this 
way the value of cathode potential at extinction can be adjusted to be 
more nearly Ebb- 

In many industrial electronic timing circuits it is necessary to use 
thyratrons and currents for which the grid shut-off characteristics do 
not permit extinction in the manner just de.scribed, chiefly for reasons 
related to reliability of performance. A commutating inductance may 
then be introduced; this is merely a small inductance in series with Rz, 
Fig. 3.96. The voltage rise after the firing moment A is then a part 
of an oscillatory transient, as indicated in Fig. 18.18. At and near 
moment G the current in the inductance represents enough energy 
storage to charge the condenser to a potential considerably greater 
than hence the cathode potential overshoots Ebb- Note, however, 
that the condenser current obeys the relation 

i, = C— (18-6) 

dt 

Therefore at some moment such as A the declining condenser potential 
causes a discharging current in C just equal to the current in R; there- 
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fore the tube current becomes zero; the thyratron has now become an 
open switch. After this extinction moment A the circuit is a simple 
RC combination; the voltage declines exponentially toward zero, along 
the line AH. 

Prior to moment A, the anode potential (relative to zero potential 
in the figure) has of course been greater than Co by the amount of the 
tube drop. At moment A the anode potential drops abruptly to 
because after A there is neither current in nor rate of change of 



Fig. 18.18 Similar to Fig. 18.17, e.xcept that the thyratron is extinguished (at 
A) by the current going to zero during the oscillatory transient produced by the 
presence of a commutating inductance in series with Rz, Fig. 3.96. 

current in the commutating inductance. Therefore, during the A to 
H period the cathode is at a higher potential than the anode; the tube 
will obviously remain an open switch, because it is inherently a rectifier. 
After the moment //, however, the anode is positive relative to the 
cathode, and the thyratron will remain an open switch only because of 
the grid control over initiation of plate current. 

The grid is of course strongly negative, tending to prevent firing. If, 
however, there are at moment H enough residual ions present in the 
decaying plasma so that the grid sheath does not occlude the holes in 
the grid, the tube will fire at once, and cathode potential will remain 
constant at about the value The circuit has then failed to function 
properly. 

Thus the period A to H may be called the lime available for recovery 
(of grid control); or, in an older phraseology, the time available for 
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deionization. Only if the recovery time of the tube (see Section 10.10), 
for the existing application is less than tlie time All will the circuit 
function properly. 

Note that the time available for recovery is a j^roperty of the ciran'f, 
while the recovery time is primarily a proijerty of tho \ubc. 

Recovery time is, however, much longer for small grid voltages than 
for large grid voltages, because of the increase of sheath thickness with 
sheath potential. Thus, with a commutating induc.tan(*e, introduction 
of a resistor such as in Fig. 3.0/^ would substantially increosc the 
recovery time, thus lessening the dependability of tlie circuit. 

Power inverters, that is, equipments employing gas tubes for changing 
d“C power to a-c powei, possess limitations in\'olving reco\'ery time, 
both for thyratrons and for ignitrons.®’" 

18.17 Igniter-Rod Control of Arc Initiation.Figure 
18.1 illustrates (schematically only) the arrangement of parts in an 
ignitron that falls into the industrial electron tube classification. 
Ignition of the arc occurs if the potential gradient in the igniter rod at 
the junction with the mercurj' surface reaches or exceeds a critical 
gradient that may be expected to be between 15 and 150 volts per 
centimeter. The critical gradient is likely to be considerably smaller 
when the rod has been heated by continuous operation than when at 
room temperature. Ignitions are very extensively used in welder 
control phase-shift circuits following the principles of Section 18.13; 
usually thyratrons are used to cause firing of the ignitron at controllable 
phase moments. 

The potential gradient in the rod is established by the passage of an 
auxiliaiy current of several amperes. This current may be provided 
by connecting the rod to the anode through a resistance or by an 
auxiliaiy igniting circuit. The energy required for ignition may be 
veiy small, for, although the instantaneous power in the igniting 
circuit may be several hundred watts, ignition is usually accomplished 
in a few microseconds. 


When the rod gradient exceeds the critical value, an arc forms at the 
rod-mercury junction. The lower terminal of this arc, a hot cathode 
spot, moves away from the rod along the surface of the pool. The 
upper arc terminal travels upward along the rod with extreme rapidity; 
when it reaches the metal of the supporting bracket the rod is of course 
short-circuited by the arc, which now plays between bracket and pool. 

Experiments have shown that the arc between cathode pool and 
anode forms within a small fraction of a microsecond after the cathode 
spot is initiated at the rod-mercurj^ junction. However, the time re¬ 
quired for the formation of the cathode spot, after establishment of 
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the gradient in the rod, follows a simple statistical law,*®^ very similar 
to that found by Slepian and Ludwig to describe arc-back frequency 
in mercury-arc rectifiers. There exists for both situations a probabiUty 
of cathode-spot initiation which is presumably some reasonably simple 
function of the gradient at the location of interest. In one situation 

the location of interest is the rod-mercury junction; in the other the 
surface of the idle anode. 

18.18 Statistical Variation, of Firing T im e in Ignitrons.*®^ The 
mathematical analysis which appears below, for the variation in time 
to arc ignition by an igniter rod, applies with slight modifications to 
the arc-back situation; see Section 18.5. The mathematical method 
employed is very similar to that used in Section 15.11, dealing with 

rnean free paths, but in the present application time rather than 
distance is the important variable. 

Experiments have shown that for any given set of igniter-rod oper¬ 
ating conditions there is a definite probability p dt of ignition of an 
arc witliin a brief time interval dt, where p is primarily a function of 
the gradient in the rod. If P is the probability that ignition occurs 
later than i seconds after the application of the gradient, 

~~dP = P-pdt (18-7) 

or ^ ' 

dlnP = pdt (18-8) 

Equation (18-7) is based on the following reasoning: The chance of 
ignition’s occurring at some time later than t is by definition P, and the 
chance of ignition in the particular interval dt immediately follomng t 
IS pdt’, the product P-pdt is therefore the chance that ignition will 
not occur until t seconds have passed but will occur in dt seconds 
immediately thereafter. This product is therefore the negative 
differenUal change in P, negative because P must become less for 
longer times. The solution for P, if p is independent of time, is 

P = exp (-pO (18-9) 

If p is a function of time, the solution is 



In arri\'ing at these expressions it is recognized that P = 1 when t = 0. 

Below a rather definite critical gradient the momentary ignition 
probability p is vanishingly small. Above this critical gradient it 
depends on the actual value F of the gradient. With limited experi¬ 
mental tiata available it is possible to devise a considerable variety of 
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hypothetical forms of the mathematical dependence of p on F, all of 
which are consistent with the data. .tVmong many such suggested forms 
the following two will be discussed here: 



(18-11) 



(18-12) 


where tn, Fc, Fq, and ta, Fa are empirical <iuantities. Fc and Fa can be 
identified with the critical gradient. Corresponding expressions for P, 
in case F is zero before / = 0 and has a conslant value after t = 0, are 
obtained by simple integration, giving 


In P = 



(18-13) 


I F 

111/" = - 7 exp— (18-14) 

'a <2 


Here F and i are rod gradient and time delay to reignition. 

The three step cuiwes in Fig. 18.19 represent experimental data 
taken with abruptly applied gradients, respectively 8G, 124, and 157 
volts per centimeter, for a particular (rather early) ignitron. The 
three dashed straight lines in the figure represent the expected straight- 
line dependence of In P on t, as described by (18-14), for the three 
gradients 8G, 124, 157, and employing values of and Fa chosen to 
maximize the agreement between the family of da.shed lines and the 
experimental step curves. 

Three lines can similarly be drawn based on (18-13), using values 
of Fc and (qFq^ chosen to maximize agreement with experiment. The 
three lines so drawn agree just as well with the experimental data as 
do those shown in the figure, which were based on (18-14). 

However, a preference exists for (18-11) and (18-13), discussed by 
Rigrod,^®^ as compared with other suggested forms, becau.se: 

(a) A reasonably rational theory of the physics of igniter operation 
has been devised which leads to the form (18-11), and, subsequently, 

(b) The form (18-11) has been shown to be in agreement with a great 
deal of the experimental data accumulated by various observers over 
a period of years. 

Reason (a) illustrates the importance of analytical study of physical 
processes in the process of correlating experimental data. 
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TIME t AFTER APPLICATION OF VOLTAGE TO ROD, MICROSECONDS 


Fig. 18.19 Per cent of ignitions occurring later than time t, with igniter-rod 

gradients: of 8G, 124, and 157 volts per centimeter, in an ignitron. Logarithmic 
|)or cent scale* 





TIME t AFTER APPLICATION OF ROD VOLTAGE, MICROSECONDS 


Fig. 18.20 Per cent of ignitions occurring later than time t, with igniter-rod 
gradients of SO and 197 volts per centimeter, in an ignitron. 
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Figure 18.20 is another way of presenting the same kind of informa¬ 
tion as that contained in Fig. 18.19, the difference being in tlie verti(‘al 
scale used. 


PROBLEMS 


1. Ill a certain mcicury-vapor plasma the eloctroii-aiul-iou coiiceiiliatidii is 
10‘^ per cu cm; ion and electron temperatures are respectively 11,600° K and 
23.200° K. The condensed-mercury temperature is 80° C, the mercurv-vapnr 
temperature 400° K; there is pressure equilibrium between the gas in theVlasma 
region and that adjacent to the condensed mercury. Kind: («) the percentage ioni¬ 
zation, (b) the ion mean free path, (c) the electron mean free path 

2. Figure 18.21 illustrates the type of relation to be exp<-cted between nudal 

% current How from plasma 
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1 IG. 18.21 Currcmt dcaislty to tin* ease of a mca'ciiry-urc rectifier. 

to case, in a metal-enclosed meicury-arc rectifier. Note the re.smnblance to Fig. 
16.3a. For Fig. 18.21, determine: («) ca.se potential when insulated from the rest 
of the circuit, (/>) current density to the case when at cathode potential, (c) elec¬ 
tron temperature. 

3. Condition.s as in the preceding problem. Determine the rate at which the 
plasma delivei-s energy (heat) to the walls of the case, in watts per .sijuare centi¬ 
meter, with the case at cathode ptdential. Plasma is 12 volts above cathode poten¬ 
tial. The following items .should be accounted for, each calculable by multii)lying 
a properly chosen current by a {iroperly chosen voltage: 

(а) Kinetic energy acquired by the positive ions in falling through the sheath. 

(б) Energy released by recombination of po.sitive ions at the surface. 

(c) Residual kinetic energy' of the electrons after penetrating the sheath. 

(d) Heat produced by entrance into the metal of the case, sliding down the 
work function hill, of the electrons not needed for recombination at the surface. 
Work function of the case is 4 volts. 

4. Conditions as in the two preceding problems. («) Determine the thickness 
of the sheath adjacent to an idle anode whose potential is 2000 volts below that of 
the pla.sma. (b) Determine the potential gradient at the surface of this idle anode. 

6. Suppose that in a mercury-arc rectifier the probability of arc-back follows 
the law P = cxp( —f/r) where P is the chance that an arc-back will occur later 
than time t after the last one, and t is a constant, measured in days, weeks, or 
months. 
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(a) The last arc-back occurred 6 weeks ago on rectifier 1; on rectifier 2, identical 
with rectifier 1 in every detail, the last arc-back occurred 3 days ago. For which 
one is there the greatest chance that arc-back will occur in the next 24 hours? 

(b) If the average time between arc-backs is 3 months, how many times in 
10 years should it be expected that an arc-back will follow the last previous one by 
H month or less? 

6. Consider a neon gas thyratron operating under 60-cycle inductive-load 
phase-shift conditions as in Fig. 18.15b. At the moment the current goes to zero 
the anode potential drops abruptly to -150 volts. The plasma volume is 8 cu 
cm; while carrying current its ion density is 3 X 10 ^^ 

out to the enclosing grid and plate boundaries within perhaps 200 microseconds 
after each current-zero moment. The anode occupies 17 per cent of this boundary 
area, and 0.02 per cent of the ions that fall through the 150-volt drop then existing 
stay pei manently in the anode metal. Total volume in the tube is 19 cu cm. If 
when new the tube contains 3 X 10 neon atoms per cu cm, how many weeks 

of 60-cycle operation, 24 hours per day, will reduce the neon content to of its 
original value? 

7. Figure 18.22 is a diagram of a circuit that employs a mercury-vapor thyra^ 
iron to produce a sawtooth voltage wave of the Fig. 3.8a type. If the tube used 


10,000 Ohms 



Fig. 18.22 Sweep circuit for cathode-ray oscilloscope. 


is an FG17 thyratron (Fig. 18.11) at a condensed-mercury temperature of 40® C 
and the crest of each sawtooth is to occur at 800 volts, find (a) the grid voltage 
required, (b) the frequency, and (c) approximate time required to discharge the 
condenser during the vertical drop from the crest of each sawtooth. 
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TABLE I 

Probable Values of the Gexeral Physical Constants,* Expressed 

IN Meter-Kilogram-Second Units 


Charge carried by an electron {q^) 

Ratio of charge to mass of an electron (qc/fHc) 
Mass of an electron (w^) 

Velocity of an electron whose kinetic energy is 
1 electron volt 


1.002 X 10"coulomb 
1.750 X 10” 

0.11 X 10-3‘ kilogram 

5.!)32 X 10^ meters per second 


Mass of a proton 
Mass of a hydrogen atom 

Mass of an atom of unit atomic weiglit (no such 
atom exists) 

Ratio of the mass of an atom of unit atomic 
weight to that of an electron 


1.072 X 10-2" 
1.081 X 10“^ 

1.000 X 10 27 

1822 


kilogram 

kilogram 

kilogram 


Atomic weights: Oxygen 

Hydrogen 

Helium 


10.0000 

1.00777 =b 0.00002 
4.0022 ± 0.0004 


Velocity of liglit 

Planck’s quantum of action (/i) 

Boltzmann’s gas constant (k) 

Stefan-Boltzmann radiation constant 


Pressure of any gas at O'* C and 700 min of mer¬ 
cury pressure 

Avogadro’s number (number of molecules per 
kilogram molecule of any gas) 

Loschmidt number (the number of molecules 
per cubic meter of any gas at 0* C and 7C0 
millimeters of mercury pressure) 

The number of molecules per cubic meter of any 
gas at 0° C and 1 millimeter of mercury pre.s- 
sure 


2.00770 X 10* meters per second 

0.024 X 10“^‘joule second 

1.3803 X 10~23 joule per degree 
K<4vin 

5.(i72 X 10 * joule* per square 
meter per second per (degree 
Kelvin) ^ 

1.013 X 10''’ newtons per square 
meter 

0.025 X 10-^ 

2.087 X 10^* molecules per cubic 
meter 

3.530 X 10^2 molecules per cubic 
meter 


Ice point (degrees Kelvin) 

Ratio of temperature in degrees Kelvin to volt¬ 
age equivalent of temperature 

Wavelength of a photon whose energy is 1 elec¬ 
tron volt 

Ionizing potential of a hydrogen atom 

Wavelength of red cadmium line (at 15* C, at¬ 
mospheric pressure) 

Density of mercury at 0° C, 700 millimeters of 
mercury pressure 


273.18* K 

IIGOO degrees Kelvin per electron 
volt 

12404 angstrom units 
1.2404 microns 
13.G8 electron volts 

G438.4G96 angstrom units 
13.595 grams per cubic centi¬ 
meter 


• Values of the atomic constants used in this table are as given by DuMond and 
Gohen, Revs. Mod. Pkys., 20, 106 (1948); 21, 651 (1950).i*- 
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ATOMIC PROPERTIES 
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Element 
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Tantalum 

1'ungsten 

Rhenium 

Osmium 

Iridium 

Platinum 

Gold 

Mercury 

Thallium 

Lead 

Bismuth 

Polonium 

Astatine 

Radon ' 

Francium 

Rildium 

Actinium 

Thorium 

Protactinium 

Uranium 

m 

m 

s 
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S 

^ Ti ^ c; w . ^ 

W ?: Pi O ►Jij Cm 

Hin «a.<cc5 

t, ei o-S :3 
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Ionizing Potentials chiefly from Atomic Encrffy Stoics^ by liacher and Goudsmit, McGraw-Hill, 1932. They are for atonx5, not riK^lecules. 
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^ FOR CYLINDRICAL ELECTRODES 


TABLE III 

(See Section 5.14) 

Dependence of /S' on r/n, ix Expressions for Space-Charge-Limited Currents 

FROM Cylindrical Cathodes of Radius r* 

applies where r > r*, 

—/S^ applies where r < r* 


r/n- 

or 

-r 


-f- 

r/r^ 

or 

Tk/r 

^2 


1.00 

1.01 

1.02 

0.0000 
0.00010 

0.00039 

0.0000 

0.00010 

0.00040 

3.8 

4.0 

4.2 

0.6420 

0.6671 

0.6902 

6.3795 

6.0601 

6.7705 

1.04 

1.06 

1.08 

0.00149 

0.00324 
0.005.57 

0.00159 

0.00356 
0.00630 

4.4 

4.6 

4.8 

0.7115 

0.7313 

0.7496 

7.5096 

8.2763 

9.0696 

1.10 

1.15 

1.20 

0.00842 

0.01747 

0.02815 

0.00980 

0.02186 

0.03849 

5.0 

5.2 

5.4 

0.7666 
0.7825 
0.7973 

9.887 

10.733 

11.601 

1.30 

1.40 

1.50 

0.05589 
0.08672 
0.11934 

0.08504 
0.14856 

0.2282 

5.6 

5.8 

6.0 

0.8111 

0.8241 

0.8362 

12.493 

13.407 

14.343 

1.60 

1.70 

1.80 

0.1525 

0.18.54 

0.2177 

0.3233 

0.4332 

0.5572 

6.5 

7.0 

7.5 

0.8635 

0.8870 

0.9074 

16.777 

19.337 

22.015 

1.90 

2.0 

2.1 

0.2491 

0.2793 

0.3083 

0.6947 

0.8454 

1.0086 

8.0 

8.5 

9.0 

0.9253 

0.9410 

0.9548 

24.805 
27.701 

30.698 

2.2 

2.3 

2.4 

0.3361 

0.3626 

0.3879 

1.1840 

1.3712 

1.5697 

9.5 

10.0 

12.0 

0.9672 

0.9782 

1.0122 

33.791 

36.976 

50.559 

2.5 

2.6 

2.7 

0.4121 

0.4351 

0.4571 

1.7792 

1.9995 
2.2301 

16.0 

20.0 

40.0 

1.0513 

1.0715 

1.0946 

81.203 

115.64 

327.01 

2.8 

2.9 

3.0 

0.47S0 

0.4980 

0.5170 

2.4708 

2.7214 

2.9814 

SO.O 

100.0 

200.0 

1.0845 

1.0782 

1.0562 

867.11 

1174.9 

2946.1 

3.2 

3.4 

3.6 

0.5526 
0.5851 
0.6148 

3.5293 

4.1126 

4.7298 

500.0 

00 

1.0307 

1.000 

9502.2 

00 



a* FOR SPHERICAL ELECTRODES 
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TABLE IV 
(See Section 5.17) 

Dependence of a - on r / vk , in Expressions for Space-Ciiaroe-I^imitkd 
Currents from Spherical Cathodes of Radius a- 

a* applies where r > Vk 
— a' appiie.s wlien* r < rk 


rfTk 

or 

rklr 


•> 

— a*' 

r/fk 

or 

' Tklr 

0 

-a2 

1.0 

0.0000 

0.0000 

5.4 

1.213 

9.315 

1.1 

0.0086 

0.0096 

5.8 

1.280 

10.73 

1.2 

0.0299 

0.0372 

6.0 

1 .311 

11.46 

1.3 

0.0591 

0.0809 

6.5 

1.385 

13.35 

1.4 

0.0931 

0.1396 

7.0 

1 .453 

15.35 

1.5 

0.1302 

0.2118 

7.5 

1.516 

17.44 

1.6 

0.1688 

0.2968 

8.0 

1.575 

19.62 

1.7 

0.208 

0.394 

9.0 

1.682 

24.25 

1.8 

1 

0.248 

0.502 

10.0 

1 .777 

29.19 

1.9 

0.287 

0.621 

12.0 

1.938 

39.98 

2.0 

0.326 

0.750 

14.0 

2.073 

51 .86 

2.2 

0.402 

1.036 

16.0 

2.189 

64.74 

2.4 

0.474 

1.358 

20.0 

2.378 

93.24 

2.6 

0.543 

1.712 

30.0 

2.713 

178.2 

2.8 

0.608 

2.098 

40.0 

2.944 

279.6 

3.0 

0.669 

2.512 

50.0 

3.120 

395.3 

3.4 

0.783 

3.421 

60.0 

3.261 

523.6 

3.8 

0.886 

4.429 

80.0 

3.482 

813.7 

4.2 

0.979 

5.528 

100.0 

3.652 

1144 

4.6 

1.063 

6.712 

500.0 

4.829 

13015 

5.0 

1.141 

7.976 

1000.0 

• 

■ 5.324 
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EFFECT OF VOLTAGE DROP ALONG THE FILAMENT 


TABLE V 
(See Section 5.22) 

Values of /( Ea / E /) which Governs Dependence of Triodb Plate Current 

ON THE Voltage Drop Ef along the Filament 


Ea 

(Ea\ 

Ea 

'(1) 

Ef 

Ks;) 

Ef 

0 

1 

1 

0 

5.0 

24.1 

0.25 

0.031 

6.0 

32.5 

0.50 

0.177 

8.0 

52.5 

0.75 

0.414 

10 

74.0 

1.00 

1.000 

15 

138 

1.50 

2.57 

20 

211 

2.00 

4.65 

40 

1 

622 


7.13 

1 

5 [Eal^ 

2 UJ 

3.00 

4.0 

9.94 

16.51 

Higher 






ELECTRON EMISSION CONSTANTS 
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TABLE VI 

(See Sections 7.2, 8.21, and 1-1.1) 

Electhox Emission Co.nstants 

(This data was assembled and made avaihihJe bv M. F Ivi-v in.i i \v \r v n t., . 
^ Wcstin^housc Electric O/rp.! 


Typo of Meusuroinciit 


lype of Measureinciit 


Sub¬ 

stance 


Mg 

Sr 

Ba 

Ca 

Zr 

Zr 

^^o 

I'a 

\V 

\V 

Pt 


Cr 

Fe(d) 

FeC'y) 

Co 

Ni 

Ni 


Therniionic 

I^hoto- 

clcctric 

AolO“^ 

A’lr 




(2.42) 37 

(60) * 

(1.76) 36 

, 2.28 27 

(00) 

(1.45) 28 

2 24 11 

(60) 

(1.23) *8 

2!i9 11 

102 

1.81 25 

1.96 11 



3.07 18 



(2.42) 37 

60 

2.11 

2.48 27 


i 

3.21 28 

330 

1 4.12 33 

3.92 33 

120 

4.00 23 


55 

4.20 « 

4.15 18 

55 

4.19 i'-* 

4.15 8 

72 

4..52 31 

1.49 2 

00 

4..52 28 


32 

.5.32 «• 

(0.30) 18 

70 

3.38 33 1 

3.30 33 

G 

3.27 22 

3.05 32 

48 

4.60 3« 


26 

4.48 3a 

4.72 29 

1.5 

4.21 39 


41 

4.41 39 

4.25 13 

50 

.5.24 It 

5.05-,5.20 13 

30 

1 

4.01 -39 



Cou- 

ta<-t 

I'oteli- 

tiiil 


Siib- 

statice 


2 . n> 5 


:j (>:> 2 
2.30 t 


Zn 

Cd 

Sn(-») 

Sb 

r.- 

Hi 


HuO 

SrO 

f'aO 

'IhO- 


1 

t 

I 

1 ImTIii 


Photo* 

olcclric 

C*<m- 

ta<a 

Vtiion- 

tial 

• to 10”‘ 

ICiV 

Ew 

ICn- 

(05) 

(40) 

no 

' 21 

' 1.W17 

•1.20 3a 

4.51 1') 
4.90 

4.52 3t 
4.97 17 

4.40 6 
4.47 3 



; 4.31 36 

4.10 36 

4..39 20 

4.2.9 20 

, 4.00 9 

1.70 * 

4.34 9 

4.28 3 

1 

30 

4(i 

5 11 

1 

1.31 30 
4.00 21 
3.59 12 

4.8 8 

4.72 9 

4.6 6 

4.4-4.7 10 

(5.1.5) 37 

1 

0.(K)1 t 

0.01 t 

0.4 t 

2.03 

1.1 " 

1.1 13 

1.9 31 
2.07 15 




Itofcrciice [ 

• Anderson, Phi/n. Reo., 47, 938 (1936). 

2 Ibid., 64, 753 (1938). 

5 Ibid.. 57, 122 (1940). 

* Ilrid.. 69, 1034 (1941). 

76, 1205 (1949). 

6 Ibid.. 76, 388 (1049). 

' Apker et al., Phus. Rev., 73, 40 (1948). 

8/6id.. 74, 1403 (1948). 

'ilbid., 76, 270 (19-19). 

*0 Arscn’eval-Ocil. Doklady Akad. Nauk, 

SSSR. 62, 47 (1948). 

" Brady. Phys. Rev.. 41, 613 (1932). 

12 Braun and Busch, IJetv. Phi/s. .tf/a, 20, 33 
(1947). 

13 Cardwell. Phys. Rev.. 38, 203 (1931). 

^*Ibid., 76, 125 (1949). 

l6Casliman, Phue. Rev.. 64, 971 (1938). 

18 Du Bridce, Phya. Rev., 31, 736 (1928). 

12 Du Bridge and Roehr, Pfiya. Rev., 39, 99 
(1932). 

i8/6id.. 42, 52 (1932). 

19 Fiske, Phys. Re\>. 61, 513 (1942). 

20 Fowler. Phya. Rev.. 38. 45 (1931). 

21 Goetz. Z. Pkyaik, 43. 531 (1927). 

22 Hole and Wright, Phya. Rev.. 66, 785 (1939) 

23 Ivey. Phya. Rev., 74, 983 (1948). 


Ihit.. 76, .567 (19-19). 

Kiiigdon, Phya. Rew. 25, 892 (1925) 

Lil»on. Phya. Rev.. 61, 012 (1937). 

Maurer. Phya. Rn., 67, G.)3 (1940). 
Nottingham. Phys. Rev.. 47, 800 (1935). 
Olsen. l•hyH. Rev., 56, 210 (1939). 

Ucimatm. /'roc. Phya. Soc. London, 50. 490 
(193.5). 

Heimann. Phil. May., 26, 834 (1938). 
Hent.whler ot ah. Rev. .Set. Inalrumenta. 3. 
791(1932). 

Rcnt-schler and Ilonrv. Trans. EUclrnrhem. 
Soc.. 87, 289 (194.5). 

Holler, /'/<!/«. Rev.. 36, 738 (1.930). 

Hyde and Harris (Heimann ’R). 

Schulze. Z. Phyaik, 90, 63 (1934). 

Ibid.. 92, 212 (19.34). 

Suhnnann and Pietrzvk. Z. Physik, 122, 
000 (1944). 

Wahlin, Phys. Rev.. 61, 509 (1942). 

Ibid.. 73. 14.58 (1948). 

Whitney. I'hya. Rev., 50, 11.54 (1936). 
Wright. Phya. Rev.. 60, 405 (1941). 
Zwikker. Phyaik. Z. 30, 578 (1929). 
Biewett. J. Applied Phys., 10, 831 (19.39). 
Hanley. J. Applied Phya., 19, 583 (1948). 


* Values enclosed in parentheses must bo considered as only approximate. Onlj- measurements 
made most recently, or considered most reliable, arc listed. 

t Average values. Emission may be a factor of 10 larger or smaller, depending on processing de¬ 
tails and state of activation. 
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RESISTANCES OF FILAMENT MATERIALS 


TABLE VII 
(See Section 7.8) 


Ratio of Hot to Cold Resistances of Filament Materials 



Hot Resistance 

Cold Resistance 

* Corabined-T 3 "pe 
Oxide-Coated 
Cathode (W.E.Co.) 

t* Konel 

Metal 

t Tungsten 


1.00 

1.00 

1.00 


1.80 

1.11 

2.85 

800 

1.96 

1.13 

3.36 

900 

2.12 

1.16 

3.88 

1000 

2.26 

1.19 

4.41 


2.40 

1.21 

4.95 


2.53 

1.24 

5.48 


2.65 

1.27 

6.03 

1400 

2.75 

1.29 

6.57 

1500 

2.85 

1.32 

7.13 

1600 



7.70 

ISOO 



8.99 

2000 



10.03 

2200 



11.22 

2400 



12.45 

2600 




2800 



14.96 

3000 



16.30 


* Ddshman, Rcr. Modern Phys., 2, 381 (1930). 
t Lowry, Phys. Review, 35, 1307 (1930). 

t Calculated from data given by Chaffee, Theory of Thermionic Vacuum Tubes, p. 100. 












RECTANGULAR QUANTIZATION 
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TABLE VIII 
(See Section 8.8) 





0 

0 

0 

0 

1 

0 

0 

1 

1 

0 

0 

1 

1 

1 

1 

1 

0 

0 

2 

0 

0 

2 

1 ! 

0 

0 

1 

2 

1 

2 

0 

0 

2 

1 

2 

1 

1 

2 

1 

1 

o 


ATION 


(propor¬ 
tional 
to energy) 



Number of 

Po.ssil)lo Number of 
Arrange- Electrons 
menf.s 


lAU 


1 .732 


2.000 


2.236 


2.449 



and so on 
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INTEGRALS CONTAINING 


3 


TABLE IX 

(See Chapter XIT) 

Integrals Containing € 

A. The various integrals given below can in general be derived from the simple forms 
first given by a process of integration by parts, as follows: 


€“''V2(/r=J^ ~{2re~^^)dr = -de 


-r* 


re 


]>XT 

If. 


= + 


re 


2 
—r- 


dr 


00 

e~’‘^dr 


X QO ^ 

dr^ 


n even 




s/tt 

2 

■s/tt 
_2 
V 


r‘ dr = 7 
4 


J ^OO 

_ r ^-ryn ^ 1 
TT Jo 


(n ~ 1) 


On 2 


2 I e-^Vx/r = 


X 

X.'-' 

r--' 


n odd 
1 


r^dr = 1 


r^dr = 2 


2 A- = 1 . 2.3.4 


n — 1 


• • 


C. Indefinite integrals of the form J*e ''y”dr, n being odd. 


2 J c“''Vdr = 

2 fe-r^ 


r^dr^ ^e‘’^'{r- + 1) 


2 J* fVe/r = -e“'‘'(r' + 2»^ + 2) 

2J*c“'‘V«(/r = + (n - })J*e~‘''r"-~ 


dr 


% 

D. Indefinite integi*als of the form 
Definition: 




r" dr, 7i being ere«. 


(this is called the error/ufidion) 



iNTEG UALS COXTAIXI \; 




TAHIil^ IX {('tndiniKil 


using 

the 

definite 

intcgnil 

in cas(> n = 

^ 0. 

1 — erf r 


i^CC 

r 

, so that 



I%00 

r 

$ 

"U 

1! 

— erf r 




f%iX> 

6 

r 

= 

V 

(I — erf ; 

■) 


f%00 

6 

r 

■'‘V^dr = 

/ 

^/^ V 


(1 - 


f^OO 

€” 

r 

1 

Ci. 

1! 

j-ri 

r«-‘ 

V/jT 


F 


VC 


r) 


ih 


E. Miscellaneous. 


^ 1 /1 \ 

A =2'"H7i + >j 


(This is obtained by expansion into an infinite series, in two steps, one for the ranee 
B€* < 1, one for the range > 1, with subsequent term-by-term integmtion.) 



TABLE X 

Possible Combinations of Polar Quantum Numbers; also, Groups and Subgroups of Electrons in Shells 

(See Sections 13.15, 13.16, 13.20 and Table II) 
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TABLE XI 

Term Values for the Nal Sfectrum* 

(Arc Spectrum of Sodium) 

The configuration of sodium’s 11 electrons is as follows in the normal stat. 


ClJonfiguration 

Symbol 

J 

'I'erm \'alu(‘ 




(cm"') 

3s 

*5 

1 

2 

4M-19.0 

3p 

1 

tpo 

\ 

7 


1 


^ 2 

2W5.r,r, 

4s 


1 

3 

ir)7()f)..a0 

3d 



1227(1.1S 

4p 

2p>» 

1 

2 

IIISIMS 





5s 


1 % 

\ 2 

8248.28 

4d 


to 

(1000.35 

4/ 

ifo 

2L31 

(>860.37 

1 


Series of Levels 


rnp 

m 

2p^o 

1 

2p o 

' n 

3 

2U92-8S 

24475.65 

4 

11181.63 

11176.14 

5 

6408.83 

6406.34 

6 

4152.80 

4151.30 

7 

2908.93 

2907.46 

8 

2150.69 

2149.80 

9 

1655.31 

1654.08 

10 

1312.28 

1312.28 

11 

1065.86 

1065.86 

12 

883.40 

883.40 


ms 

ni 

^S, 


i 

3 

41449.00 

4 

15700.50 

5 

8248.28 

6 

5077.31 

/ 

3437.28 

8 

2480.65 

9 

1874.49 

10 

1466.0 

11 

1175.5 

12 

966.1 


nui 

m 


3 

12276.18 

4 

6900.35 

5 

1 

4412.47 

6 

3061.92 

7 

2248.56 

8 

1720.88 



• This table is reproduced, by permission of the publishers, from page 307 of the book Atomic Energy 
States , by R. F. Bacher and S. Goudsmit, published by the McGraw-Hill Book Company, Inc. 1932. 
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ENERGY LEVELS FOR MERCURY 


TABLE XII 

Term Values for the Hgl Spectrum* 

(Arc Spectrum of Mercury) 

The configuration of mercury’s 80 electrons is as follows in the normal state of the 
atom: 

2,s2 2/>« 36-2 3/^^ Srf’® 4s2 4// 4^^'’ 4/w Ss* 5p« Qs^ *5o 


Configuration 

Symbol 

J 

Term Value 
(cm”^) 

6s2 


0 

84178.5 

6s 6p 

3po 

0 

46536.2 



1 

44768.9 



2 

40138.3 

Gs 6p 

ipo 

1 

30112.8 

6s 7s 


1 

21830.8 

6s 7s 

>5 

0 

20253.1 

6s ~p 

jpo 

0 

14664.6 



1 

14519.1 



2 

12973.5 

6s ivi 


2 

12S4S.3 

Os 6(/ 


1 

12845.1 



2 

12785.0 



3 

12749.0 

Os 7 p 

V J*o 

1 

12886.1 


* Tins table is reprocluce<l, by permission of the publishers, from page 227 of the book Atomic Energy 
Stales, by R. F. Bacher and 8. Goudsmit, published by the McGraw-Hill Book Company, Ino., 1932. 
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table XIII 


Term Values for the NoI SrErnn'M* 

(Arc Spectrum of Noon) 

The configuration of neons 10 electrons is as follows in the nomn.l stale of the aton, 

l.s-2 2.S-2 2// ‘.S’., 


Old 

Notation 

Configuration 

Symbol 

./ 

i Term Valuf 

iPo 


i.S’ 

> 

1 

0 

173930 

Iss 

2// 3.S 

r 

') 

■ms7.(n 

IS4 


2"’ 

1 


Iss 


3“ 

0 

SOlW.si 

Is, 


4“ 

1 

380//). 78 

2pio 

2/>^ (V^i)3p 

1 

1 

25071.05 

2p9 


2 

3 

24272.41 

2p8 


3 

2 

24105.23 

2p7 


4 

1 

1 

23S07.S5 

2pt 


5 

2 

23013.59 

2p3 


(i 

0 

23012.02 

2ps 

^P^ (=Pi)3p 

/ 

1 

23157.34 

. 2pt 


s 

2 

23070.94 

2pi 


9 

1 

22891.00 

2pi 


10 

0 

20958.72 

Sdc 

2/^ (=Plj) 3d 

r 

0 

127,10.87 

3dt 


2" 

1 

12405.23 

2di' 


3“ 

4 

12330.15 

Zdt 


4° 

* 3 

12337.32 

Zdz 


5“ 

2 

12322.26 

Sd2 


G° 

1 

12202.85 

3di" 


70 

2 

12220.82 

3di' 


8* 

3 

12228.05 

3si"" 

2p* (=Pj)3d 

9“ 

2 

11520.82 

3s/'' 


10^ 

3 

11510.26 

35i" 


11° 

i 2 

11500.50 

3s,' 


12° 

1 

1 

11403.78 

2s s 

2p» (2P,j)4s 

1 JO 

2 

15328.31 

254 


2° 

1 

15133-47 

2S3 

2p5 (2pj)4s 

3° 

0 

14549.47 

2s2 


4° 

1 

14395.75 


* This table is reproduced, by permission of the publishers, from page 312 of the book Atomic Energy 
StcUa, by R. F. Bacber and S. Goudsmit, published by the McGraw-Hill Book Company, Inc., 1932. 
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ENERGY LEVELS FOR COPPER 


TABLE XIV 

Term Values for the CuI Spectrum* 

(Arc Spectrum of Copper) 

The configuration of copper’s 29 electrons is as follows in the normal state of the atom: 


ls2 2*2 2p« 3s2 3p6 4s 


Configuration 

Symbol 

J 

Term Values 
(cm*’^) 

3rf>o 4s 

=5 

k 

2 

62308.000 

4s2 

W 


51105.435 



u 

49062.577 

3c?>fl 4p 

Zpo 


31772.698 



u 

3162I^.3U 

Sd^ 4s 4 p 

4po 


23289.348 




22194.01 



1 

21364■27 

3(P 4s 4p 



21398.862 



3i 

21154.567 



2^ 

20745.105 



u 

20005.53 

Sd^<> 5s 


J. 

2 

19170.791 

45 4p 

4£)0 

3\ 

18794.05 



2-i 

17901.732 



1-^ 

17763.847 



1 

2 

17392.39 

3(f* 4s 4p 

SP’O 

2i 

18581.809 



3^ 

17344.777 

3rf® 4s 4p 

2pO 

1 

*2 

16487.00 




16428.689 

3rf® 4s 4p 

2/)0 

n 

16135 168 



2i 

15709.66 

3rf“> 5p 

2po 

LU 

12925.05 

4d 

■D 

ij 

12372.800 




12365.943 

3rf'" Gs 


2 

9459.251 

3rf‘« Gp 

ipo 

li 

7523.94 




7280.26 

Srf*" 5d 


n 

6920.332 



2i 

6916.708 

3(/>«4/ 

2f’o 

3i 

6881.8 



2i 

6878.2 

3(P 4s 4p 

SP’O 

3i 

6278.05 




4188.72 

3^ 4s 4p 

ipo 

n 

5964.26 



i 

3943.27 

3(P 4s 4p 

!/)o 

21 

5656.52 



11 

3617.14 


• This table is repro<iuco<l, by pennission of the publishers, from page 175 of the book AtomM £n«r 0 v 
by R. F. Bacher and S. Qoudsmit, published by the McGraw-Hill Book Co., Ino., 198S. 




581 


APPROXIMATE MEAN FREE PATHS 


TABLE XV 


Approximate Standard-of-Comparison Valuks of 


Mean 


(See Section 15.12) 


Free Path.'< 


The values of atomic or molecular radius b in thi.s table are as in Kimlic 

Theory of Gases by L. B. Loeb, published by tl,e McGraw-Hill l^ook Company 
1934. As indicated, most of the mean free path values are obtained from t'hes,’ 
values of 6. Because the underlying measurement methods are nonelectrical the 
mean free paths as given are only first approximations to true mean free path's fo, 
electrically charged particles. However, for comparisons between the extremes of 
large and small molecules, for example, between mercury atoms ami hydroeen 
molecules, the values have useful significance. 

For details as to the dependence of electron mean free path on electron energy 
see Table XVI, and Chapter VII in Fundamculals of Physical Electronics. 


1 

2 

3 

1 

Apjmiximnlf StaiHlanl-of-fompari- 

son \ alues of Mean Froc Patli in tt,c 
Muled Cns at a Pressure of 1 Milli- 
meter of Mercury and a Tempera¬ 
ture of 273® K 

C'ia.H 

Symbol 

(ios.Particle Hndius 
Determined from: 

Van der Wiials’ 
Ideal Gas Law 
Correction 
(given by 
Locb -^43 

b 1 

angstrom ' 
units (lO’^cin) 

Viscosity 
Measurements 
(gi^'en bv 
Loeb 

b 

angstrom 
units (l()”®rm) 

/go 

For gas particles, 
e<(uati(m (15-14) 
millimeters 

('>0 

For electrons, 
equation (!.)-20u) 
millimeters 

Helium 

Ho 

l.U 

1 

1 


0.21 • 2 

0. 12 3 

1.20 1.2 

0.68 3 

Neon 

Ne 


1.17 

0. ll.j * 

0,65 * 

ArRon 

A 

1.43 

1.43 

0.076 2.» 

0.43 2-^ 

Krypton 

Kr 

1.57 1 

1.59 i 

0.064 ^ 

0,.36 ‘ 

Xenon 

Xe 

1.71 

1.75 

0.0.'>4 ‘ 

0.31 < 

Mercury 

Hg 

l.iy 

1.82 

0.04S ' 

0.024 i.c 
0.0165 3 

0.27 * 

0.135 i.c 

0.05»3 5 

Hydrogen 

Hj 

1.38 

I . 09 

0.136 

0.77 2.4 

Nitrogen 

N2 

1.57 

1 . .>8 

1 

0 . ot;3 * 

0.072 2 

0.36 4 

0.41 2 

Oxygen 

02 

1.4.5 

1.48 

0.072 * 

0.41 4 

Chlorine 

Cl2 

1.65 

1.85 

0.046 * 

0.03.1 2 

0.26 4 

0.20 2 

Cyanogen 

(CN)2 

1 . 811 

2.04 

0.0.39 * 

0.22 » 

Hydrochloric acid 
gas 

HC! 

1.59 


0.(H)2 3 

0 . 3.’) 3 

Carbon monoxide 

CO 

2.28 


0.030 3 

0.17 3 

Carbon dioxide 

CO 2 

1.61 


! 0.047 

0.27 2.4 

Water vapor 

H 2 O 

1.44 

1.36 

0.085 * 

0.48 * 


* Used by Compton and Von Voorhis 
^ In agreement with Locb 
^ Calculated using b from Column 3. 

^ Calculated using b from Column 4. 


^ From Engel and Stccmbeck, Vol. and 

used by German authorities. 

^ Frequently used in engineering studies of 
mercur>' discharge apparatus. 
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VAPOR PRESSURE OF MERCURY 
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TABLE XVn 


\ X 

VAPon Pressure of Mercury Vapor at Various Temperatures. ' 
Mercury-Vapor and Condensed-Mercury Temperatures the Same. 


(Ficj. 18.8) 




Vapor Pressure P 
in Millimeters 
of Mercury 


Thr. “C 


Vai)or Pressure P 
in Millimeters 
of Meieury 


-30 

-20 

-10 

0 

+ 10 
+20 
+30 
40 
50 
GO 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 


0.00000478 

0.0000181 

O.OOOOGOO 

0.000185 

0.000490 

0.001201 

0.002777 

O.00C079 

0.01267 

0.02524 

0.04825 

0.08880 

0.1582 

0.2729 

0.4572 

0.7457 

1.186 

1.845 

2.807 

4.189 

6.128 

8.796 

12.423 

17.287 


+200 

210 

220 

230 

•240 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 

370 

380 

390 

400 


17.287 
23.723 
32.133 
42.989 
56.855 
74.375 
96.29(i 
123.47 
156.87 
197.57 
246.80 

305.89 
376.33 
459.74 

557.90 
672.69 
806.23 
960.66 

1138.4 
1341.9 
1574.1 


From 400^ C to 13tM)“ C, use 

„ -;-065 , 

logio/ = -1" 
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Acceptor impurity levels, 232, 428 
Action, and angular momentum, 407 
in electron optics, 37, 3U 
Planck’s constant, 223, 425 
quantization of, 223, 3!)!), 425 
Admittance, electron tube, 121, 123 
Alpha-particles, 440 
Ambipolar diffusion, 403 
Amplification factor, see Ti'iodes, teU 
rodes, pentodes 

Amplifier circuits, a-c ami d-c compo¬ 
nents, 204, 200 
amplifier concept, 0, 200, 203 
choice of tube and loatl, 280 
circuit typos, cathojle follower, 322 
Cla.ss A, 250-200 
Class H. 207-302 
Class C. 337 
d-c amplifiers, 300 
grounded grid (gi'id separation), 
530 

multistage, 308-312 
parallel feed, 280-288 
push-pull, 208-302 
,—RC cou|)led, 311-314 
reactive load, 207, 287 
transformer coupled, 311, 314-318, 
208-302 

tuned, 324, 328, 330 
Class A, B, C, distinction, 200 
dynamic chacteristics, 263, 208, 278, 
290-300 

electron interaction efficiency, 337IT, 
349 

equivalent a-c circuits, current gen¬ 
erator, 274-276, 279. 320, 451 
expansion theorem for, 273 
graphical proofs, 270, 275 
limitations to validity, 277 
Norton’s theorem, 274, 276, 279 


Amplifier circuits, ecjuivalent a-c circuits, 
sign convent ion, /, = — Ip, 2{>5, 
271 

Thf-venin’s theorem. 274, 276, 278 
voltage generator, 270-273, 276, 
278 

feedback, negative, 320, 322 

positive, 124, 310, 312, 319, 320, 
323-329, 335, 348 

frequency response, 277, 288, 313- 
319, 334 

harmonic distortion, 277, 2!H) 296, 
322 

input, output, capacitive currents, 
123 

interelectrode capacitance, see Intei- 
elect roile capacitance 
I.H.IC. synholism, 261 
load line, 26Iff. 2(i8, 287 
maximum undistorted power, 282 
pentode, lt)0, 275, 322 
phase reversal in, 124, 2()fi, 271, 321, 
322, 337 

plate circuit efficimicy, 284, 338 
plate dissipation, 192, 285 
self bias, 321, 327 
semiconductor, 234 
uhf operation, see UHI*' operation 
vector diagrams, 270, 288, 314, 324 
volt-ampere locus, 263-268, 283, 290- 
300 

voltage gain, 8. 260, 271, 274-277, 
312-318, 321-323, 328 
generalized equation for, 275 
Angstrom units, 394 
Angular momentum, see Spectral sym¬ 
bolism 

Anode fall space, voltage, 461, 491, 496 
Anode spot, 455 

Applegate (flight-line) diagrams, 31, 36, 
342; see also Flight-line diagrams 
Arc spectrum, 391, 408-421, 577-580 
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Arc-back, 508, 538fT, 658, 562 
vs. grids and efficiency, 539 
statistical nature, 538, 558, 562 
Arcs, electric, 454ff, 495ff, 52lff 
anode fall, 461, 491, 496 
arc drop, 457, 460ff, 528, 539, 543 
at atmospheric pressure, 464, 467 
cathode spot, fall space, 455, 461, 
495, 526 

circuit dictates current, 456, 467 
criterion for identifying, 463 
cross section, 467 
energy storage in, 523 
extinction of, 525 
flaming sheath, 462, 465, 506 
frequency characteristics, 524 
initiation of gas discharges, see 
Initiation of gas discharges 
minimum current, 526, 529, 531 
negative resistance (oscillating) 
460. 523, 524 
plasma, see Plasma 
potential distribution in, 462 
reignition of a-c, 508, 525 
stability and instability, 523 
thermionic cathode, 455, 495, 526 
typical magnitudes, 455, 495, 521 
volt-ampere relations, 457, 521, 524 
welding, 456 
Argon, Sec Inert gases 
Asymptotic series, 369 
Atomic number, 217, 397, 399. 56411 
Atomic St ructuro, arc spectrum energies, 
argon, 437 
copper. 420IT, 580 
hydrogen atom. 400 
mercury, 413tT, 578 
neon. 4176, 579 
sodium, 392, 402, 408-412, 577 
atomic number (isotopes), 397. 399, 
564 

Bohr atom model, 399-402 
effective nuclear charge, 404, 406 
energ,v-level tiiagrams. 390, 392, 413 
418 

excitation probability, 438 
excited state duration, 390. 392 
excited states, 390ff, 438, 442, 467 
exclusion prin('i[)le, 225. 402 
ionization probability, 438, 441 


Atomic structure, limitations of simple 
theory, 401 

metastable states, 413, 415, 418 
neutrons, protons, 397 

polar (magnetic) quantization, 404 
576 

resonance radiation, 396 
shell groupings, 2n^, 404, 564, 576 
spectral symbolism, 406^21; see aho 
Spectral symbolism 
Atomic weights, 564-506 
Avalanches, 511, 521 
Averaging process, 229, 368 
Avogadro’s number, 563 

a", in space-charge flow, 148 
Backfire, see Arc-back 
Beam power tetrodes, 193 
Beta-rays, 440 

Bias voltage, 174, 209, 310, 321, 327 
Black body radiation, 207 
Bohr atom model, 399, 401, 402 
Boltzmann relation, 383ff 
Boltzmann’s constant, 201, 563 
Bunching of electrons, 342, 347 

Cadmium red line, 395, 423, 563 
Calcium sulphide, tungstate (phos¬ 
phors), 68 

Capacitances, see also Triodes, tetrodes, 
pentodes; Interelectrode capaci¬ 
tance 

of filamentary cathode, 161, 163 
spnce-charge-Hmited, 137, 152. 156 
163, 194 

Carbon, 204, 526 

Carburization (thoriated cathode), 213 
Cathode bias, 321, 327 
Cathode fall space, voltage, 461, 463, 
490ff, 494 

Cathode follower circuit, 322 
Cathode ray, 64; see also Electron 
beams 

Cathode-ray oscilloscopes; see also Cath¬ 
ode-ray tubes 
cold-enthodc beam, 70 
single-trace ti-ansionts, 69 
si'iisitivity, GOff 
trace photogr:»phy, 64, 09, 70 
writing speed, 69 
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CatWoclo-ray tubes, beam tlcflectioii, 38, 
61, 65-69 

electron gun, 27, 64, 70 
focusing, 70-74 
intensity control, 65, 66, 69 
phosphor selection, 69 
post acceleration, 79 
raster, 05 
switching use, 78 
teU'vision picture, 65 
time-axis tlefli’ction, (>5, 75tT, 503, 
554-556 


uses, 64, 69 

Cathode spot, 455, 490, 494, 526 

initiation of, 508, 526, 529-531, 538, 



Cathode sputtering, 450, 494 
Cathodes, thermionic; sec Thermionic 
cathodes; Tluainioiiic emission 
materials; lOlectron (^mission; Tri- 
odes, tetrodes, pentodes 
Cavity resonators, 345, 349 
Cesium, Fermi energy, 228 
phototube using, 429 
thermionic emission from, 204 
Circuit breakers, 465, 508, 528 
Clean-up of gas, 494, 553 
Cold-cathode arc initiation, 508 
Collisions, conservation of energy and 
momentum, 357 
detail balancing, 357 
elastic and inelastic, 357, 388-398 
436, 438, 477, 481 
energy at elastic, 477, 481 
energy scattering at, 477 
excitation by, 391 

ion collisions do not ionize, 439, 483, 
510 

ionization by, 391, 398, 415 
mean free path between, 440 
microscopic reversibility, 357 
persistence of motion, 477, 481 
probability. 470, 476, 582 
Color, see Light 
Color television, 79 
Colpitt oscillator, 327 
Commutating inductance, 555 
Complete space charge, see Triodes, 
tetrodes, pentodes, space-charge- 
limited current 



Compton mobility (equations, 478, 482- 
487 

Computei-s (electronic), 78, 189 
Condensed-mercury temperatiii(‘, 541, 
546fT, 583 

Conduction (metallic), 218 
Conformal t ransforinat ion, of cylin¬ 
drical triodc, 106 

filament betwe<*n plane anoiles, 159 
graphical meaning of, 85, 87 
limits to validity, 91, 119 
of planar triode, 88-95 
potetdial equations, 115 
pro(if, 81 

t hrce-dim(‘nsionaI, 84 
/-plane etjuivalent grid sluad, 95 
Constant-current characteristics, 258 
Contact potential dilTenmce, 253IT, 571 
conc(‘pt, 253 

effect on trio<le current, 254ff 
electrostatic measurement, 254 
phototub(', 431 

work fuiu’tion m(>asur(!ments l)y, 571 
Continuity of current, 129, 345 
Cotivection current, continuity of cur¬ 
rent, 129 

eejuation of flow, 128 
inducted currcMd componetd, 346 
sign convention, 133, 144 
space-charge flow, 118 
Conv(?rsion of units, 4 
Coordinate systems, 21. 22, 82 
Copper, 419, 424, 565, 580 
Corona, 511 
Cosmic rays, 3!13, 395 
Coulomb’s law, 3 

Coupling coefficieid (inductive), 333 
Crest current ratings, 540 
Crystal rectifiers. 233 
Cubic dynamic charact(*ristic, 294 
Cuprous oxide (photocells). 231, 448 
Current generators, sre also Amplifier 
circuits 

gas discharge circuits, 456 
semiconductor photocell, 450 
Current ratings (rectifiers), 539 
Curvilinear squares, 85 
Cut-off conditions, magnetic, 52, 53, 56, 
351 

triode, 9, 97, 105, 170, 239ff, 544ff 
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Cut-off conditions, ^-plane triode field 
98 

Cycloidal trajectories, 49, 52 
Cyclotron, 47, 61 

Cyclotron angular velocity, 47, 73 
Cylindrical geometry, complete space 
charge, 148-155 

electric field maps for, 87, 98, 119 
electron-beam focusing, 71-74 
inertial force equations, 54, 55 
initial electron velocities, 246 
magnetic cut-off, 53, 56, 351 
pentode, 113 

I oisson s and the Laplace equations 
in, 21, 23, 148 

potential distribution, 22, 54 71 108 
113,150 

space-charge flow, 148ff 
transit time, 33 
triode, 105, 106, 108, 143 

D-C amplifiers, 309 
Decibel gain, 308, 347 
Degrees of freedom, 202 
Deion circuit breakers, 495, 526 
Deionization time, 503, 556, 557 
Delta-star conversion, 96 
Detail balancing, 356 
Deuterium, 398 
Disk-seal circuits. 335 
Dispenser cathode, 212 
Displacement current, 129, 137. 346 
Distortion, 277, 290-296, 322 
Distributions, 365 
averaging process, 229, 268 
elt'ctron energy (metals), 222. 228 
352 

l‘('rmi, 228. 230. 352, 359 
free path, 470. 472. 478 
ignilron firing time, 560 
Maxwellian velocity, 365-376 
pilot oeh'ct roil iMierg}', 426, 430 
proliability concept, 231 
sign conventions, 367 
Donor impurity levels, 233. 428 
Drift eurreiit. 461, 463, 477. 487 
Drift velocity. 439, 445, 477^80. 483- 
487 

Dusluuaii's 7’- thermionic equation 
200, 203tT, 242, 249, 382 


Dynamic characteristic, 263, 268 278 
290-300 ’ ’ 

Dynatron oscillators, 189, 329 
Dynodes. 186, 433; see aUo Secondary 
emission 

Economics of gas tubes, 534, 539 
Efficiency, electron interaction, 337 
338, 349 
magnetrons, 350 
plate circuit, 284, 338 
rectifiei-s, 460, 539 

Elastic collisions, 357, 436, 438 477 
481 

Electric fields, axially symmetric, 71 
84 

closely spaced grids, 120 
conformal transformation, see Con¬ 
formal transformation 
elastic membrane analogy, 12, 103 
field maps, beam-focusing field, 71 
cylindrical geometry, 71, 87, 94 
cylindrical triode, 119ff 
electrolytic tank, 39 
fluid mapping, 39, 119ff 
hyperbolic equipotentials, 85 
planar triode, 103 
uniform field, 82 
2-plane triode at cut-off, 98 
multigrid structure, 110, 116 
1 oisson s equation, see Poisson's and 
the Laplace equation 
triode potential equations, 113ff 
I'doctrodeless discharge. 508 
lOIectromagnetic spectrum, 395 
Electrometer tubes, 243 
Electron, charge and mass, 4, 43^5, 563 
electric force on, 13. 25, 34, 442, 478 
magnetic force on, 46, 52, 55 
size, 42 

trajectories, sec Trajectories of elec¬ 
trons 

velocity vs. kinetic energj', 26 
Electron Ix'ams, 38. 64ff, 341, 347; sec 
also Cathode-ray tubes; Tra¬ 
jectories of electi'ons; Beam 
power tetrodes 
cold-cathode, 70 
klystrons, 341 

traveling wave amplifier, 347 
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Electron emission, see also Thermionic 
emission phenomena: Field emis¬ 
sion; Photoelectric emission 
from arc cathode, -155, 401, 495, 520 
electron energy distributions, 353, 
374, 381, 420, 430, 433 
heat of emission, 200 
mechanisms, 219-222, 235-241 
inetastable atoms cause, 415, 510 
work function, 201, 200, 219, 252, 425 
analogies, 379, 390, 500 
contact potential and, 254, 571 
reduction by strong fields, 24(), 190 
values of, 201, 219, 571 
Electron gas {in a metal), 201, 218 
Electron gun, 27, 04, 70, 341, 347 
Electron interaction, with fields, 337fT, 
343, 347-34<) 
elect ron-to-electron, 40(i 
Electron interaction efiicieiu^y, 337 -339, 
349 

Electron optics, 37, 193 
I'ilectrorj rejection by plate, 00, 183 
h)lectron spin, 220, 405-420, 573, 570 
Electron temperature, 379, 383, 403, 
404, 408, 470, 478, 488, 504 
factors governing, 4(i4, 408 
plasma measurements, 479, 504 
I'^lecli'on transit phase delay, 340 
I'ilectron tube? types, 2C43 lighthouse 
triode, 244, 335 
6A8 pentagrid cotiverter 
0AC7 pentode, 244 
OAKS pentode, 244 
6C5G triode. 170 
OLO beam power tetrode, 193 
0L7 pentagrid mixer, 194 
6SJ7 pentode. 191 
24 tetrode, 180 
83 gas rectifier, 534 
101-F triode. 7, 109, 175 
41GA microwave triode, 147, 244, 335 
931-A photomultiplier, 434 
2050, 2051, thyratrons, 503, 534, 544 
5819 photomultiplier, 434 
FG-17 thyratron, 540 
FG-67 thyratron, 547 
FP-110 (plane-surfaced grid), 127 
VR 75, VR 105, VR 150, 520 
Electron volt (definition), 26 


Electron wave amplifier, 348 
IClectrons in mentals, see I')nergy-leV(*l 
relations for metals an<l semi¬ 
conductors 

ICIectropositive metals, 253 
lOh'ct rost atic (ajuivakait circuits, see 
Trioiles, tetrodes, pentodes 
ICIectrostati(r voltinetcTs, 254 
IClliplical current-voltage locus, 2()8, 524 
Elliptical oibils, 401, 403 
lOmissivity coenicituUs, 207 209 
I'inergy, see also Distiibutions 
averag(‘, air particle, 202 

electrons in metals, 229, 230 
Maxwellian distributions, 301, 3ti5, 
3()8, 371, 375 

Energy cfiuation, 20, 128, 248, 152, 251 
hinergy-level diagrams of atoms, see 
Atomic structure; Sp(*etral sym¬ 
bolism 

l’)nergy-l(?vel relations for metals and 
semiconductors, 219-230 
acceptor, donor, l<*vels, 232, 428 
contact potential, 253tT 
electron escajK’ mechanism, 219tT, 
2350 

electron spin, 220, 573 
exclusion prineiide, 225 
Fermi energy level, 219- 221, 227, 228, 
230, 231, 252, 352, 359, 425 
for tungsten atxl cesium, 228 
field emission, 251 
gross work function, 219, 230, 241 
liole and electron conduction, 233 
image force, 230, 238 
photoconduetive cells, 428 
pholoele<'tric emission, 2!t7, 425 
pot(*ntial vs. potential (UK*rgy, 237 
ciuantum-number lattice, 225 
rectangular quantization, 224, 401, 
573 

Schottky effect, 248 
semiconductor diagram, 231 
spacc-charge-limited current. 241 
thermionic emi.ssion, 221, 241 
work function, see Electron emission 
Energy storage, 42, 137, 138, 523ff 
Equipartition of energy, 203, 372 
Equivalent a-c circuits, see also Ampli¬ 
fier circuits 
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Equivalent a-c circuits, phototubes 
447-449 

semiconductor photocells, 450, 451 
Equivalent grid sheet (or plane), see 
Triodes, tetrodes, pentodes 
Error function, 369, 574 
Excited states of atoms, see Atomic 
structure 

Excitron rectifier igniter, 508, 529 
Exclusion principle, 225, 402 
Exponential integrals, 574 
Extinction (gas discharges), a-c and d-c 
arcs, 465, 508, 525, 528 
thyratron grid shut-off, 503, 531, 545 
555 

Faraday dark space, 490 
Feedback, see Amplifier circuits 
Fermi distribution, 228, 230, 352, 359 
Fermi level, 219-221, 227ff, 231, 252 
352, 425 

Field emission, 251, 496 
Field maps, see Conformal transfor¬ 
mation; Electric fields 
Figure of merit (triode), 147, 244 
Fillets, potential. 13, 103, 115-118, 
136 

A^ilter circuits, 533, 535, 549 
Flaming sheaths, 462, 465, 497, 506 
Flashov(*r, 508, 511, 518 
Flight-line (Applegate) diagrams, 30ff, 
342 

klystron, 342 

large-signal uhf analysis, 35, 339 
Fluid flow field mapping, 39, 120 
Fluorescence, 64. 68, 415, 417, 483 
Fluorescent lights, 508; see also Glow 
discharge, light sources 
gas temperature, 482, 542 
glow discharge, 491 
mercury vapor, 415 
phosphore (white light), 417 
Fluttering potential, 466 
Focusing of electron beams, 70-74, 193 
Football free path analogy, 469 
Forward voltage rating, 539 
Frequencies, cyclotron, Larmor, 47, 48 
plasma electron, ion, 487 
Frequency response, see oLso Amplifier 
circuits 


Frequency response, electric arc, 624 
photosensitive devices, 452 

Gain, see Amplifier circuits, voltage 
gain 

Gas amplification, see Phototubes 
Gas discharges, see also Arcs, electric; 
Extinction; Gas tubes; Glow dis¬ 
charge; Initiation of gas dis¬ 
charges; Plasma; Townsend cur¬ 
rents 

circuit stability, 523 
circuits dictate current, 456, 467 
electrodeless, 508, 530, 531 
gas temperatures, 482, 542 
pressures used, 457 
sparks, 454 

volt-ampere behavior, 457, 521, 524 
Gas focusing, 74 

Gas-particle radius, 441, 469, 473, 581 
Gas temperature (plasma), 482, 542 
Gas tubes, see also Rectifiers 
cold-cathode trigger triodes, 520 
cold-cathode VR tubes, 460, 520 
gas phototubes, 435^49 
Gausses, 4 

Geiger counter tubes, 521 
Geometric optics, 429 
Germanium, 231, 233, 450, 451 
Ghost of missing electron, 418, 420 
Glow discharge, 454, 458, 491, 520 
anode fall space, voltage, 461, 491 
496 

cathode fall space, voltage, 461, 463 
490ff 

cathode mechanism, 490, 493ff 
cathode sputtering, 450, 494 
description, magnitudes, 455, 491ff 
gas temperature, 482, 542 
in reigniting a-c arc, 508, 525, 527 
initiation, 508ff; see also Voltage 
breakdown 

light from. 390, 415-419, 423 
light sources, 413, 416, 417, 419; see 
also Fluorescent lights 
luminous efficiency, 417, 410, 423 
normal, abnormal, 492, 519ff 
positive column, see Pljisma 
potential distribution, 491, 493 
pressures used, 457 
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Glow dischiirge, similitudo, 492 
striations, 455 

transition to arc, 454, 457, 458, 459, 
494, 490, 508, 522 

volt-ampere curve, stability, 521-523 
voltage regulator tubes, 400, 508, 
520 

Gray body, 207 

Grid control curves (tliyratron), 540 
Grid control of are initiation, 508, 531, 
543IT, 548 

Grid current, 170IT, 180, 182, 297, 327. 
498 

Grid dissipation, 192, 193 
Grid emission (Ihyratrons), 539 
Grid-plate capacitance, 124, 179 
Grid separation circuit, 330 
Grid shut-olT of current, 503, 531, 545, 
555 

Grids, electron deflection by, 28 
plane-surfaced, 127 
Gross work function, 219, 230, 241 
Grounded grid circuit, 330 

Harmonic distortion, 277, 290 2*95, 322 
Hartley oscillator, 327 
Hartreo magnetron equations, 351 
Heat conductivity, 218, 232 
Heat radiation, sec Thermionic catlKxles 
Heater-type cathodes, 107, 174, 180, 
200, 211 

Helical electron trajectory, 47, 07 
Helium, see Inert gases 
Helix (traveling wave), 347 
Hole conductivity, 231 IT, 428 
Hydrogen, energ>'-level eciuation, 400 
ionizing potential, 400, 504 
radar modulator thyratrons, 552 

Ideal gas law, 202, 342, 370, 473 
Ignitions, 508, 530, 534, 557; see iiUo 
Rectifiers, gas 

Image force, 219, 235ff, 238, 2480" 
Imaging of charges, 92IT, 100, 219 
Impurities in semiconductors, 232 
Induced current, 341, 344, 347 
Industrial electron tubes, see also Recti¬ 
fiers, gas 

classifications, 530-532 
types, ratings, 534 


Industrial electronic control, commu¬ 
tating inductance, 555 
resistance weliler, 531, 534, 540, 554 
timing circuits, 77, 554 
IiH'rt gases, argon excitation <’nergy, 
437 

glow discharge in, 492 
ionizing potentials, 504ff 
mean free paths in, 581, 582 
neon, an? siieetrum, 410, 418, 579 
atomic structure, 3*97, 418, 514, 579 
energy-level diagram, 418 
gh)W discharge lumps, 417, 419 
least excitation energy, 418 
luminous efiieieney, 419 
in mercury-vapor lamps, 419 
inetastabl(* states, 417 
phototubes, 435 

Uamsauer mean free paths, 581 IT 
thyratrons, 547, 552, 553 
Inertial force e(jualions, 54 
Infrared pliotoeonduetiiig cells, 452 
Infrared radiation, 3t)5 
Initial (‘U'etron velocities, see also Knn- 
doin velocities; Thermionic emis¬ 
sion iihenrimena 

eom[)let<* siiace-eliaige e<iuations wit h, 
245IT 

elTcets at triode eut-olT, 170, 239 245 
of photoelei'l rons, 420, 431 
small at th<‘i-mionie ealhorU*, 128, 130, 
203 

of thermionic electrons, 203, 239-240, 
353, 374-370, 382 
valve action at eathoilc, 239 240 
Initiation of gas discharges, ar«‘s, arc- 
back, 508, 538, 558 
elect rodeless spark, 508, 530. 531 
Excitron, 508, 529 
igniter rod, 508, 557, 559 
knife switch, 455, 508, 528 
mercury-pool rectifier, 529-531 
thyratron grids, 508, 531, 543-547 
glow discharge, 447, 457, 509-520; see 
also Voltage breakdown 
listing of methods, 508 
Paschen’s law, 458 
time delays, see Time delays 
Input capacitance, 123, 174, 340 
I.R.E. circuit symbolism, 201 
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I.R.E. interelectrode capacitance defi¬ 
nitions, 121-123 

Integrated distributions, see Distri¬ 
butions 

Interelectrode capacitance, Cgp small in 
pentodes, tetrodes, 124, 179 
complete space-charge, 137 
frequency limitations due to, 312, 334 
I.R.IC. defining principles, 121-123 
Miller effect, 124 

positive feedback (parasitics) 124 
320, 335 

Inverse voltage ratings, 538 
Inverters, 532, 557 

Ionization, collision mechanism 217 
389, 398. 442 

ionizing potentials, 217, 389, 442 
cathode fall of an arc. 401, 493, 495 
table of. 5G4ff 
metastable states aid, 415 
none by positive ions, 439. 483, 510 
piiotoelectric, 390 
plasma requii'ements, 408 
probiibility, 438. 441 
Townsend's a, 439-440 
Ionosphere, 487 
Ions, see Positive ions 
Isotopes, 47. 397, 504-507 


Light, colors, visible wavelengths, 395 
frequencies, 393, 395 
geometric optics, 429 
glow discharges, 417, 419, 423, 494 
impulses of (photons), 393, 399, 425 
photoelectric emission, 425-435 
physical optics, 429 
polarized, 430, 431 
refraction of, 38, 40 
velocity of, 393, 563 
Lighthouse tubes, 147, 235, 244 
Lightning, 508, 512 

Lights, gas discharge, see Fluorescent 
lights; Glow discharge, light 
sources 

Load line, 261-263, 268, 329, 447. 457 
523, 524 

Load resistance choice. 280, 319 
Loschmidt number, 472, 563 
Lumens, 427, 447, 451 
Luminous efficiency, 417, 419^ 423 

Magnetic fields, cut-off. 35. 52, 53 56 
349 

deflection of electron beam by, 67 
electron trajectories in, 47-59, 350 
focusing of electron beam by, 72ff 
force on a moving electron, 46 


Junction transistor. 234 

Keep-alive provisions, 528, 530. 538 
Klystrons, 334. 338. 341-343 
Knife switeli (are at). 455, 508, 528 

/-units of (iistanee, 441, 443, 458 
Langevin mobility equations, 478 
Langmuir probe analysis, 497-502 
Lanthaimin boride cathode. 212 
Laplace equation, the; .w Poisson’s and 
the Laplace equations 
Larmor angular vckx'ity, 48, 73 
Lead s(4('nide. sulpliido, 451 

Lead wire iiiductanees at uhf, 334 
Least action (electron optics), 37, 39 
Least <'x<‘itation energy, 392, 442 
Least time (physical optics), 37, 39 
Light, angstrom units, microns. 394 
coloi-s, pliololubc sensitivity, 428 
si'iisitivity of the eye. 394* 


magnetic control of arcs, 495, 531 
sense of electron motions, 58 
Magnetron, static, cut-off, 52, 56, 351 
inertial force equations, 55 
trajectories in, 53, 57, 58 
Magnetron oscillator, 349 

Mass, atom of unit atomic weight 
563 



clue to fields, 42 


electron, ion, gas particle, 4, 563 


mass ratio, 4, 563 
Mass spectrograph, 47 
Maximum current ratings, 540 
Maximum undistorted power, 282 
Maxwellian velocity distributions; sec 
Random velocities 
Mean free paths, air molecules, 475 
approximate magnitudes, 472-476 
581, 582 


concept and equations. 441, 469-470 
free path distribution, 470, 472, 478 
ion temperature effects, 474, 480 
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Mean free paths, l-mni, 44lfT 
Maxwell’s, 472 

mercury vapor, 474, 542, 581, 582 
persistence of motion, 477, 481 
pressure, temperature, doi)en(lence, 
473 

Uamsauer (electron enersy) effect, 
476, 582 

thy rat roll electrons, 546 
as yardstick, 511; see Similitude 
Mercury, arc spectrum symbolism, 414, 
578 

atomic structure, 413, 567, 578 

condensed-mercury temperatures, 

54Iff, 546fF. 583 
density of, 563 

energy-level diagram, 413, 578 
mean free paths, 474, 542, 581, 582 
mercury-vapor lamps, 4151T, 416, 482 
metastable states, 413, 415 
rectifiers, see Ueetifiei-s, gas 
typical plasma magnitudes, 487 
vapor concentration. 541, 583 
Metal plate rectifiers, 448 
Metastable atoms, 413, 415-416 
aid ionization, 415 

increase luminous efficiency, 416, 416 
release electrons from metals, 415, 510 
voltage breakdown mechanism, 510, 
517 

Microns (wavelength), 364 
Microphonics (triode), 166ff 
Microscopic reversibility, 356 
Microwaves, see UIIF operation 
Miller effect, 124 
Millimeter waves, 335, 365 
Minimum arc current, 526, 526, 531 
Mobility (ions, electrons), Compton 
forms, 478, 482^87 
concept, 439, 445, 477, 480 
equation derivation, 478 
free path distribution affects, 478 
Langevin equations, 478 
persistence of motion, 477, 481 
terminal energy, 483—487 
weak vs. strong field, 480-487 
Modulation, by pentagrid mixer, 166 
sidebands and carrier, 306 
Molybdenum, 204, 208, 212, 571 
Momentum, 43, 55, 357 


Most probable velocity, 366 
Multigrid tub<*s, see Triodes, t(*trodes, 
p<*ntod(*s 

Multiple filament cathodes, 1(»3 
Mutual characteristic curves, logaiitli- 
mic form, 175 
p(‘ntagrid mixer, 165 
pentode, 161 

triode, 7, 175. 176. 263, 268, 544 
variabilit v of, 7, 176 

/<-typ(> rectifiers, 233 
N'(*galive feedback. 320, 322 
Negativi* gkiw, 461 

Negative resistance, 326, 350, 457, 460 
Neon, see Inert gas(*s 
Neutrons. 3tl7. 440 
Newton, definition of, 3 
Ni<'k<*l, as oxide cathode base, 214 
thermionic emission from, 204, 571 
Noise (in <*lectronic circuits), 377, 378 
Noidineai’ behavior, 257, 326, 326 
Normal glow discharge, 458, 462, 521 
Norton's theorem, 234, 274, 276, 276 
Nuclear accelc*rator, 47 
Nuclear charge, 217, 367, 366, 404, 406 
Nucleai' particle counters, 521 
Nucleus, atomic, 367, 564tT 

Optical pyrometer, 206 
Optimum shunt impedance, 340 
Os{‘illating space charge, 177, 182, 184 
Oscillators, amplitude staliilization, 325- 
327, 326 

dynatron, 186, 326 
electric arc, 460, 5231f 
frequencj' determination, 324, 326 
klystrons, 343 

microwave magnetrons, 346fT 
negative resistance magnetrons, 350 
pentagrid converter, 166 
triode, 323-328 
uhf limitations of, 335 
Output capacitance current, 123 
(4xiile cathodes, sec Thermionic cath¬ 
odes 

/>-type rectifiers, 233 

Parallel feed amplifier, 286, 288 

Parasitic oscillations, 124, 310, 320, 335 
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Partition of current, 177, 180fT 187 
lOOff, 195 

Paschen’s law, 458, 517-519, 554 
Penet ral ing electrons, Bohr atom model 
404, 406 

Boltzmann relation, 384 
positive ion sheath, 500, 504 
velocity distribution among, 381 
Pentagrid tubes, 194-196 
Pentodes, see Triodcs, tetrodes, pen¬ 
todes 

Permeability of a vacuum, 3 
Permitted transitions. 393, 412 
I’ermittivity of a vacuum, 3 
l^ersistence of forward motion, 477, 481 
Perveance. 140. 151, 1(>7 
Phanotrons, 508 

Phase-shift control. 534, 549, 551, 553 
Phosphors, 04, 08, 417 
Photocells, rectifiers, 428. 448, 451, 452 
Photoconductive cells, 428, 45iff 
Photoelectric emission, 397, 425-432: sec 
also Electron emission 
electron energy distribution, 426 430 
433 

at glow discharge cathode, 490 
polarized light, 430, 431 
selective, 427-429 
semitransparent photocafliode, 434 
television camera mosaics, 78 
threshold wavelength. 425 
no time delay in. 428, 452 
voltage breakdown, 509. 514. 516 
work function table, 571 
Photoelectric ionization, 397 
Photoelectric yield, 427, 451 
Photomultiplier tubes. 189, 433 
Photons, 393. 394, 425 
space rate of production, 516 
Phototubes, 425-452 

central cathode, anode. 430, 432 
e(*sium, 429 

eharaeteristics, 430, 433, 436, 447-449 
circuits, 430. 433, 447, 448 
color sensitivity. 427-429 
contact potential, 431 
equivalent a-c circuits, 447-449 
gas amplification, 435-146 
glow discharge, 446 

space charge, 445 


Phototubes, gas amplification, similitude 
443 

sawtooth energy diagrams, 438, 442 
time lag, 452 

Townsend’s a, 439-446 
photomultiplier tubes, 189, 433 
quantum yield, 427, 429 
reproducibility, 429 
saturation, 430, 433 
Physical constants, table of, 563 
Physical optics, 429 
Pick-up tubes, television, 78 
Pinch effect, 467 

Planck’s constant, 223, 393, 399 425 
563 

Plane-surfaced grid, 127 

Plasma, concepts, 378, 388, 455, 461, 463 
decaying, 503, 554 

drift currents, 461, 463, 477, 487 
vs. random currents, 487, 504 
drift velocity, 439, 445, 477-480 483- 
487 

vs. random velocities, 480, 483^87 
electron characteristic frequency, 487 
electron energy scattering, 463, 465 
electron temperature, 463, 464 468 
504 

electrons, Maxwellian in, 465 476 
504 


energy storage, 523 
equilibrium requirements, 467ff 
gas temperature, 482, 542 
glow discharge, 400 
gradient, 468, 479, 483-487 
gradient criterion, 468 
heat transfer (electrons to gas), 464 
initiation, see Initiation of gas dis¬ 
charges; Voltage breakdown 
ion characteristic frequency, 488 
ion removal from, 463, 464, 468 

ions, purposes served by, 378 388 
463 


measurements of ion density and tem¬ 
perature, 499 

metallic conduction analog>’, 388, 524 
no recombination in, 464, 500 
oscillations, 466, 487 
pinch efTect, 467 

potential measurements, 498, 501, 505 
probe measurements, 479, 498-506 
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Plasma, random current density, 378ff, 

504 

shape, size, 407. 408, 492, 497. 524 
sheath occludes holes, 503, 531, 545, 
555, 556 
similitude, 408 

terminal-energ>' ions, 483-487 
typical magnitudes, 480, 487 
plate characteristics, logarithmic pres¬ 
entation, 175 

microwave magnetrons, 350 
pentode, 29, !91 
phototubes, 430, 447, 448 
tetrodes. 29. 180, 182, 180. 193, 197, 

329 

triodes, 7, 108, 170, 215, 203, 205, 208, 
283, 284, 320 
variability of, 7, 170 
plate circuit efficiency, dissipation, 192, 
284ff, 297, 338, 341. 349, 539 
Plate current expansion theorem, 273 
Plato resistance, 139, 145, 147, 258, 259, 

330 

vs. amplification factor, 147 
Point contact transistor, 233 
Poisson’s and the Laplace equations; see 
also Space chargt^ 
axially symmetric form, 84 
cylindrical, spherical coordinates, 21, 

23. 148 

general form, symmetric fields, 23, 
153 

in one, two, and threi* dimensions, 15, 
17, 81, 83 
proof of, 16 

Polar coordinates, 21, 82, 84 
inertial force equations, 55 
conversion to rectangular, 80 
quantization, 404, 576 
Polarized light, 430, 431 
Positive feedback, 310, 312, 319fT, 32311. 
335, 348 

Positive ion sheath, 379, 497-504 
arc-back, 538 

electron penetration, 379, 500, 504 
flaming, 465, 506 

occludes grid holes, 503, 531, 545, 555, 
556 

potential distribution, 380, 462, 499 
space charge, 380, 462, 500 


Positive iori sheath, tliicknoss, 502, 
505 

thyratron eurrent shul-o(T, 503, 545, 

thyratron (hdoiiization, 503, 550 
thyratron grid enclos(*(l by, 498-502 
work function analogy, 379 
Positive iorjs, cathode homhardm(*nt by, 
409, 509, 514 

eurrent carried by, 401. 403, 477, 487, 
490, 498 

drift velocity of, 439, 445, 483-487 
in gas focused beams, 74 
mass ratio, 4 

neutralizi* potential minimum, 540 
purposes served by, in a plasma, 378, 
388, 403 

spaee-charge-limiled flow, 134, 502 
temperature, 379, 474, 480-487, 499 
temperature and tlerisity measure¬ 
ments, 499 

* trajectories (magnetic fields), 47 
Potential distribution diagrams, see also 
Triotles, tetrodes, p(?ntodes 
b(‘am power tetrode, 193 
complete space clmrge, 9, 113, 131, 
I35fT, 150, 241 

in c 3 dindrical geometry, 23, 54, 108, 
113, 150, 153 

elastic membrane analogy, 10. 103 
of electric arc, 402 
fillets, 9fT, 102ff, 113-118 
of focu.sing field. 71 
of glow di.scbarge, 491, 493 
of pentagrid mixer, 194 
of planar gas phototube?, 440 
of planar space-charge flow, 131, 135, 
239 

positive ion sheath, 380, 402, 499 
vs. potential energy diagrams, 2371T 
Power emission chart, 199, 210 
Probability, arc-back, 538 
collision. 470, 470, 582 
excitation, 438 
glow-to-arc transition, 459 
igniter rod firing, 558 
ionization, 438, 441, 483, 510 

occasional, random in time, 510, 
512 

voltage breakdown, 511 
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Probability integral, 36p, 574 
Probe measurements (plasma), 479-506 
electric gradient, 479 
electron temperature, 479, 504 
planar sidewall probe, 498-502 
plasma potential, 498, 501, 505 
probe characteristic, 498 
various geometries, 498 
Proton, 397, 563 

Push-pull amplifiers, 298-302 

“g” plane and cylinder, 140fi‘, 173 , igg 

Quantization of action, 223 399-407 
425 ’ ’ 

Quantum-number lattice, 225 , 227 
Quantum yield, 427, 429, 451 ’ 

Radar, "A scope,” “B scope,” 65, 69 
crystal detectors, 233 

reflex klystron local oscillator, 343 
plan position indicator (PPI), 66, 69 
thyratron modulators, 532, 552 
uhf triode transmitter, 341 
Radiation counter tubes, 521 

Radioactive aid to voltage breakdown 
440 

Radius of gas particle, 441, 469, 473, 581 
Raindrops (problem), 386 
Ramsauer free paths, 476, 581ff' 

Random current density, anode fall 
space, 496 
concept, 378 

plasma, 378, 384, 486, 504 
positive ion sheath, 379. 504 
Random velocities, arrival at a bound¬ 
ary, 372ff 

averaging piocedure, 361, 368 
electron volt measure of, 26, 202 

Fermi distrilnilion fum;tion, 230 352 
359 

Maxwellian distribution, afifeets mean 
free path, 470 

averages, 308, 371, 372, 375 
Boltzmann relation, 384 
collision me<‘hnnism derivation 
3531T 

detail balancing (microscopic 
versibility). 356 
energj', 

temperature, 359, 362 


Random velocities, Maxwellian distri¬ 
bution, equations, arrival at a 
surface, 373-376, 385 
total velocity, 353, 361, 365 
^-directed, 362ff, 370, 372 
equipartition of energy, 203, 372 
ideal gas law, 201, 376 

of penetrating electrons, 381, 384 
504 ’ 

of plasma electrons, 465, 476, 504 
sign conventions, 367 
symbolism, 362 
temperature concept, 359 
of thermionic electrons, 203 *245 
353, 374-376, 382 '' ' 

raindrop problem, 386 

snapshot-throughout-a-volume 202 

376 ’ : 

time-exposure-o’ver-a-surface 202 

375ff 

velocity space, 353ff, 358, 362 

vs. drift velocities, 480, 483-487 

Randomly occasional ionization, 510 
512 

Raster, 65, 75 

Ratings, rectifier, 537-540 

Recombination, none in plasmas, 465 

occurs in boundary regions, 465 500 
506 ’ 

surfaces encourage, 465 
Recovery time (thyratron), 503 
Rectifier photocells, 428, 448-451 
Rectifiers, gas, anode dissipation 539 
arc-back. 508, 538ff. 558, 562 ’ 
arc drop, 457, 460, 528, 539, 543 
arc-initiating provisions, 528 530ff 
543ff, 557ff 

circuits, filtering, 533ff. 537 
phase-shift control, 543, 349ff 
polyphase, 456, 460, 533 
ripple, 537 

single-phase, 535, 549-551 
clean-up of gas, 553, 594 

condensed-mercury temperature 

541 ff, 546ff, 583 

economic considerations, 534, 539 
efficiency, 460, 539 

arc-back and grids, 539 
excitation arc, 528, 530, 538 
Excitron initiation, 508, 529 


re- 


velocity, characteristic of 
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Recti6ers, gas, gas temperature. 482. 
542 

grid control, 531, 543—556 
grid emission, 539 
ignitrons, 508, 530, 531, 534, 557ff 
controlled by thyratrons, 534, 
557 

deionization (recovery) time, 557 
igniter rod material, 530 
resistance welder control, 540 
statistical firing delay. 538, 558 
inverter circuit use, 532, 557 
magnetic control, 531 
mercury-vapor concent rat ion, 541 IT, 

583 

minimum arc current, 529, 531 
ratings, 537-540 
tilting mechanisms, 529 
thyratrons, 508, 531, 534, 539, 543IT 
dark current, 543, 546, 548 
deionization (recovery) time, 503, 
556 

grid circuit rectifies, 545 
grid circuit resistors, 549, 551 
grid coritrol, 508, 531, 543-552, 
554-556 

grid emission, 539 
grid sheath, 461, 498fT 
grid shutoff, 503, 531, 545, 555 
grid swing amiilitude, 552ff 
grid volt-ampere curve, 498 
hydrogen (radar), 552 
inductive load, 551, 553 
inert gas, 547, 552ff 
Paschen’s law, 554 
phase-shift control, 534, 549ff 
shield grid, 548 
snubber circuits, 553 
temperature sensitivity, 546ff, 
552ff 

time-axis circuit use, 75ff, 554ff 
Rectifiers, semiconductor, 233, 448-450 
crystal (n,p) types, 233 
metal plate, 448 
rectifier-type photocell, 448-452 
Reflex klystrons, 343 
Regulated power supplies, 310 
Reignition of a-c arcs, 508, 525 
Relativity (mass), 42ff, 401 
Resistance-condenser coupling, 311-313 


Resistance weldor, 531, 534, 540, 554 
Resonance radiation, 39() 

Richardson's y/T ecpiation, 205, 211, 
382 

Ripple (rectifier circuits), 537 
Russell-Saiinders coupling, 410, 420 


Saturation, thermionic cathodes, 215, 
250 

traveling wave amplifi<*r, 348 
vacuum pliolotubes, 430, 433 
Sawtooth electron (Mieigv diagram, 438, 
442 

Sawtooth wave form, 75. 77, 554IT 
t^chottky effect, 247IT, 496 
Screen-grid lfll)es, .svr Triodes, tetrodes, 
pentodes 

Secondary emission, 79. I81(T. 192, 433 

camera (pickup) lubes, 78 

• 

current amplifittation, 189 
dynodes, 186, 189, 433 
from grids, 178, 184, 192 
photomultijdier lubes, 433 
ratio variability, 189. 435 
secondary emission ratio, 185, 187(T, 
433 


suppression of, 189. 193 
in tetrodes, 181, 183 
trigger cireuil use, 18!) 

Selection principles, 393, 412 
SeUmium, 231, 448, 451 
Self bias. 321, 327 
Semiconductor photocells, 428, 448 
Semiconductors, 231ff. 428, 448ff 
amplifiers using, 234 
euprous oxide, 231, 448 
energy-level diagrams, 231 
germanium, 231, 233, 450, 451 
holes and electrons in, 232, 428 
lead selenide, sulphide, 451 
selenium, 231, 448, 451 
tellurium, 451 
thallous oxysuljihide, 451 
Shadow fraction, 91, 106, llOff, 180, 
190 

Slieaths, see Positive ion slieath 
Shells, electron in atomic, 217, 400, 
403ff. 409, 564ff, 576 
Shield-grid thyratrons, 548 
Shielding between stages, 312 
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Short-circuit transfer admittance, ca¬ 
pacitance, 121, 123 
Shot effect, 377 

Shutoff by thyratron grid, 503, 531, 545 
555 

Shuttling particles (electrons), 223 
Sidebands (modulation), 305 

Sign conventions, convection current 
144 

distribution curves, 367 
triodo plate current, 201, 265, 270fT 
Signal-to-noise ratio, 378 
Silicon, 231. 233 
Silver (cesium-silver), 429 
Similitude, glow discharge, 402 
Paschen’s law, 519 
plasma section, 468 
Townsend’s a, 443ff 
voltage breakdown, 511, 519 
Skin effect, 346 

Small-signal uhf operation, 31, 330 

Snap-shot-throughout-a-volume 202 

376 

Snubber circuits, 553 
Sodium, arc spectrum, 392, 408, 577 
atomic structure, 217, 389ff, 398, 406 
408ff. 564, 577 

energy-level diagram, 390, 392 406 
408 

glow discharge cathode, 492 
ionizing potential, 218, 564 
spectral symbolism, 408, 410-112 
resonance radiation, 396 
yellow wavelength, 396, 410, 416ff 
Space charge, 14-22 

cannot remain uniform, 20 
capacitance effects, 136. 152, 156, 194 
complete space charge, 132, 134, 148ff 
corona streamei-s, 513 

flexion in potential diagrams, 19 131 
]93ff 

glow discharge cathode region, 494 
limits gas amplification, 445 
macroscopic interaction, 466 
plasma sheatlis, 462. 500ff. 506 
Poisson s equation, sec Poisson’s and 
the Laplace equations 
positive ion sheath, 380. 462, 500 
in static magnetron, 57 
uniform, 19 


Space-charge control tubes, see Triodes, 
tetrodes, pentodes 

Space-charge flow, continuity of current 
129 

energy, flow, Poisson’s equations 128 
148, 152 

oscillating space charge, 177, 184 
in the uhf range, 129 
Space-charge-limited current; see also 
Triodes, tetrodes, pentodes 
H power dependence, 174 
anode fall space, 496 
electron gun, 70 
Gaussian equation form, 4 
positive ions (sheath), 134, 502 
Spark, electric, 391, 409, 454 
Spark spectrum, 409, 410 

Spectral symbolism, 406, 421; see also 
Atomic structure 

action and angular momentum vec¬ 
tors, 407, 408, 410, 411 414 
420 

arc spectrum, 409 

configuration, 406, 409, 564, 576-580 
electron spin, 408, 411, 418, 420 
negative terms, 415, 422 
odd and even terms, 410 
physical meanings, 411 

principal, diffuse, sharp, fundamental 
series, 412 

Russell-Saundei-s coupling, 410, 420 
selection principles, 393, 412 
spark spectrum, 409, 410 
Stark effect, 407 
symbols code, 406, 408, 410, 412 
term values, 409, 577-580 
transitions, 393, 412 

types of spectra, one-electron, 392, 
408-112, 418, 420ff 
two-electron, 410, 413 
three-electron, 420 
wave numbei-s, 396 
Zeeman effect, 407 
Sphere gap, 511, 518 
Spherical geometry, complete space 
eharge, 153-150 

I oisson s and the Laplace equations 
in, 21 

Sputtering, cathode, 450, 494 
Square root volts (velocity), 27 
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Standards on electron tubes, 121, 123, 
2G1, 590, 597 

Star capacitances, triocle. 90-108 
Stark effect, 407 
Statampere, statvolt, 4 
Stefan-Boltzmann constant, 200, 207, 
503 

Ste|>by-step trajectory determination, 
39. 435 

Streamers (corona), 511 
Street liuhting, 417, 450 
Striations (glow tlischarge), 455 
Stripped atom, 398 
Suppressor grid, 12, 113, 189 
Surface charge density, 18fT 
Surge current ratings, 540 

Tank circuit, 325. 327. 340 
Telephone gas ringing tubes, 520 
Teleplione repeater, 7, 309 
Television, 05, 75, 78IT, 189 
Tellurium, 451 

Temperature, see nUo Electron tempera¬ 
ture 

characteristic energy, velocity, 202, 
203, 359, 302, 303 
concept, 202, 359 

voltage equivalent, 201 IT, 359, 302, 
503 

Temperature-limited condit ions. Class 
C circuits, 339 
concept, 131, 215. 239. 248fT 
high pulsed emission, 251 
oscillators, 325 
potential diagram, 131, 239 
potential energy diagram, 241 
Schott ky effect, 250 
shot noise, 378 

tliermionic current density, 201, 248fT 
Term values, 409, 577-580 
Terminal energy, 483-487 
Tetrodes, seeTriodes, tetrodes, pentodes 
Thalofide cell, 451 
Therapeutic lamps, 410 
Thermal agitation noise, 377 
Thermionic cathodes, 8, 199-210, see 
also Thermionic emission mate¬ 
rials; Electron emission; Triodes, 
tetrodes, pentodes 
backheating, 36, 340, 349 


Tlu'rmionic cathode's, electron-eanitting 
efli<-iency, 200, 200, 2109 
emissivity coefIici<*nts, 207 209 
filament resistance, 209, 572 
filamentary planar lube, 157, Mil IT, 
171 

gas tubes, 211, 530, 531, 539, 514 
heater type, 107, 174, 180, 200, 211 
heating power (‘quilibrium, 199, 205- 
211 

inward-radiating, 211 
lead losses of lieat, 209 
power emission charts, 199, 210 
radiation from, 200 208 
slow lieating, 211 
temperature moasuremetits, 209 
voltage variation along, 107, 181, 183 
Thermionic ('mission mat ('rials, dis¬ 
penser (“athode, 212 
homogeneous, 200IT, 204, 215, 571 
lanthanum boride, 212 
oxi(!(*-coat('(l catho(l('S, emission den¬ 
sity, 199, 204, 571 
failuH' to saturate, 215, 250 
heat emissivity pr()p('rti(*s, 208 
higli pulsed ('mission, 251 
instability, 210 
t(unperatures, 204, 214, 244 
tlioria, 212, 571 

thoriated tungsten, 199, 204, 208, 212 
tungsten, 199, 204. 208, 215, 212 
Thermionic emission phenoiiu'na; .see 
also Electron ('mission 
arc cathod('s, 495, 520 
Dushman’s T’ equation, 200, 2039, 
242, 249, 382 

evaluation of (constants, 203 
grid emission, 539 

initial energies, velocities, 130, 203, 
2399. 2459, 353, 3749, 382 
mechanisms, 219-222, 239 250 
Richardson’s y/T equation, 205, 211, 
382 

saturation, 215, 250 
strong field (Schottky) eficct, 240- 
250, 490 

temperature-emission chart, 2049 
temperature-limited current, 199, 201, 
2489 

uhf current density, 341 
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Thermionic emi-ssion phenomena, valve 
action at cathode, 222, 239-247 
water-spray analogy, 221 

work function, 201, 206, 218ff, 571 
zero field emission, 250 
Thermistors, 234 
Thermodynamics, 202 , 359 
Thevenin’s theorem, 274 276 278 

234 . , , 

Thoriatcd tungsten cathodes, 199 204 
213 

Three-halves power law, 4, 132ff 168 
175 

Threshold wavelength, 425 

Thy rat rolls, 508, 530ff,’ 543-550; srr also 
Rectifiers, gas 

Time-axis deflection, 65, 75fr, 503. 554ff 

Time delays, photosensitive devices 
428, 452 

Statistical, arc-back. 538, 558. 562 
glow-to-arc transition, 4.59 
ignitron firing, 558fT 
voltage breakdown, 459, 508, 510 
511, 513, 515, 517 
thyratron arc initiation, 543 

Time-(‘xi)osure-over-a-surface; see Ran¬ 
dom velocities 

Timing circuits (industrial), 77. 554 
Titanium dioxide. 231 

Townsend eurients, 440, 454-455, 480 
Townsend’s a. 439-446 
field, density, dependence. 442ft' 
siiwtooth energy tliagram. 442 
sunilitude. 44311 
^ voltage breakdown. 513(T. 520 
'I rajeclories of electrons, beam deflec¬ 
tion. 38. (il, 65. 67 
between eollisions, 437, 438, 440 
in eathode-ray tubi's, 65, 67, 71 
circular, helical, 47. 67, 73 
cycloidal, troehoidal. 49fT, 63 
electron optics, 37, 39 

energy magnelieally invariant, 59 
in focusing fields, 71lT 
least action, 37. 39 
in magnetic diode, 53fT, 5711 
in nonuniform fields, 39fT, 59 
paralmlie, 27. 29. 66 
in i)liolonniltipIier tubes, 434 
sense relations, 46, 59 


Trajectories of electrons, step-by^tep 
determination, 39, 40, 41 
tend to parallel magnetic field, 74 
translation in combined fields,’49 
in triodes, tetrodes, 28-30, 193 

Transconductance, 139, 144-147, 244 
258, 259, 334; see also Triodes' 
tetrodes, pentodes ’ 

Transfer admittance, 121 
Transistoi-s, 233ff 

Ti ansit angle, transit time, see also UHF 
operation 

in cylindrical geometry, 33 
flight-line diagrams, 31, 36, 342 
large-signal uhf analysis, 34 
uniform field, 28, 32 
pentode, 33 

Traveling wave amplifiers, 347 
Triodes, tetrodes, pentodes, 

amplification factor, cylindrical tri- 
ode, 109 

definition, 139, 258 
graphical determination, 259 
planar triode, 104, 105, 139 
vs. transconductance, 147 
validity of equations, 175 
variation along cathode, 175 
amplifiei-s; see Amplifier circuits 
beam power tetrodes, 193 
close cathode-to-grid spacing, 137 
147, 235, 244, 335, 341 

conformal transformation, filamentary 
cathode, 159 

triode fields, 88-95, 106 

constant-current characteristics, 258 

contact potential effects, 255 
cut-off behavior. 9, 176, 239ff, 545 
elastic membrane, 10, 103 
electric field analysis, 88-120 
electric field maps, 94, 98. 103, 119 
electrostatic equivalent circuits, mul- 
tigrid tubes. 109-113 
star-delta convereion, 96 
star triode eapaoitanoes, 96ff, 99 
105, 108, 152 

equivalent grid sheet (or plane) 11 
06, lOOff, 105, 108 ’ ’ 

potential minimum location, 243 
thickness. 100, 102, 108, 114 
^-plane diagram of, 95 
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Triodes, tetrodes, pentodes. 

equivalent grid sheet potential, com¬ 
plete space charge, 135IT, 138IT, 
148ff 

concepts, 11, 96, 102, 13!l 
cylindrical geometry, 101, 151, 143 
filamentary planar lubes, 166 
flat cathode, planar tube, HIT, 060', 
104, 138 

multigrid tubes, 12, 112, 143, 108 
oscillating space charge. 184 
‘Y’ plane or cylinder, I IOIT, 173, 
198 

semigraphical determination, 143 
figure of merit (uhf), 147, 244 
filament voltage elTects, 167IT, 181, 
183, 570 

filamentary planar tube, 7, I5(» 166 
capacitance, 161 
current equations, 156 166 
limitations to derivations, 157, Mil 
mutual space-chai’ge limiting, 164 
grid current, 176IT, 180, 182, 207, 
327 

zero with grid negative, 174, 177 
grid dissipation, 192, 193 
grids parallel or lielieal, 108 
initial electron velocities, 203, 239IT, 
245fT. 376 

input, output, eapaeitance current, 
124 

intereleetrotlo eapacitane(>s, 120tT 
microphonics, 168-171 
multiple-filament eatliodes, 165 
noise reduction by space cliarge, 378 
partition of current, 177, 180(T, 183, 
187. 190ff, 195 

pentodes, eliuracteristic curvi's, 29, 
191 

constant-current propcaty, 189 
cylindrical, 112, 113 
description, use, 189tT, 275 
planar. 111, 112, 116 
small grid-to-plate capacitance, 124, 
179 

perveance, 140, 151, 167 
plane-surfaced grid, 127 
plate dissipation, 192, 285 
plate resistance, 139, 145, 147, 258, 
259, 330 


Triod(*s, letio<l(‘s, })ento(les, 

positive grid operation. 29, 177 
potential (listi-ibulion, beam |Ki\vcr 
tetrodes, 193 

d geometries, 108, 113, 

150 

(•(Illations, 113IT 

Hal cat liode planar t riode, 9, 11,60, 
102. 136. 1 11. 177 
pentagrid mixer, 194 
pentodes, 12. 113, 116, 190 
positive grid, 29, 177 
spaee-cijaige-limitcd. 113. 135, 136, 
150 

tetrodes. 179, 182, 185, 193 
reducti(ni to eriuivalent diode, 140 
saturation, 215 

secondary emission from giid, 178 
shadow fraction, 91, 106, 119IT, ISO, 
190 

sjiace-cliaige eonl rol of cut I'cnl, 8, 11, 
136 IT 

■^ 2 . r’ 2 - "*b power de|H-ndenee. 132, 
167IT. 174. 175 

(4eetr()st:itie natuic. 11, 138, 140, 
171 

valve action at cathode (potential 
minimum), 239IT, 245IT, 545 
spaee-cliarge-limited current, ca[)aci- 
tive current, 137 

complete space charge, 132, 134, 
148tr 

current density. 134, 148. 155, 163 
cylindrical geometry, 0-, 148tT, 568 
d-c caiiaeitances, 137, 152, 156 
energy, flow, Poisson's e(jual ions, 
128, 148, 152 

(laussiaii equation form, 4 
Schottky diagram, 250 
sign conventions, 133, 134 
spherical geometry. a‘, 152fT, 155, 
569 

zero giadient at the cathode. 131, 
133, 154 
tetrodes, 179fT 
Ijeain power, 193 

cathode current oharacteristics, 180, 
182, 186. 197 

negative resistance characteristics, 
180, 182, 329 
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Triodes, tetrodes, pentodes, 
tetrodes, plate characteristic curves, 
180, 182, 186, 197, 329 
secondary emission, 181ff 
transconductancc, vs. amplification 
factor, 147 
per ampere, 145, 243 
definition, 134, 258 
equations for, 144-147, 151, 166 
graphical determination, 259 
typical values, 244 
transit time, angle, 30ff, 334ff 
t riodes, see also UHF operation 
characteristic curves, 7, 175, 176 

215, 263, 265, 268, 283, 284, 326,’ 
544 

cylindrical, 105-109, 148ff 
illustrative geometries, 9, 29, 60 
88, 96, 101 

planar, 7, 9, 88-103, 144-147, 156- 
166, 169ff 

Trochoidal trajectories, 51, 63 
Tube types, see Electron tube types. 
Tuned amplifiers, 324, 328, 336 
Tuned grid oscillators, 327 
Tuned plate oscillators, 323ff 
Tungsten, emissivity properties, 199 
Fermi-level energy, 228 
resistance vs. temperature, 209, 572 
thermionic emission from, 199, 204 
208, 212, 526 

Two-dimensional field.s, 83, 84, 88ff 

UHI’ (ultra-high-frequenev) operation 
334ff 

cathode backheating, 36, 340 
electron onerKV vs. potential, 35, 339 
electron wave amplifier, 348 
flight-line diagrams, 31, 36, 342 
induced current, 344 

klystrons (velocity modulation), 341 
magnetron oscillator, 349 
traveling wave amplifiers, 347 
triodes, tetrodes, 334-340 

Class C interaction efficiency 337- 
341 

closely spaced (light liousc) tubes 
137. 147. 235, 244, 335. 341 
electron transit phase delay, 340 
figure of merit, 147, 244 


UHF (ultra-high-frequency) operation, 
triodes, tetrodes, grounded grid 
(grid separation), 336 
large-signal analysis, 34ff, 334-340 
pulsed vs. continuous, 341 

small-signal vs. large-signal 31 
336 

space-charge-limited capacitance 
137 

transit angle, time, 30ff, 336ff 
Ultraviolet light, 395, 416, 514 
Units, 3, 4 

Vacuum, degree of, 8 
Valve action at cathode, 239ff 
Varistors, 234 

Vector combination (spectral symbol¬ 
ism), 408, 411, 414, 420 
Vector diagrams, parallel feed amplifier 
288 

phase-shift current control, 549 
RC amplifiers, 314 
• reactive load amplifier, 270 
tuned plate oscillator, 324 
Velocity, see also Distributions; Random 

velocities; Initial electron veloc¬ 
ities 

characteristic of temperature 202 
359, 363 

drift, 439, 445, 447^80, 483-487 
energy equation for, 26 
of light. 393, 563 
slope of a flight line, 31 
in square root volts, 27 
uniformly accelerated, 27 
Velocity modulation tubes, 341 
Velocity space, 353ff, 356, 358. 362 
Virtual cathode, 195, 239, 245 
Volt-ampere characteristics, see also 
Plate characteristics, Mutual 
characteristic curves 
arc and glow, 457, 521 
probe or grid in a plasma. 498 

Voltage breakdown, corona, streamers 
511 

inert gas thyratrons, 553 
along load line, 457, 520 
low-pressure, 509-517 
Magnusson (Lichtenberg figures), 513 

minimum voltage, 511, 618 
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Voltage breakdown, open air, 511, 513, 
518, 520 

Paschen’s law, 517-519 
radiation counter tubes, 521 
similitude, 511, 519 
time lag, 458, 510, 511, 515, 517 
Voltage equivalent of temperature, 201, 
243, 359, 362, 563 
Voltage gain, see Amplifier circuits 
Voltage regulator (VH) tubes, 460, 508, 
520 

Voltage tuning (reflex klystrons), 343 
Velvety glow, 490 


Waveguide techniques, 334, 347 
Waves per centimeter, 391, 393, 409 
Weber per square meter, definition, 3, 4 
\\'elder control, 531, 534, 540, 554 
Welding, arc, 456 
Willemite, 68 

Work function, see IClection emission 

z-<!irected velocities, see Itamlom veloci¬ 
ties 

X rays, 393. 395 
Zinc silicate, 68 
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